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NEUTRAL MESON MIXING

B-mesons By, Bs have mass eigenstates

u,c,t

IBSL> = Pq\32> + %\Bgﬁ
\BSH> = Pq\Bg> - Qq\Bg>
with mass mg, and total decay width Ty, for
the lighter eigenstate. Splittings:
Amg = Mgy — Mg
ATy =Tg —Tgn

Experimentally, time dependent
probabilities give access to the splittings,

e.g.

- 1 1
P(B — BY) = Ee*rq’[cosh(EAth) — cos(Amgt)11qq/pgl?
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NEUTRAL MESON MIXING

Experimental results mrLav 20211

[T 1 = 17 © 1T "]
@ AI;IEPH) 0.446 +0.026 +0.019 psl
analyses) *
y 5DELB| PHI ) [r— 0.519+0.018 £0.011 ps™*
analyses)
@Ganal L3) - 0.444 +0.028 +0.028 ps :
analyses)
s oaIPAL) et 04790018 +0.015 ps™
analyses)
@ CaIDFl ) 0.495 +0.033 £0.027 ps™*
analyses) *
.- f—s—] 0.506:+0,020 £0.016 ps™
analysis
(4EA5AR ) ™ 0.506 +0.006 0.004 ps™*
analyses)
@ BEaILLE; o 0,509 +0.004 £0.005 ps™
analyses)
LHCb 0.5062 +0.0019 +0.0010 ps™*
(4analyses)
Average of above 0.5065 +0.0019 ps™
after adjustments .\
CLEO+ARGUS . 04980032 ps
(X4 Measur ements)
World average 050650.0019 ps*
PDG 20392 H P
Il

I I I
04 045 05 055

" HFLAV average 1
without adjustments Amy (ps”)

Amgy = 0.5065(19)ps

CDF2 hadr+s§m\a:t 17.77+0.10+ 0,07 ps’*
@

H_‘
LHC(bo 036 in;‘ 270‘13)

H,

H

17.63+0.11+0.02ps*

H 17.93+0.22+0.15 ps™*

17.768 + 0.023 + 0.006 ps

LHCb DIu'X
(1om t oo 1)

LHEb Dl
(LOfb T Run'1)

Cb JPK K 17.694 0,041 £ 0,011 ps”

LH
(3.0+1.9fb™  Runs 1+2)

CMS e .
(gsam Run2)

17517319 +0.03ps*

HCp D' 17.757 £ 0,007 £ 0.008 ps’
(9!b Runs 1+2)
Cb Dot 17.768 + 0.005 + 0.003 ps”
(em Run 2)
Average 17.765 + 0.006 ps™*

I I I I I
174 176 178 18 182

Heavy Flavour 4
Averaging Group Amg (ps7)

Amg =17.765(6)ps "

2/24



THEORY

* AB = 2 process
» enhanced by top quark = short-distance dominated

OPE shrinks box diagram to local four-quark operator

(BYHEE2IBY) — (BJJ0iIBY)

* 5 parity-even, dimension 6, AB = 2 operators O;
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THEORY

» bag parameters B give access to mass splittings Am
i (BloiBy)
Ba " (BY0/|Bg)vsa
* (1]
Amg = |Vig V,q\ZKMquEqBBq

* Vi from experiment
* X known (perturbative)
* Mg, fg,, Bgi non-perturbatively from lattice QCD
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LATTICE QCD

« Discrete, finite Euclidean space-time

grid
» quark fields \ on sites n . . . .
* gluons U, as gauge links
« finite lattice spacing a (UV regulator) a
« finite volume L, T (IR regulator) ° ° ° °

+ Path integral
Gn—p) UM bt i)
O—<«—0——0 °
U_u(n) Uu(n)

(0) = % JdUdll)le) O[U, p, Pl S ¥] =U,(n— !

