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Outline of thetalk

The High Energy Limit of (diffractive) scattering T
processes and the BFKL Resummation Framework

The solution of the BFKL equation at
Leading Logarithmic Accuracy:
s Elgen-values & E-functions
s lterative method
What the iterative method gives extra
Formalism at Next to Leading Logarithmic Accuracy

s Why go to NLL for non-forward equation? It doesn't
even work for t = 0GeV!?

s ...but it does!
Why one has to use a different approach at NLL

Non-forward BFKL Equation at LLA (and progress
towards NLLA) for Diffractive processes J
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BFKL formalism

f # BFKL (Balitskii, Fadin, Kuraev, Lipatov): resummation T
of large logarithms in the perturbation series for QCD
processes with two large (perturbative) and disparate

energy scales 5 > [t| (5 E?, |t]: p?)

Forward Physics

Struc?ure @ Hadron Colliders Diffraction
Functions (Colour Octet Exchange) (Colour Singlet Exchange)
Large Rapidity | Large Rapidity
(Forward) (Forward)
medium x

Small z

o |
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BFKL formalism
L -

® The cross section for the process A+ B — A’ + B’
factorises as

do  |A(s,t)]?
dt  16ms?
A(s, 1) ko, kp,q, A
A | [ &k, [ @ entq / ((k b)QkQ)ch(kb,q) ,

® b4k, q), Pk, q) process dependent impact factors

® f(ky ky,q,A) process independent Gluon Green’s
function

o |
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The BFKL Equation

fThe Gluon Green’s function fulfil (to LLA and NLLA) the T
BFKL equation

i (ko Ky, q) = 82 (k, — k) + / PKK ® £

where the BFKL kernel K (k,, k', q) is very recently
calculated to NLLA.
Consider ¢t = 0 for simplicity. Then at LL the kernel is

conformal invariant with eigenfunctions k20—, Use
(transverse) Mellin transform!

/ko/ K (1<7 k/) k2(’y—1) _ NCO&SXLL(V)kQ(’y—l)

w(y) = (VK (k, E)|7y)

B ol k) = 37 0l Kol |

W —w(y)
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TheBFKL Equationat LLA

Analytic solution for angular averaged gluon Green s function
1 00 k2
ka, kp,0,A) = d s Axo(v)
f( ay vy, Y, ) kakb 0 V(k2> €

with the LL eigenvalue

Yolv) = —ZRe{w (% +w) —¢(1)}.

Exponential BFKL rise In
Cross section

|
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Diffusion and Diffraction at LL A
- - .

>
ka | Tka—q

r=In ((k +y k@-)Q /Ge\/2)

kp | I kp —q
> > >

-

1 —Y=1,9=0 GeV " —v=1,q=2 GeV |
55~ Y=2, g=0 GeV ] S50 Y=2, g=2 GeV -
----- Y=3, g=0 GeV 1 5 === Y=3, =2 GeV 3

oo v b b b b by b by g Ly :\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\7
0 01 02 03 04 05 06 07 08 09 1 10 01 02 03 04 05 06 07 O 0.9 1

- | -

k, =5 GeV, k, =4 GeV
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Diffusion for cross sections
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The BFKL Equation at NLLA

Both the trajectory w(—k?) and the real emission kernel
IC, are significantly more complicated than at LL

Takes Into account fermions and running coupling
effects

Furthermore, the impact factors at NLL are similarly
complicated, and a fully analytic approach for cross
sections seems almost hopeless

We will propose a generalisation of the LL iterative
solution that will solve the BFKL equation at NLL
accuracy.

But first the story so far. ..

|
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TheNLL BFKL Story So Far
o N

# BFKL equation at LL put forward and solved in 1978.

» non-forward equation solved five years later by L. Lipatov

# 8-10 years effort to calculate the BFKL kernel at NLLA
ended in 1998

» Initial results were discouraging. NLL kernel applied to LL
eigenfunctions lead to huge and unstable corrections.

o We will see why this analysis is invalid.

