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with one soft scale to be sensitive to the confined motion and the spatial landscape of the
quarks and gluons inside the nucleon. Most importantly, theoretical advances over the past
decade have resulted in the development of a powerful transverse momentum dependent
(TMD) QCD factorization formalism that enables us to extract the 3-dimensional (3D) motion
of quarks and gluons inside a colliding nucleon. Information from these new and precise data
enables the determination of universal transverse momentum dependent parton distributions
(or simply, TMDs). With additional data from experiments around the world and the future
Electron-Ion Collider (EIC) [5], a much sharper and detailed picture of the nucleon’s internal
landscape will become available to shed light on the dynamics of confined quarks and gluons
that form the nucleon - the building block of our visible world.

In this TMD Handbook, we provide a modern introduction to the physics of transverse
momentum dependent distributions – the TMDs, which encode the quantum correlations
between hadron polarization and the motion and polarization of quarks and gluons inside
it, as sketched in Fig. 1.1. We cover the precise definition of these fundamental and univer-
sal TMDs and their properties, the TMD factorization formalisms to match these quantum
distributions to physical observables measured in high energy scattering experiments, and
phenomenological approaches for extracting them from precise experimental data. We intro-
duce new advances in ab initio lattice QCD (LQCD) calculations, as well as various model
calculations of the TMDs. We discuss what we can learn from the TMDs to understand better
how the dynamics of QCD determines the properties of the nucleon and its internal landscape.
This TMD handbook is a project of the TMD Collaboration – a Topical Collaboration in Nu-
clear Theory for the Coordinated Theoretical Approach to Transverse Momentum Dependent
Hadron Structure in QCD [https://sites.google.com/a/lbl.gov/tmdwiki/], supported by the
Office of Nuclear Physics of the U.S. Department of Energy.

Figure 1.1: Illustration of the mo-
mentum and spin variables probed
by TMD parton distributions.

In the rest of this Chapter, we provide an intuitive in-
troduction to the TMDs and their role in describing the
hadron’s internal structure, and the role of lattice QCD for
calculating these intrinsically non-perturbative but funda-
mental distribution functions. An outline for the material
in the remaining chapters of this handbook can be found in
Sec. 1.5.

1.1 Hadrons, Partons and QCD
The discovery of the neutron by Chadwick in 1932 her-

alded the strong interactions, as a force much stronger than
the electromagnetic Coulomb repulsion between the pro-
tons in a nucleus was needed to keep atomic nuclei to-
gether. In the twenty years following this discovery tremen-
dous progress was made in understanding the interactions
between two nucleons, however particle physics was still
rather simple with the only additions being the pions (�)
as expected from Yukawa theory and the muons (⇠) (“Who
ordered that?" [6]). In the next decade this simple state of affairs was blown apart by the
proliferate discovery of different particles, which led to the development of the eight-fold way
by Gell-Mann and Ne‘eman that put light hadrons and mesons into multiplets of flavor (*(3),

From TMD Handbook, TMD Topical Collaboration, to appear soon.
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• TMD distributions provide a 
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Figure 2.16: Semi Inclusive Deep Inelastic Scattering process (SIDIS) in ✏⇤
? center of mass frame. The

plot is from Ref. [214], adapted to the notation used here.

and similarly for the form in Eq. (2.180b).
Finally, we remark that Higgs production at the LHC is dominated by perturbative⇤QCD ⌧

@) ⌧ <� , in which case one can relate the gluon TMD PDFs to collinear PDFs as discussed in
Sec. 2.8, supplemented by resummation of large logarithms as outlined in Chapter 4.
2.11.3 Polarized SIDIS cross section

We now consider Semi-Inclusive Deep-Inelastic Scattering (SIDIS),

✓ (;) + ?(%) ! ✓ (;0) + ⌘(%⌘) + - , (2.185)

where the incoming lepton (an electron, positron or muon) with momentum ; scatters off a
proton with momentum %, both of which can be polarized. One measures both the outgoing
lepton with momentum ;

0 and a hadron of type ⌘ (such as a pion or kaon) and momentum %⌘ ,
but is inclusive over any additional hadronic radiation -.

As in the case of polarized Drell-Yan discussed in Sec. 2.11.1, we are interested in mea-
suring angular correlations in order to extract correlations between the polarization of the
struck quark and the spin of the proton. This requires defining a reference frame in which to
specify angular measurements, which is commonly chosen according to the Trento conven-
tions [19]. In this frame, the spacelike momentum @ defines the I axis, which together with
the lepton momenta defines the (G , I)-plane, with respect to which all angles are defined. This
is illustrated in Fig. 2.16.

We are interested in measuring the momentum component %⌘) and azimuthal angle )⌘ of
the detected hadron in this frame. In addition, there is an azimuthal angle #; characterizing
the overall orientation of the lepton scattering plane around the incoming lepton direction. The
angle is calculated with respect to an arbitrary reference axis, which in the case of transversely
polarized targets is chosen to be the direction of the polarization vector () . In the DIS limit
#; ⇡ )(, where the latter is the azimuthal angle of the spin-vector of the struck hadron. These
observables are also illustrated in Fig. 2.16.

In the limit that & ⌧ <, ,/, the SIDIS process can be described in the single-photon
exchange approximation, and is characterized by 18 independent structure functions [125]. At
leading order in a 1/& expansion, only a subset of 8 structure functions contributes, and the

Kang, Prokudin, Sun and Yuan, PRD 
93, 014009 (2016)

dσW

dxdydzhd2PhT
∼ ∫ d2bT eibT⋅PhT /z

l + p ⟶ l + h(Ph) + X

× fi/p(x, bT, Q, Q2) Dh/i(zh, bT, Q, Q2)

fi/p(x, bT, μ, ζ) = f pert
i/p (x, b*(bT), μ, ζ)

× ( ζ
Q2

0 )
gK(bT)/2

f NP
i/p (x, bT)

Collins-Soper kernel (NP part)

Intrinsic TMD

Non-perturbative when  !bT ∼ 1/ΛQCDQ0 ∼ 1 GeV
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Figure 5.6: Example of extracted (optimal) unpolarized TMD distributions. The color indicates the
relative size of the uncertainty band. Plot from Ref. [324].

and extract ⌫8 and ◆8 . This functional form of 5#% was also used in [323]. It has five free
parameters which grant a sufficient flexibility in G-space as needed for the description of
the precise LHC data. An example of distributions in (G , 1))-plane is presented in Fig. 5.6.
Depending on the value of G, the 1)-behavior apparently changes. The authors of Ref. [324]
observe (the same observation was made in Ref. [251]) that the unpolarized TMD FF gains
a large 1

2
)
-term in the nonperturbative part. It could indicate non-trivial consequences of

hadronization physics, or a tension between collinear and TMD distributions.
5.2.2 Drell-Yan and weak gauge boson production

Drell-Yan lepton pair production via either virtual photon or / boson served in prior
chapters of this handbook to set up the basic notation and concepts for TMD factorization.
Factorized in terms of a convolution of two TMD PDFs from each incoming proton at the
small transverse momentum @) as shown in Eq. (2.29a), Drell-Yan production in unpolarized
proton-proton collisions is one of the most important processes for extracting unpolarized
quark TMD PDFs.