=- exponentially decaying & finite
estimators
+ even relatively small grids have size A = (L/a) x (T/a) = 24° x 48
+ exact evaluation prohibitively expensive
= stochastic sampling of ensembles
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LATTICE QCD

Fermionic part of the path integral can be solved explicitly
1 - - -
(9) = > J dU e SelYlgpap e SFU PPy, ]

1 ) _
- J dU g—SelU (Hdet[Df(U)})O[U.ll),lb]

Monte-Carlo simulation: interpret
g5l U](Hdet D,(u)])

as probability weight.
* Dy is matrix with 12 x A rows and columns
= brute-force inversion prohibitively expensive

= intricate algorithms needed to account for det[Dy], beyond the scope
of this talk
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LATTICE QCD

» Fermion determinants describe "sea
quarks”

« quark pairs in fermionic vacuum valence quarks

+ gives rise to definition of "valence ‘

quarks” giving quantum numbers to
hadrons

* "quenching”: set det[Dy] = 1
* neglects sea quark contribution
* we use partially quenched setup

"Ny =2+1"
« det[D,] = det[D,] # 1
* det[Ds] # 1

Sea quarks
» sea-quark masses m;, mg are inputs

* typically M, > Mpbys
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CONTINUUM LIMIT

We need to control on each ensemble
« finite-volume effects ML 2 4

« discretisation effects of heavy quark amy < 1
« currently too expensive to control simultaneously

We therefore simulate on multiple ensembles, and take the limits
* lattice spacing a — 0
* box size L — o0
+ sea quark masses mg — mghys (M — MEDYS)

* bottom quark mass my, — mghys
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HEAVY-QUARK STRATEGY

« We simulate at multiple heavy-quark masses m, ~ mg — mp < my
= Extrapolation in m, — m, as part of global fit
» systematically improvable
+ expensive, and analysis of more data
« all other lattice calculations use effective actions for heavy quarks
= no extrapolation needed
+ systematic bias
» not systematically improvable
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DoOMAIN-WALL FERMIONS

« multiple different lattice action discretisations available
« all lattice actions must recover the same physics in the continuum

* we use "Domain-Wall Fermions”

 automatic O(a) improvement in absence of odd powers in a
= reduced discretisation effects

+ improved chiral symmetry
= leads to simple mixing pattern of operators O;
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B, — By MIXING ON THE LATTICE

0.70F ‘ ‘ ‘
§+ HFLAV (10xerror)
{1 FLAG'3

« three independent lattice groups =
working on By — B, mixing e
* current tension between Amy, Am; 060l
lattice determinations

FLAG 19 - FNAL/MILC'16
RBC/UKQCD '19
-_:l Sum rules '19

r=1

‘ﬁ HPQCD '19
* FNAL/MILC '16 is in tension with 3?0_557 [ Avg.19 1
experiment
+ HPQCD 19 is compatible with ps
experiment 050 ]
+ RBC/UKQCD ’19 result still missing F
renormalization factors 0.45] y . ‘ ]

15 16 17 18 19 20 21 22

=- we are working on that!
AM[ps™]

[Di Luzio et al. arxiv 1909.11087]
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TWO-POINT FUNCTIONS

a2.7m230 IH1 [tmin,tmax]=[14,41]

« fit to heavy-light / P
heavy-strange 2pt
functions: Mg, fg,

« also need pion/kaon 2pt os2rs
functions: Mﬂ, MK 0.6250

» shown here: lightest
heavy-light meson on HT
"a2.7m230” ensemble iH il

o0

C£1r2 — Z<Or2(x, t)oﬂ (01 t)T> = Z T oE.