® Calculation of the non-forward kernel finished
Dec. 2004 by V. Fadin and collaborators.

o |
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BFKL at NLLA
o N

# Two new effects appear:
s Fermions
s Running Coupling

Conformal invariance broken (in QCD for 5 # 0) —
Eigenfunctions unknown. Analyse what happens if we

pretend the LL eigenfunctions are also eigenfunctions at
NLL.

N () = (kg KN (K, o) [, k)

fw(k&a kb) = Z <fy’ kb’f% ka,>

. w — wNLL (7)

o |

Mini-review of Selected areas of BrkL - p.11/27




L eading Log toolsat NL L

k2 v—1
wNLL /dD 2k ,CNLL(k k ( )

2
as(kZ)N>
T

a

~as(k2)N

< B () 4+ xNEE ()

) == 3[(F - 33 ) 5 (v o) + w1 - )

2

7% cos(my) ny 2+ 3v(1 —9)
—66(3) + sin? () (1 — 27v) (3 i (1 " NS) (3—=27)(1+ 2’7))

3

sin(7y)

- ( —————— ) X)) = () — (1 =) —

B /2+°°d7 AWNLL () k2 K
ok 1 oo 2mi k2

o~[\3| =
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o

f(25,30,A)[GeV 7]

[

1
A

[EY
o

L eading Log toolsat NL L

——n=16

)

> >
¥
(00)

n=-16
n.=-60

> &

llthis would be a major catastrophe!! J
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L eading Log toolsat NL L

B 1 %-I—ioo d ]{?2 Y —‘
f(ka, kb, A) _ [ ﬁy AwNLL(,y) b

T T T T | T T T T
0.5
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- RewLL
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Read the small print

o N

Fadin and Lipatov say
Almost all the terms in the right hand side of eq. (12) except the

contribution

A(y) = %(fWgNC (131 ;ZJ;E) : (W' () —¢'(1 — 7))

are symmetric to the transformation v < 1 — ~. Moreover, it is
possible to cancel A(~) if one would redefine the function ¢20—1 by

5(q?) 1/2
Including in it the logarithmic factor ( N 2)) .

This would remove the imaginary part, and therefore also
remove the oscillations.

LWhat to believe? J
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|ter ative Solution at NLLA

o N

We propose an iterative approach to the BFKL equation at
NLLA that solves the equation with no approximations

# Directly in the physical rapidity and transverse
momentum space
(avoids the use of the troublesome Mellin transform
completely)

# The right language for use of impact factors (physics
predictions!)

#® EXxpresses the solution in terms of effective vertices and
no-emission probabilities (physical insight into the BFKL
solution at NLLA!)

o |
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Enter Iteration at NLLA
- o

f(ka’ kb’ A) — ©Xp (wo (kc2w )‘27 :LL) A)(S@)(ka — kb) ka” Ay — Y0
+ZH/d2kZ/ 1dyi V<kiaka‘|_zklmu>:|
n=1i=1 0 -0

[=1

i i—1 2 ]
X exp |wo ((ka -+ Zkl> ,)\Q,IU) (yz-_1 — yz’)

XexXp | wWo ((ka—|—zkl> 7)\27:u) (yn _O) k27y2

kb70 — Y3

o |
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N =4 SYM

o N

N =4 SYM preserves conformal invariance at NLL

N|—| 006 [ [ [ I I I I I I I I I I I I I I I I I I I I I
3y :
&
Q,
/q\— - —
o -
= + lterative
S 0.04 —
— Mellin analysis
0.02— _
O_ ] ] ] ] | ] ] ] ] | ] ] ] ] | ] ] ] ] | ] ] ] ] | ] ] ] ] I_
0 1 2 3 4 5 6

A
Mini-review of Selected areas of srkL - p.18/27



Dependenceof f on A
B -

QCD, ns = 4, one loop running

— 0.08—
y _
(D]
9 |
g
& 0.06—
@ 0.06~  eoe NLL
o
Iy—
y ——LL
0.04—
0.02— —
O: | | | | | | | | | | | | | | | | | | | I:
0 2 4 6 8 10
A
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BFKL |ntercept
- -

QCD, ns = 4, one loop running

o
&

o
1N
T | T

Effective Intercept

0.3

0.2

0.1

O : | | | | | | | | | | | | | | | | | | | | | | | | | | | | | }
0 5 10 15 20 25 30
A
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Conclusions

-

We have solved the BFKL equation at full
Next—to-leading logarithmic accuracy (No
approximation: keeping all scale invariant and scale
dependent terms, and full angular information.)