There is a tremendous amount of experimental data for Drell-Yan production, ranging from
lower energy Fermilab experimments to the highest energy data at the LHC. The lower-energy
fixed-target Fermilab data include E605 [333] and E288 [334], while the higher-energy Fermilab
data from collider Tevatron include CDF Run I [335] and Run II [336], and D0 Run I [337] and
Run II [338, 339]. LHC data include forward /-production data from the LHCb experiment at
7 [340], 8 [341], and 13 [342] TeV, /-production data from the CMS experiment at 7 [343] and
8 [344] TeV, /-production data differential in rapidity from the ATLAS experiment at 7 [343]
and 8 [345] TeV, and off-peak (low- and high-mass) Drell-Yan data from the ATLAS experiment
at 8 TeV [345]. Finally, there is also preliminary / production data from the STAR experiment
at 510 GeV.

Earlier description of the small-@) Drell-Yan data from both fixed-target and collider Fer-
milab data within the Collins-Soper-Sterman (CSS) framework has been performed by several

TMD handbook 161

Figure 5.11: Tomographic scan of the nucleon via the momentum space quark density function
⌧1;@ ⌘

"(G , Æ:) , Æ() , ⇠) defined in Eq. (5.27) at G = 0.1 and ⇠ = 2 GeV. Panels are for D and 3 quarks.
The variation of color in the plot is due to variation of replicas and illustrates the uncertainty of the
extraction. The nucleon polarization vector is along Ĥ-direction. The figures are from Ref. [371].

Figure 5.12: The density distribution ⌧0

?
" of an unpolarized quark with flavor 0 in a proton polarized

along the +H direction and moving towards the reader, as a function of (:G , :H) at &2 = 4 GeV2. The
figures are from Ref. [358].

Figure 5.13: The density distribution of an unpolarized up and down quarks using Sivers functions
from Ref. [18].

Unpolarized quark TMD Quark Sivers function

Scimemi and Vladimirov, JHEP 06 (2020). Cammarota, Gamberg, Kang et al. (JAM Collaboration), 
PRD 102 (2020).
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discussed in Sec. III C. However, since the fits are performed using the central set of the collinear distributions,
all TMD replicas have the same integral in k? (i.e., their values at bT = 0 are the same). As a consequence,
the plots in Figs. 13-14 only partially account for the error of the collinear distributions.

1. Collins–Soper kernel

It is interesting to study the Collins–Soper kernel [6, 109] that drives the evolution of TMDs in terms of the
rapidity scale ⇣. Recent discussions of this crucial component of the TMD formalism have been presented in
Refs. [110, 111] and estimates based on lattice QCD have been proposed in Refs. [112–114].

The Collins–Soper kernel, as written in Eq. (36), is composed of two parts. The first part can be calculated
perturbatively and is computed at b⇤. The second part, denoted as gK , depends on the implementation of the
b⇤ prescription, cannot be computed in perturbation theory, and is one of the results of our fit. Only the full
Collins–Soper kernel can be compared with other works.

In Fig. 15, we show the Collins–Soper kernel as a function of |bT | at the scale µ = 2 GeV for our present
analysis (MAPTMD22, green band) and for four other analyses in the literature [5, 7, 20, 22]. The solid lines at
low |bT | correspond to the perturbative result. The slight di↵erences between the curves are due to the di↵erent
logarithmic accuracies of the perturbative calculations: the PV17 analysis was performed at NLL, the SV17
analysis at N2LL, the PV19, SV19 and MAPTMD22 at N3LL. The b⇤ prescription modifies the curves starting
from |bT | ⇡ 1 GeV�1. The behavior at high |bT | is driven by gK and is di↵erent for the various analyses.

At low |bT |, in our implementation b⇤ saturates to bmin ⇡ 1.123/Q. This implies that at low |bT | the Collins–
Soper kernel saturates to a finite value, as indicated by the dashed lines. As the scale increases, this modification
occurs at lower and lower values of |bT | and becomes less relevant.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

|bT | [GeV�1]

�0.2

0.0

0.2

0.4

0.6

0.8

�
1 2
K

(|
b T

|,
µ
)

µ = 2 GeV

PV17

SV17

PV19

SV19

MAPTMD22

FIG. 15: The Collins–Soper kernel as a function of |bT | at a scale µ = 2 GeV from the present analysis (MAPTMD22),
compared with the PV17 [5], SV17 [20], PV19 [7], and SV19 [22] analyses. For the MAPTMD22, PV17, and PV19
curves, the uncertainty bands represent the 68% CL. Dashed lines show the e↵ect of including the bmin-prescription (see
text).

2. Average squared transverse momenta

The average squared transverse momenta hk2
?
i(x,Q), hP 2

?
i(z,Q) are calculated with the Bessel weighting

technique suggested in Refs. [115, 116].
In the case of the TMD PDF for a quark q in the proton at µ =

p
⇣ = Q, one has [115, 116]:

hk2
?
iq(x,Q) =

´
d
2k? k2

?
f
q
1 (x,k

2
?
, Q,Q

2)´
d2k? f

q
1 (x,k

2
?
, Q,Q2)

=
2M2

f̂
q (1)
1 (x, |bT |, Q,Q

2)

f̂
q
1 (x, |bT |, Q,Q2)

����
|bT |=0

, (58)

where the Fourier transform f̂
q
1 of the TMD PDF has been defined in Eq. (5) and the first Bessel moment of

the TMD PDF f̂
q (1)
1 is defined as [115]:

f̂
q (1)
1 (x, |bT |, Q,Q

2) =
2⇡

M2

ˆ +1

0
d|k?|

k2
?

|bT |
J1

�
|k?||bT |

�
f
q
1 (x,k

2
?
, Q,Q

2) = � 2

M2

@

@b2
T

f̂
q
1 (x, |bT |, Q,Q

2) .

(59)

Bacchetta, Bertone, Bissolotti, et al., MAP Collaboration, 2206.07598

Collins-Soper Kernel K(bT, μ) = Kpert(bT, μ) + gK(bT)
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)

b!

t
z

tz

P

nbnb
na

Hadronic matrix element Vacuum matrix element

fi(x, bT, μ, ζ) = lim
ϵ→0

ZUV lim
τ→0

Bi

Sq

Collins-Soper scale: ζ = 2(xP+e−yn)2 Rapidity divergence regulator

na(2yn)

First principles calculation of TMDs from the above matrix elements 
would greatly complement global analyses!

n2
b = 0
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,
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1̂)

�
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�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)
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(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)
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Rapidity divergences
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Hadronic matrix element Vacuum matrix element

fi(x, bT, μ, ζ) = lim
ϵ→0

ZUV lim
τ→0

Bi

Sq

Collins-Soper scale: ζ = 2(xP+e−yn)2 Rapidity divergence regulator

na(2yn)

First principles calculation of TMDs from the above matrix elements 
would greatly complement global analyses!

n2
b = 0
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lattice 
spacing a}

lattice size L, 
e.g., L=32,48.

Simulating real-time dynamics has been extremely 
difficult due to the issue of analytical continuation. 🙁

z + ct = 0
z − ct ≠ 0

Imaginary time: t → iτ O(iτ) ?→ O(t)
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• Lorentz invariant method 
• Musch, Hägler, Engelhardt, Negele and Schäfer et al. 
• Primary efforts focused on ratios of TMD x-moments (w/o soft function) (2009—)


• Quasi-TMDs 
• Large-momentum effective theory (Ji, 2013, 2014; Ji, Liu, Liu, Zhang and YZ, 2021)

• One-loop studies of quasi beam and soft functions (Ji, Yuan, Scäfer, Liu, Liu, Ebert, 

Stewart, YZ, Vladimirov, Wang, …, 2015-2022)

• Method to calculate the Collins-Soper kernel (Ji, Yuan et al., 2015; Ebert, Stewart and YZ, 

2018)

• Method to calculate the soft function, and thus the x and bT dependence of 

TMDs (Ji, Liu and Liu, 2019)

• Derivation of factorization formula (Ebert, Schindler, Stewart and YZ, 2022)

• First lattice results (SWZ, LPC, ETMC/PKU, SVZES, 2020—)

Progress in the lattice study of TMDs

11



YONG ZHAO, 09/02/2022

• Beam function in Collins 
scheme:

Quasi TMD in the LaMET formalism
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)

b!

t
z

q

q

bz

L

nb
Lorentz boost and L → ∞

Equal-time Wilson lines, directly 
calculable on the lattice🙂

nμ
b (yB) ≡ (−e2yB,1,0⊥)

Spacelike but close-to-lightcone 
( ) Wilson lines, not 

calculable on the lattice ☹
yB → − ∞

Lightcone direction

Related by Lorentz invariance, equivalent in the 
large  or  expansion.P̃z (−yB) Ebert, Schindler, Stewart and 

YZ, JHEP 04, 178 (2022). 
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Matching coefficient: 
•Independent of spin; 

•No quark-gluon or flavor mixing, which makes gluon calculation 
much easier.

TMDs from lattice QCD

13

× f [s]
i/p (x, bT, μ, ζ){1 + 𝒪[ 1

(xP̃zbT)2
,

Λ2
QCD

(xP̃z)2 ]}

f̃ naive[s]
i/p (x, bT, μ, P̃z)

Sq
r (bT, μ)

= C(μ, xP̃z) exp[ 1
2

K(μ, bT)ln
(2xP̃z)2

ζ ]

• Vladimirov and Schäfer, PRD 101 (2020); 
• Ebert, Schindler, Stewart and YZ, JHEP 09 (2020); 
• Ji, Liu, Schäfer and Yuan, PRD 103 (2021).

One-loop matching for gluon TMDs: 
Ebert, Schindler, Stewart and YZ, 2205.12369. 

Reduced soft function ✓
Ji, Liu and Liu, NPB 955 (2020),  
PLB 811 (2020).

• Ji, Sun, Xiong and Yuan, PRD91 (2015); 
• Ji, Jin, Yuan, Zhang and YZ, PRD99 (2019); 
• Ebert, Stewart, YZ, PRD99 (2019), JHEP09 (2019) 037; 
• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020); 
• Vladimirov and Schäfer, PRD 101 (2020); 
• Ebert, Schindler, Stewart and YZ, JHEP 04, 178 (2022). 
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✴Collins-Soper kernel; 

✴Flavor separation; 

✴Spin-dependence, e.g., Sivers function; 

✴Full TMD kinematic dependence. 

✴Twist-3 PDFs from small bT expansion of TMDs.

TMDs from lattice QCD

14

× f [s]
i/p (x, bT, μ, ζ){1 + 𝒪[ 1

(xP̃zbT)2
,

Λ2
QCD

(xP̃z)2 ]}

f̃ naive[s]
i/p (x, bT, μ, P̃z)

Sq
r (bT, μ)

= C(μ, xP̃z) exp[ 1
2

K(μ, bT)ln
(2xP̃z)2

ζ ]

K(μ, bT) =
d

d ln P̃z
ln

f̃ naive[s]
i/p (x, bT, μ, P̃z)

C(μ, xP̃z)

f [s]
i/p(x, bT)

f [s′ ]
j/p (x, bT)

=
f̃ naive[s]

i/p (x, bT)

f̃ naive[s′ ]
j/p (x, bT)

Ji, Liu, Schäfer and Yuan, PRD 103 (2021).
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Collins-Soper (CS) kernel from lattice QCD

15

Kq(μ, bT) =
1

ln(Pz
1 /Pz

2)
ln

C(μ, xPz
2) ∫ dbz eibzxPz

1 Z̃′ (bz, μ, μ̃)Z̃UV(bz, μ̃, a)B̃ns(bz, bT, a, η, Pz
1)

C(μ, xPz
1) ∫ dbz eibzxPz

2 Z̃′ (bz, μ, μ̃)Z̃UV(bz, μ̃, a)B̃ns(bz, bT, a, η, Pz
2)
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FIG. 25. �̂q
⇣ computed as defined in Eq. (28) for momentum pairs {P z

1 , P
z
2 }, denoted by P z

1 /P
z
2 in the legend. The horizontal

shaded band shows the total uncertainty of the best result, and the corresponding x-window, determined as described in the
text. Fig. 12 of the main text shows the analogous results for bT = 0.12 fm.

Shanahan, Wagman and YZ, PRD 104 (2021).

!4

LQCD Setup

Independent of hadron state, choice of momenta, choice of 

…up to power corrections:             ,                       ,          

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

�q,MS
⇣ (bT , µ) = ⇣

d

d⇣
fMS
q (x, bT , µ, ⇣)

<latexit sha1_base64="M9gvajAV7iY5gt+jyO9rdH1OzBs="></latexit>

=
1

ln(pz1/p
z
2)

ln
CMS

TMD(µ, xP
z
2 )

R
dbzeib

zxpz
1 eBMS

q (bz, bT , ⌘, µ, pz1)

CMS
TMD(µ, xp

z
1)

R
dbzeibzxp

z
2 eBMS

q (bz, bT , ⌘, µ, pz2)
<latexit sha1_base64="e0HGklh56r/I2LFYqjmmD75JDt0="></latexit>

Exploit independence, 
calculate for valence pion 
with 

bT /⌘
<latexit sha1_base64="69wzNtbB6blpqQaZ9ANR5t1EsfY=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU01U0GPRi8cK/cI2lM120i7dbMLuRCih/8KLB0W8+m+8+W/ctjlo9cHA470ZZuYFiRQGXffLKaysrq1vFDdLW9s7u3vl/YOWiVPNocljGetOwAxIoaCJAiV0Eg0sCiS0g/HtzG8/gjYiVg2cJOBHbKhEKDhDKz0E/QY9oz1A1i9X3Ko7B/1LvJxUSI56v/zZG8Q8jUAhl8yYrucm6GdMo+ASpqVeaiBhfMyG0LVUsQiMn80vntITqwxoGGtbCulc/TmRsciYSRTYzojhyCx7M/E/r5tieO1nQiUpguKLRWEqKcZ09j4dCA0c5cQSxrWwt1I+YppxtCGVbAje8st/Seu86l1U3fvLSu0mj6NIjsgxOSUeuSI1ckfqpEk4UeSJvJBXxzjPzpvzvmgtOPnMIfkF5+MbPkSP+g==</latexit>