...In a form that is directly suitable for calculation of
cross sections (inclusion of impact factors)

Explore non-problem of NLL BFKL

s If you want to use an analytic approximation — use
the right one!

Method also applicable to the non-forward NLL BFKL
equation - hope to report results soon.

|
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Extra Slides
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|teration at NL L
L -

Start from the BFKL equation

wfw (ka, kb) — 5(2+26) (ka _ kb)‘|‘/ d2—|—2€k/ e (km k/) fw (k/, kb)

K (kg k) = 2w (K2) 62729 (k, — k) + K, (kq, k)

Need all terms (IR) finite to be able to iterate: split the

kernel K, into two parts: a e-dependent, ICff), and a
e—independent, I,

wfo (Ka, kp) = 6229 (k, — k) + / 2Tk 209 (k2) 629 (k, — k) fu (k, kp)

+/d2+2ek K8 (Ko, ka + K) fu (ko + K, kp) + / T2k Kr (Ka, ka + k) fo (ka + Kk, k).

o |
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|teration at NLL, 2

o N

Introduce a slice in the phase space (no approximation)
wfo, (ke kp) = 63729 (k, — k) + / d? T2k 209 (k2) 6129 (ko — k) fu (k, kp)
+ / P2 (Ko, ka + k) (0 (K2 = 22) + 6 (A% — K2)) fu (ko + k, kp)

4 / d>1T2°k K, (Ka, ka + k) fo (ko + k, kp)

approximate f,, (ko + k, k) >~ f, (kq, kp) for |k| < A

wfo (ka, kp) = 5(2+2¢) (ko — kp)

—|—{2w(6) (k2) + /d2+26k/c,,(f> (Ka, ko + k) 0 (A2 — K?) }fw (Ka, kp)

_|_/d2—|-2ek {,C7(f> (Ko, ka +k) 0 (k2 — \2) + K (ka, ko + k)} Jw (ka +k, kp) .

L (A — 0 limit can be obtained) J
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|teration at NLL, 3
-

(W —wo (k2. A%)) fo (ka ko) = 8 (ko — ko) -

+ / 0’k (ég (K2) 8 (k2 = 22) + K, (Ko, ko + k)) fo (ko + k. Ky

(@) = (a4
() = a+Z[i-Talh By, X
0= Al
~ a2
Kr(a,d) = ﬁ{6 lines of equations. ..} .

o |
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|teration at NLL, 4

flterate and take the inverse Mellin transform to find T
flka, kp, A) = exp (wo (k2,2%, 1) A)6P (k, — ky)
‘I‘ZH/C[QI{ [ 7Tk2)‘)€(k2“u —{—ICr(a—l—Zkl, a—{—Zkl M)]

Yi—1 Gkl
X/ dy; exp [wo <<ka + Zkl> ,>\2,,u> (yi—1 — yl)]
0 =1
n 2 n
X exp lwo ((ka + Zkl> ,)\2"“> (yn — O)] 5(2) (Z k; + ko — kb)
=1 =1

JRA and A. Sabhio Vera

o |
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f f(kaa kba
kq

25 GeV, k, = 30 GeV, A =1 GeV

]

w
o
o
o

2000

df/d (#iterations) [TeV™”

1000

Convergence
= /QWdHf(ka,kb,H,A), T
0

A)

2500 |-

e [

1500

500— |

[l > >
~N oW

A=1 GeV

peo gy ——
15 20
iterations

|
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