1/(pzbT )
<latexit sha1_base64="Q4+fMjCu+Wod9t4vaCKDQqD8XKs=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL3VXBT0WvXis0C9o15JNs21oNlmSWaEu/RlePCji1V/jzX9j2u5BWx8MPN6bYWZeEAtuwHW/ndzK6tr6Rn6zsLW9s7tX3D9oGpVoyhpUCaXbATFMcMkawEGwdqwZiQLBWsHoduq3Hpk2XMk6jGPmR2QgecgpASt1vLNy/PCEg179tFcsuRV3BrxMvIyUUIZar/jV7SuaREwCFcSYjufG4KdEA6eCTQrdxLCY0BEZsI6lkkTM+Ons5Ak+sUofh0rbkoBn6u+JlETGjKPAdkYEhmbRm4r/eZ0Ewms/5TJOgEk6XxQmAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSwYbgLb68TJrnFe+i4t5flqo3WRx5dISOURl56ApV0R2qoQaiSKFn9IreHHBenHfnY96ac7KZQ/QHzucPg4aQGA==</latexit>

M/pz
<latexit sha1_base64="gyRaoK6fcXvI/bc3De1aIqX+7yY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU91VQY9FL16ECm5baNeSTbNtaDZZkqxQl/4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0w408Z1v53C0vLK6lpxvbSxubW9U97da2iZKkJ9IrlUrRBrypmgvmGG01aiKI5DTpvh8HriNx+p0kyKezNKaBDjvmARI9hYyb89SR6euuWKW3WnQIvEy0kFctS75a9OT5I0psIQjrVue25iggwrwwin41In1TTBZIj7tG2pwDHVQTY9doyOrNJDkVS2hEFT9fdEhmOtR3FoO2NsBnrem4j/ee3URJdBxkSSGirIbFGUcmQkmnyOekxRYvjIEkwUs7ciMsAKE2PzKdkQvPmXF0njtOqdVd2780rtKo+jCAdwCMfgwQXU4Abq4AMBBs/wCm+OcF6cd+dj1lpw8pl9+APn8wd0245y</latexit>

m⇡ ⇠ 1.2 GeV
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Not independent of sea quark mass, 
quenched gauge fields used for 
exploratory calculation 

x
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Variation of        probes 
power corrections

m⇡
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Renormalization (and 
operator mixing)

Perturbative 
matching

× {1 + 𝒪[ 1
(xP̃zbT)2

,
Λ2

QCD

(xP̃z)2 ]}
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Current status for the Collins-Soper kernel
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Lattice setup Renormalization Operator 
mixing

Fourier 
transform

Matching x-plateau 
search

SWZ20 
PRD 102 (2020)  

Quenched
Yes Yes Yes LO Yes

LPC20 
PRL 125 (2020) N/A No (small) N/A LO N/A

SVZES 21 
JHEP 08 (2021) N/A No N/A NLO N/A

PKU/ETMC 
21 

PRL 128 (2022)
N/A No N/A LO N/A

SWZ21 
PRD 106 (2022) Yes Yes Yes NLO Yes

LPC22 
2204.00200 Yes No (small) Yes NLO Yes

a = 0.12 fm,
mπ = 580 MeV,
Pz

max = 1.5 GeV

a = 0.09 fm,
mπ = 827 MeV,
Pz

max = 3.3 GeV

a = 0.09 fm,
mπ = 422 MeV,
P+

max = 2.27 GeV

a = 0.10 fm,
mπ = 547 MeV,
Pz

max = 2.11 GeV

a = 0.06 fm,
mπ = 1.2 GeV,
Pz

max = 2.6 GeV

a = 0.12 fm,

Pz
max = 2.58 GeV
mπ = 670 MeV,



YONG ZHAO, 09/02/2022

Comparison between lattice results and global fits

Collins Soper kernel

17

4

FIG. 2. Comparison of CS kernels extracted from differ-

ent combinations of the pseudo-data. The top plot shows all

possible (twelve) combinations of pseudo-data with different

kinematics, listed in the table I. The bottom plot show ex-

tractions made with different input collinear PDFs. The solid

lines are the central values. The shaded areas are the statis-

tical uncertainty. The oscillations at b ⇠ 4� 6GeV
�1

are due

to the finite bin size in the qT -space. The gray dashed line in

the lower plot shows the effect of incomplete cancellation of

parton’s momentum if PDFs in the comparing cross-section

are different (here, CT18 vs. CASCADE).

tions of CS kernel is shown in fig.3. The CASCADE
extraction lightly disagrees with the perturbative curve
(b < 1GeV�1), but in agreement with the SV19 [10] and
Pavia17 [7] for 1 < b < 3GeV�1.

The fit of the large-b part by a polynomial gives

D(b, µ) ⇠ [(0.069± 0.031)GeV]⇥ b, (11)

with a negligible quadratic part. We conclude that the
CASCADE suggests a linear asymptotic, which was also
used in the SV19 series of fits [9, 10, 37], and supported
by theoretical estimations [14, 38]

Conclusions. We have presented the method of di-
rect extraction of the CS kernel from the data, using the
proper combination of cross-sections with different kine-
matics. For explicitness, we considered the case of the
Drell-Yan process, but the method can be easily gener-
alized to other processes such as SIDIS, semi-inclusive
annihilation, Z/W-boson production, and their polarized
versions.
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FIG. 3. Comparison of the CS kernels obtained in different

approaches. CASCADE curve is obtained in this work. The

curves SV19, MAP22, Pavia19 and Pavia17 are obtained from

the fits of Drell-Yan and SIDIS data in refs. [39], [10], [11],

and [7], correspondingly. Dots represent the computations of

CS kernel on the lattice, with SVZES, ETMC/PKU, SVZ,

LPC20 and LPC22 corresponding to refs.[16], [40], [17], [41],

and [42].

The method is tested using the pseudo-data gener-
ated by the CASCADE event generator, and the corre-
sponding CS kernel is extracted. Amazingly, all expected
properties of the CS kernel (such as universality) are ob-
served in the CASCADE generator. This non-trivially
supports both the TMD factorization and the PB ap-
proaches and solves an old-stated problem of comparison
between non-perturbative distributions extracted within
these approaches [43, 44].

The procedure can be applied to the real experimental
data without modifications. In this case, the uncertain-
ties of extraction will be dominated by the statistical un-
certainties of measurements since many systematic uncer-
tainties cancel in the ratio. Thus the method is feasible
for modern and future experiments, such JLab [45, 46],
LHC [47], and EIC [48, 49]. They can be applied to al-
ready collected data after a rebinning. Importantly, the
procedure is model-independent and provides access to
the CS kernel based on the first principles.
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• Physical pion mass and reduced 
systematics from Fourier transform


• Better suppressed power correction


• More stable extraction of x-dependence


• Renormalization of nonlocal operator 

• Systematic treatment of operator mixing using 
the RI-xMOM scheme

Improved calculation with TMD wave function 
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Improving Lattice QCD Calculation of the Collins-Soper Kernel

The Collins-Soper (CS) Kernel CS Kernel with Lattice QCD Projected Improvements

Artur Avkhadiev (virtual presenter),¹ Phiala Shanahan,¹ Michael Wagman,² and Yong Zhao³
¹Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA, USA

²Fermi National Accelerator Laboratory, Batavia, IL, USA
³Physics Division, Argonne National Laboratory, Lemont, IL, USA

Observable Collaboration LQCD Setup Matching Fourier 
Transform

Operator 
Mixing

Beam
Functions

SWZ 20
PRD 102 (2020) LO Yes ✔

SWZ 21
PRD 104 (2021) NLO Yes ✔

TMD WFs

LPC 20
PRL 125 (2020) LO N/A ✔

ETMC/PKU 21
PRL 128 (2022) LO N/A ✗

LPC 22
2204.00200 NLO Yes ✗

This work
(in progress) NLO Yes ✔

Mellin 
Moments

SVZES 21
JHEP 08 (2021) NLO N/A ✗

quenched

Using Large-Momentum Effective Theory (LaMET), 
the CS kernel may be computed with Lattice QCD via 
space-like matrix elements of staple-shaped 
operators:

Collins-Soper (CS) Kernel
(independent of external state h).

Fourier conjugate to parton’s transverse momentum.

Fourier-transformed TMD for parton i in hadron h.

Robust Non-Local Operator Renormalization

Renormalization of rapidity divergences in TMDs leads to the Collins-Soper 
scale      and the evolution equation with a Collins-Soper (CS) Kernel:

Physical Pion Mass and 
Reduced Systematics from the Fourier Transform

1. Renormalization;                   
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3. Fourier Transform;                  
4. Perturbative Matching.                                 
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modeling in global 
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Non-perturbative 
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possible target for 
lattice QCD.

One possible observable is a quasi-TMD wavefunction 
(WF) with                            from two-point correlation 
functions:

LQCD calculations are broadly consistent – but different treatments of 
matching, Fourier transform and renormalization lead to significant 
systematic effects, and power corrections can be sensitive to valence 
quark masses.

With bare matrix elements computed, the ratio yields the CS kernel after:

Transverse motion of partons in hadrons 
gives rise to Transverse Momentum- 
dependent Distributions (TMDs).
TMDs appear in factorized cross-sections 
of processes sensitive to transverse 
momenta of partons – e.g. in Drell-Yan:

Greater computational efficiency also allows to reduce systematic 
uncertainties from the Fourier transform by increasing data frequency and 
range in            (right panel) – which requires a greater number of and 
longer staple configurations, respectively.

Recent formal and code developments increase computational efficiency, 
which enables calculations at  ~ physical           to remove partial 
quenching and suppress power corrections.
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: Quasi-TMD wave functionΦ

Φ̃ = ⟨0 | |π(P)⟩

!4

LQCD Setup

Independent of hadron state, choice of momenta, choice of 

…up to power corrections:             ,                       ,          
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Exploit independence, 
calculate for valence pion 
with 

bT /⌘
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Reduced soft function from LaMET
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= ⟨π(−P) | j1(bT)j2(0) |π(P)⟩

Pz≫mN= Sr
q(bT, μ)∫ dxdx′ H(x, x′ , μ)

F(bT, Pz)

× Φ†(x, bT, Pz)Φ(x′ , bT, Pz)
H

CC

H

P !P

S

t

• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020); 
• Ji and Liu, PRD 105, 076014 (2022); 
• Deng, Wang and Zeng, 2207.07280.

Light-meson form factor:
j1

j2

Tree-level approximation:

H(x, x′ , μ) = 1 + 𝒪(αs)

⇒ Sr
q(bT) =

F(bT, Pz)
[Φ̃(bz = 0,bT, Pz)]2
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First lattice results with tree-level matching

20

Q.-A. Zhang, et al. (LPC), PRL 125 (2020).
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p
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�Et
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��Et), (15)

where again we parameterize the mixing with one excited
state. Ap is the matrix element of the point sink pion in-
terpolation field. It will be removed when we normalize
�`(0, b?, P z

, `) with �`(0, 0, P z
, 0). We choose �� = �

t
�5

to define the wave function amplitude in Eq. (4). Based
on the quasi-TMDPDF study in Ref. [25, 27] with a sim-
ilar staple-shaped gauge link operator, the mixing e↵ect
could be sizable when summing various contributions. In
the supplemental material, we report a similar simulation
but using the A654 ensemble. We find that the mixing
e↵ects can reach order 5% for the transverse separation
b? ⇠ 0.6fm. These e↵ects will be included in the fol-
lowing analysis as one of the systematic uncertainties,
while a comprehensive study on the mixing e↵ects will
be conducted in the future.

FIG. 2. Results for the ` dependence of the quasi-TMDWF
with z = 0, and also the square root of the Wilson loop
which is used for the subtraction, taking the {P z, b?, t} =
{6⇡/L, 3a, 6a} case as a example. All the results are normal-
ized with their values at ` = 0.

The dispersion relation of the pion state, statistical
checks for the measurement histogram, and information
on the autocorrelation between configurations can be
found in the supplemental materials [28].

Numerical Results. Fig. 2 shows the dependence of
the norm of quasi TMDWFs on the length ` of the
Wilson-line. As one can see from this figure, with
{P

z
, b?, t} = {6⇡/L, 3a, 6a}, both the quasi-TMDWF

�`(0, b?, P z
, `) and the square root of the Wilson loop

ZE decay exponentially with length `, but the subtracted
quasi-TMDWF is length independent when ` � 0.4 fm.
Some other cases with larger P z, b?, and t can be found
in the supplemental materials [28]. Based on this ob-
servation, we will use ` = 7a = 0.686 fm as asymptotic

results for all cases in the following calculation.

FIG. 3. The ratios C3(b?, P
z, tsep, t)/C2(0, P

z, 0, tsep) (data
points) which converge to the ground state contribution at
t, tsep ! 1 (gray band) as function of tsep and t, with
{P z, b?} = {6⇡/L, 3a}. As in this figure, our data in gen-
eral agree with the predicted fit function (colored bands).

We performed a joint fit of the form factor and
quasi-TMDWF with the same P

z and b? with the
parameterization in Eqs. (14) and (15). The ra-
tios C3(b?, P z

, tsep, t)/C2(0, P z
, 0, tsep) with di↵erent tsep

and t for the {P
z
, b?} = {6⇡/L, 3a} case are shown in

Fig. 3, with ground state contribution (gray band) and
the fitted results at finite t2 and t (colored bands). In this
calculation, the excited state contribution is properly de-
scribed by the fit with �

2
/d.o.f. = 0.6. The details of the

joint fit, and also more fit quality checks are shown in the
supplemental materials [28], with similar fitting quality.

FIG. 4. The intrinsic soft factor as a function of b? with
b?,0 = a as in Eq. (9). With di↵erent pion momentum P z,
the results are consistent with each other. The dashed curve
shows the result of the 1-loop calculation, see Eq. (7), with the
strong coupling constant ↵s(1/b?). The shaded band corre-
sponds to the scale uncertainty of ↵s: µ 2 [1/

p
2,
p
2]⇥1/b?.

The systematic uncertainty from the operator mixing has
been taken into account.

The resulting soft factor as function of b? is plotted in
Fig. 4, at �= 2.17, 3.06 and 3.98, which corresponds to
P

z = {4, 6, 8}⇡/L = {1.05, 1.58, 2.11} GeV respectively.
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Figure 2. The lattice results of S(b⊥) for various momenta,
together with the one-loop perturbative result S1−loop

MS
and its

variant S′1−loop
MS

with ↵s including up to 4 loops. The scale µ

in Eq. (17) is set as µ = 2 GeV.

cancelling the dominant higher-twist e↵ects, the results
become much more consistent. The residual deviations
serve as measure of important systematic e↵ects to be
controlled in future studies.

Results of the soft function – After checking the
consistency among the various improved pion matrix ele-
ments, we use the choice of 1

2
(F�5�1 + F�1) as an example

to present the results of S(b⊥) for various momenta P z

and pion masses m⇡
vi.

In Fig. 2, S(b⊥, P z
) is shown together with the one-

loop perturbative curve [35],

S
MS
(b⊥, µ) = 1 − ↵sCF

⇡
ln

µ2b2⊥
4e−2�E

+O(↵2

s), (17)

where one-loop and four-loop values of ↵s are used at the
physically most relevant scale of S(b⊥), i.e. 1�b⊥. The
scale µ is set as µ = 2 GeV. We note that the lattice re-
sults agree qualitatively with the perturbative function
at around b⊥ ∼ 0.2 fm, particularly at the largest boost
and when the higher-order e↵ects are partially included
via ↵s. At larger b⊥, non-perturbative features start to
set in and the decay of S(b⊥) is slower than the pertur-
bative prediction. It is also noteworthy that the conver-
gence of the lattice results in P z clearly increases with
b⊥ – the results from the two largest P z are compatible
for b⊥ � 0.2 fm, while smaller transverse separations will
need yet larger boosts to establish convergence.

In Fig. 3, we examine the pion mass dependence of
the soft function. Although S(b⊥) is extracted from pion
matrix elements which depend on the detailed process
of ⇡(P z

) → ⇡(−P z
), the factorization allows us to can-

cel this process dependence. Performing the calculation
at four pion masses, we find that the lattice results are
generally consistent within statistical errors, although a
small systematic increase is found when decreasing m⇡.
This observation supports the statement from the factor-
ization [17] that the soft function does not depend on the

Figure 3. The intrinsic soft function S(b⊥) for the pion masses
ranging from 827 MeV to 350 MeV. Here, we show results
calculated at the momentum P

z = 5 2⇡
L

as an example.

detailed hadronic information from the initial/final state.
Results for the Collins-Soper kernel – The

Collins-Soper kernel K(b⊥, µ) governs the rapidity evo-
lution of the TMDPFs. In LaMET, the quasi-TMDPDF
is factorized into the light-cone TMDPDF and a
K(b⊥, µ) ln(⇣z�⇣) factor, where ⇣z = 2(xP z

)
2, with P z

playing the role of the rapidity, while ⇣ is the light-cone
counterpart of ⇣z [36]. Thus, by taking the ratio of quasi-
TMDPDFs at di↵erent values of P z, one can extract
K(b⊥, µ). This ratio can also be expressed in terms of
the quasi-TMDWFs [18] as

K(b⊥, µ) = lim
l→∞

1

ln(P z
1
�P z

2
)
ln �
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1
)�E1

�(b⊥, l, P z
2
)�E2

�

=
1

ln(P z
1
�P z

2
)
ln

������������
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��
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1
)

Cwf
��
(b⊥, P z

2
)
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��
(0, P z

2
)
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��
(0, P z

1
)
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. (18)

Figure 4. The lattice results for the Collins-Soper kernel
K(b⊥, µ) from various calculations, described by the color of
yellow [20], blue [19], green [18] and red. The results from
a same calculation are shifted horizontally to make an easier
comparison.

In Fig. 4, the lattice results of K(b⊥, µ) from this work

Y. Li et al., PRL 128 (2022).

a = 0.10 fm,
mπ = 547 MeV,
Pz

max = 2.11 GeV

a = 0.09 fm,
mπ = 827 MeV,
Pz

max = 3.3 GeV

Beyond tree-level, it is necessary to obtain the x-dependence 
to carry out the convolution.
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• The quark and gluon quasi TMDs can be related to the new LR 
scheme, which can be factorized into the physical TMDs;


• There is no mixing between quarks of different flavors, quark 
and gluon channels, or different spin structures.


• The method for calculating all the leading-power TMDs is 
complete;


• Lattice results for the Collins-Soper kernel and soft function are 
promising, but systematics need to be under control.

Conclusion
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Targets for lattice QCD studies:

Outlook

22

Observables Status

Non-perturbative Collins-Soper kernel
 ✔, keep improving the systematics

Soft factor ✔, to be under systematic control

Info on spin-dependent TMDs (in ratios)
 In progress

Proton v.s. pion TMDs,             (in ratios)
 In progress

Flavor dependence of TMDs,          (in ratios) 


  
to be studied

TMDs and TMD wave functions,           In progress

Gluon TMDs
 to be studied

Wigner distributions/GTMDs to be studied

(x, bT)

(x, bT)

(x, bT)

(x, bT)

(x, bT)
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Data used by the MAP collaboration in 2206.07598

Backup slides
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FIG. 3: The x vs. Q
2 coverage spanned by the experimental data considered in this analysis (see also Tab. II and

Tab. III).

using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)

with fixed parameters c1 = 0.2, c2 = 0.5 and c3 = 0.3. This choice is more restrictive than a similar one made
in Ref. [5], but less restrictive than the one made in Ref. [22]. It allows for many data points with |PhT | ⌧ Q

but also with 0.2Q < |qT | < Q. In Sec. IV, we will discuss variations of the baseline SIDIS cut in Eq. (54) that
give phenomenological support to our choice.

As for the datasets included in the present analysis, the main di↵erence with Ref. [5] is that we include the
new release of COMPASS data [68]. In this dataset, the vector–boson contributions have been subtracted. For
the HERMES dataset we consistently select the vector–meson–subtracted dataset (.vmsub set). Moreover, we
select the zxpt-3D-binning for HERMES multiplicities, since it presents a finer binning in |PhT |. The breakdown
of the entire SIDIS dataset included in the present analysis is reported in Tab. III.

The second column of Tab. III shows the number of data points (Ndat) that respect the kinematic cuts for
each dataset, with a total number of 1547 data points.

In conclusion, the total number of DY and SIDIS data points surviving our kinematic cuts is 2031.

Bacchetta, Bertone, Bissolotti, et al., MAP Collaboration, 2206.07598
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Large-Momentum Effective Theory (LaMET)

24

PDF :

Cannot be calculated 

on the lattice

f(x) Quasi-PDF :

Directly calculable on the 

lattice

f̃(x, Pz)

z + ct = 0, z − ct ≠ 0 t = 0, z ≠ 0

X. Ji, PRL 110 (2013)
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Large-Momentum Effective Theory (LaMET)

24

PDF :

Cannot be calculated 

on the lattice

f(x) Quasi-PDF :

Directly calculable on the 

lattice

f̃(x, Pz)

Related by Lorentz boost

z

t
pn

z/2�z/2

� �zp
2

�zp
2

z + ct = 0, z − ct ≠ 0 t = 0, z ≠ 0

lim
Pz→∞

f̃(x, Pz) ?= f(x)

X. Ji, PRL 110 (2013)



YONG ZHAO, 09/02/2022

Large-Momentum Effective Theory (LaMET)
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• Quasi-PDF: ;


• PDF: implying .

Pz ≪ Λ
Pz = ∞, Pz ≫ Λ

Large-Momentum Effective Theory (LaMET)

25

• The limits  and  are not usually exchangeable;


• For , the infrared (nonperturbative) physics is not affected, 
which allows for an effective field theory matching.

Pz ≪ Λ Pz ≫ Λ
Pz ≫ ΛQCD

f̃(x, Pz, Λ) = C (x, Pz /μ, Λ/Pz) ⊗ f(x, μ) + O(
Λ2

QCD

P2
z

)
Perturbative matching Power corrections

• X. Ji, PRL 110 (2013); SCPMA57 (2014).  
• X. Xiong, X. Ji, J.-H. Zhang and YZ, PRD 90 (2014); 
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

: the ultraviolet lattice cutoff, Λ ∼ 1/a
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A state-of-the-art calculation of the pion valence quark PDF with 
fine lattices, large momentum and NNLO matching:

LaMET calculation of the collinear PDFs
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FIG. 3. The PDFs obtained from the qPDFs with NNLO
matching at di↵erent P

z = nz ⇥ 0.48 GeV.

smaller x as P
z increases. The size of NNLO correction is

in general smaller than that of the NLO correction, which
indicates good perturbative convergence, a crucial crite-
rion for precision calculation. Besides, we also find that
the uncertainty from factorization scale variation is re-
duced at NNLO. As x ! 0, the qPDF is regular because
of the exponential extrapolation, while the matching cor-
rection makes it divergent, which is a sign that resumma-
tion of small-x logarithms is needed. A resummation of
large logarithms is also necessary as x ! 1 [33]. Since the
resummation e↵ects are important only in the end-point
regions, they are not considered in this analysis.

Then we compare the PDFs obtained at di↵erent P
z

with NNLO matching in Fig. 3. At moderate x, the
P

z-dependence is remarkably reduced, and the results
appear to converge for P

z
� 1.45 GeV, which strongly

indicates that the perturbative matching allows for re-
liable predictions. According to Eq. (7), there should
still be power corrections that are enhanced in both the
x ! 0 and x ! 1 regions, as one can see that each
PDF curve has a small nonvanishing tail at x � 1 which
decreases with P

z. To estimate the size of power cor-
rections, we fit the PDFs obtained at a = 0.04 fm, P

z =
{1.45, 1.94, 2.42} GeV and a = 0.06 fm, P

z = {1.72, 2.15}

GeV to the ansatz fv(x) + ↵(x)/P
2
z

for each fixed x,
where we ignore the a-dependence as the O(a2

P
2
z
) ef-

fect in the matrix elements has been shown to be less
than 1% [25]. Since the least-�2 fit is mainly determined
by the data sets at lower P

z with smaller statistical er-
rors, which have larger power corrections, we use the re-
sult at P

z = 2.42 GeV instead of the fitted fv(x) as
our final prediction for the PDF. The relative size of the
power correction is estimated to be ↵(x)/[P 2

z
fv(x)] . 0.1

for 0.01 < x < 0.80 and ↵(x)/[P 2
z
fv(x)] . 0.05 for

0.01 < x < 0.70 at P
z = 2.42 GeV. It is surprising

that the results are insensitive to P
z for x as small as

0.01, which can be explained by the fact that the qPDF
contributes to the PDF at larger x under perturbative
matching. However, it must be pointed out that the
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the infinite momentum frame, and the qPDF evolves to
smaller x as P

z increases. The size of NNLO correction is
in general smaller than that of the NLO correction, which
indicates good perturbative convergence, a crucial crite-
rion for precision calculation. Besides, we also find that
the uncertainty from factorization scale variation is re-
duced at NNLO. As x ! 0, the qPDF is regular because
of the exponential extrapolation, while the matching cor-
rection makes it divergent, which is a sign that resumma-
tion of small-x logarithms is needed. A resummation of
large logarithms is also necessary as x ! 1 [33]. Since the
resummation e↵ects are important only in the end-point
regions, they are not considered in this analysis.

Then we compare the PDFs obtained at di↵erent P
z

with NNLO matching in Fig. 3. At moderate x, the
P

z-dependence is remarkably reduced, and the results
appear to converge for P

z
� 1.45 GeV, which strongly

indicates that the perturbative matching allows for re-
liable predictions. According to Eq. (7), there should
still be power corrections that are enhanced in both the
x ! 0 and x ! 1 regions, as one can see that each PDF
curve has a small nonvanishing tail at x � 1 which de-
creases with P

z (see also App. C 3). To estimate the
size of power corrections, we fit the PDFs obtained at
a = 0.04 fm, P

z = {1.45, 1.94, 2.42} GeV and a = 0.06
fm, P

z = {1.72, 2.15} GeV to the ansatz fv(x)+↵(x)/P
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for each fixed x, where we ignore the a-dependence as the
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termined by the data sets at lower P
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power correction is estimated to be ↵(x)/[P 2
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FIG. 4. Comparison of our prediction of fv(x) to global fits
and BNL20. The shaded regions x < 0.03 and x > 0.8 are
excluded by requiring that the estimates of O(↵3

s) and power
corrections be smaller than 5% and 10%, respectively.

matching. However, it must be pointed out that the
smallness here is only relative, as the size of ↵(x)/P

2
z

still
increases as x ! 0. To further verify this, we also calcu-
late the PDF from the qPDF with a power-law (A/|�|

d)
extrapolation, and find that the results are almost iden-
tical to those from the exponential extrapolation even at
x = 0.01, so we simply use the latter to proceed.

Our final prediction for fv(x) (BNL-ANL21) is shown
in Fig. 4. The central value is obtained from the qPDF
at a = 0.04 fm, zS = 0.24 fm, zL = 0.92 fm, µ = 2.0
GeV and P

z = 2.42 GeV with exponential extrapolation
and NNLO matching. The red band represents the
statistical error, and the light purple band stands for the
systematic error from scale variation, which is obtained
by repeating the same procedure for µ = 1.4 and 2.8
GeV and evolving the matched results to µ = 2.0 GeV
with the NLO DGLAP equation. We demand that the
relative O(↵3

s
) matching correction at µ = 2.0 GeV

be smaller than 5%, which propagates to  37% NLO
and  14% NNLO corrections and excludes the regions
x < 0.03 and x > 0.88. Combining the estimates of
power corrections and the statistical and scale-variation
errors, we determine the PDF at 0.03 . x . 0.80 with
5–20% uncertainty. Our result is in good agreement with
the global fits by xFitter [35] and JAM21nlo [36] within
the claimed region, but deviates from the GRVPI1 [34]
and ASV [37] fits. When compared to a previous analysis
of the same lattice data (BNL20) [25] which used the
NLO OPE in coordinate space and a parameterization
of the PDF, our x-space calculation shows considerably
reduced uncertainties, but still agrees within errors.

In summary, we have performed a state-of-the-art lat-
tice QCD calculation of the x-dependence of the pion
valence quark PDF, where we developed a simple pro-
cedure to renormalize the qPDF in the hybrid scheme
and match it to the MS PDF at NNLO accuracy. With
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smallness here is only relative, as the size of ↵(x)/P
2
z

still
increases as x ! 0. To further verify this, we also calcu-
late the PDF from the qPDF with a power-law (A/|�|

d)
extrapolation, and find that the results are almost iden-
tical to those from the exponential extrapolation even at
x = 0.01, so we simply use the latter to proceed.

Our final prediction for fv(x) (BNL-ANL21) is shown
in Fig. 4. The central value is obtained from the qPDF
at a = 0.04 fm, zS = 0.24 fm, zL = 0.92 fm, µ = 2.0
GeV and P

z = 2.42 GeV with exponential extrapolation
and NNLO matching. The red band represents the
statistical error, and the light purple band stands for the
systematic error from scale variation, which is obtained
by repeating the same procedure for µ = 1.4 and 2.8
GeV and evolving the matched results to µ = 2.0 GeV
with the NLO DGLAP equation. We demand that the
relative O(↵3

s
) matching correction at µ = 2.0 GeV

be smaller than 5%, which propagates to  37% NLO
and  14% NNLO corrections and excludes the regions
x < 0.03 and x > 0.88. Combining the estimates of
power corrections and the statistical and scale-variation
errors, we determine the PDF at 0.03 . x . 0.80 with
5–20% uncertainty. Our result is in good agreement with
the global fits by xFitter [35] and JAM21nlo [36] within
the claimed region, but deviates from the GRVPI1 [34]
and ASV [37] fits. When compared to a previous analysis
of the same lattice data (BNL20) [25] which used the
NLO OPE in coordinate space and a parameterization
of the PDF, our x-space calculation shows considerably
reduced uncertainties, but still agrees within errors.

In summary, we have performed a state-of-the-art lat-
tice QCD calculation of the x-dependence of the pion
valence quark PDF, where we developed a simple pro-
cedure to renormalize the qPDF in the hybrid scheme
and match it to the MS PDF at NNLO accuracy. With
two fine lattice spacings, we observed that the final re-

Gao, Hanlon, Mukherjee, Petreczky, Scior, Syritsyn and YZ, PRL 128, 142003 (2022).



YONG ZHAO, 09/02/2022

Factorization relation with the TMDs

27

Quasi

Large-rapidity 
(LR)

Collins

Lattice

Continuum

f̃i(x, bT, μ, ζ̃, P̃z) = lim
P̃z≫mN

lim
a→0

Z̃UV
B̃i

Sq

f LR
i (x, bT, μ, ζ, yP − yB) = lim

−yB≫1
lim
ϵ→0

Z LR
UV

Bi

Sq

fi(x, bT, μ, ζ) = lim
ϵ→0

ZUV lim
yB→−∞

Bi

Sq

New
Lorentz invariance

Same matrix elements, but 
different orders of UV limits

Ebert, Schindler, Stewart and YZ, JHEP 04, 178 (2022). 

Perturbative matching in 
LaMET!

yP̃ = yP − yB
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• Factorization of quasi-TMD: 

• Factorization of naive quasi-TMD:

Factorization relation with the TMDs

28

f̃q/h(x, bT, μ, ζ̃, xP̃z) = C(xP̃z, μ)exp[ 1
2

Kq(μ, bT)ln
ζ̃
ζ ] fi/h(x, bT, μ, ζ) + 𝒪(y−k

P̃ e−yP̃)

Matching coefficient

f̃ naive
i/h = lim

a→0
Z̃uvB̃i/h/ S̃q

naive

b!

t
z

L

S̃q
naive :

Warning:  
soft function still not calculable on the lattice

Directly calculable on 
the lattice! • Ji, Sun, Xiong and Yuan, PRD91 (2015); 

• Ji, Jin, Yuan, Zhang and YZ, PRD99 (2019); 
• Ebert, Stewart, YZ, PRD99 (2019), JHEP09 (2019) 037; 
• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020); 
• Vladimirov and Schäfer, PRD 101 (2020); 
• Ebert, Schindler, Stewart and YZ, JHEP 04, 178 (2022). 

ζ̃ = x2m2
Ne2ỹP+2yB−2yn

  

                                  

f̃ naive
i/h

Sq
r (bT, μ)

= C(xP̃z, μ) exp[ 1
2

Kq(μ, bT)ln
(2xP̃z)2

ζ ]

× fi/h{1 + 𝒪[ 1
(xP̃zbT)2

,
Λ2

QCD

(xP̃z)2 ]}
Reduced soft function ✓

Ji, Liu and Liu, NPB 955 (2020),  
PLB 811 (2020).
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Backup slides
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q̄i(b) qj(0)

H H

q̄i(b) qj(0)

H

 (including spinor indices) 
remain intact

i, j

∝ δij Can mix with singlet 
channel and with gluons

b2 = − b2
z − b2

T < b2
T ∼ 1/Λ2

QCD

Hard particles cannot propagate 
that far!

✘

✔
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Collins-Soper kernel from lattice QCD
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Kq(μ, bT) =
1

ln(Pz
1 /Pz

2)
ln

Cns(μ, xPz
2) B̃ns(x, bT, μ, Pz

1)
Cns(μ, xPz

1) B̃ns(x, bT, μ, Pz
2)

+ power corrections

Studying CS kernel through quasi-TMDs suggested in 
• Ji, Sun, Xiong and Yuan, PRD91 (2015); 

The concrete formalism first derived in 
• Ebert, Stewart and YZ, PRD 99 (2019).

Does not depend on the external hadron state, could be calculated with pion 
TMD or wave function (vacuum to pion amplitude) for simplicity;

• Shanahan, Wagman and YZ, PRD 102 (2020); 
•  Ebert, Stewart and YZ, PRD 99 (2019); 
• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020).