X n=0

with T € {vs, yovs} = {P, A}
El2(t) =1In (c{*r?(t)/czmzuur 1))
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THREE-POINT FUNCTIONS

FORMULA
» four-quark operators
Ogr = (bal'qa) (bbI"gp)

- different values for B— B
separation AT g

22.7m230 IH1 AT € {16,48)

* large separations noisier R
« small separations excited-state ol I
dominated

e (t, AT) =(P(AT)OIT P (0))

—M2,/(4E2) (01057 I0)e 54T x [1 + ¢l cosh[AE(t — Ar/z)]]
with 5 linear combinations of O
[V + AA|, [VV — AAl, [SS + PP], [SS — PP], [TT]
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RATIOS

22.7m230 sHS [tmin.tmax]=[14,38]

1045

« We look at ratios with similar
time behaviour in denominator

1.040

and numerator e
= cancellation of correlations
e (t,AT)

R(AT) = s ‘
CPA“)CAP(AT - t) t=AT/2 o
» Example of combined
correlated fit to heaviest <"

0.0473

heavy-strange meson on
"a2.7m230” ensemble

0.0472

0.0470
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FIT STRATEGY

» We have studied a number of different strategies to fit all these
parameters and settled on a simultaneous, fully correlated fit to:

C5P (1), CA(t), CRA(L), RO(AT)
» We define a vector with all data points entering the fit

C=(CEPULL), ..., CALn

min min

), CHAEMA), . RO(ATS), )

min

A= Cdata o Cmodel

+ From this we define and minimise a x? function

=AC AT

cov
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CORRELATION MATRIX

tE([14,38]

t€[14,38]

tE(14,38]

AT €[24,44]

correlation matrix a2.7m230 sh5 VV+AA

a4(s) CRA) A

R(AT)

1.00

0.75

0.50

0.25

0.00

—-0.25

-0.50

-0.75

-1.00

+ 2pt functions are highly
correlated

* ratios are decorrelated
from the 2pt functions

» We improved upon an
earlier attempt of fitting
2pt and raw 3pt
functions
simultaneously, which
had high correlations
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LANDSCAPE PLOT OF OUR ENSEMBLES

- 2 ensembles at mi™®
JLQCD ensembles are

450 very fine
m RBC/UKQCD phys
A JLQCD, my > mgs = almost reach m,
4007 v jLaco, mo<mee « 2 very similar
350 4 ensembles with
= myL =3.0 and
g 300 1 Lt m.L=4.4
13 . . .
€ 2501 6 dlff_erent lattice
" spacings from
2001 a=0.11fmto
a = 0.044fm
150 +
* s = These strongly
0.600 0.602 O.dD4 0.006 0.008 0.010 0.012 0.014 COﬂStI‘aIn the relevant
a? [fm?]

limits we will take in a
final global fit to data on
all ensembles.
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RATIO OF DECAY CONSTANTS - JLQCD ENSEMBLES
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RBC/UKQCD ensembles have sea-quark tuned to physical mg™*
- Two JLQCD ensembles come in pairs, bracketing m2"™*

* interpolation slope is then applied to other ensembles

+ only mild dependence on mg*®
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RATIO OF BAG PARAMETERS - JLQCD ENSEMBLES
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+ even milder dependence on mg® for bag parameters
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RATIO OF DECAY CONSTANTS

122 ¥ :
| - >
1201 | ] e
1184 | 1 I 1 & a2.7m230
i of © g 0 a2.5m310
1164 | f} It & oy ¥ & a36m300
i {r : & ad.5m280
W& 1144 : ¥ 0 a2.5m230-L
S I ; & al7ml4o
& 1124 | ioal o ¥ 6 al.8m340
| 0+ % 3 LA s © alsmd3o
1101 | ¥ 6 a2.4ml140
i L * % 0  a2.4m300
1.08 1 i . . 0 a2.4m360
. . 0 a2.4ma10
1061 | Preliminary e
1.04 - , , , , , , ,
0.10 0.15 0.20 0.25 0.30 035 0.40 0.45

1/mpn [GeV™1]

« illustration in the heavy-quark mass reach of the JLQCD ensembles
» dependence on heavy-quark mass is very mild
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RATIO OF BAG PARAMETERS - VV + AA
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« this SU(3)-breaking ratio is close to 1
» dependence on heavy-quark mass is very mild
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NON-PERTURBATIVE RENORMALISATION

5

<O>/S(|l) = aLITOZ[ZS(a’ H)]I].<O>Ibare(a)
j=1

for some regularisation independent scheme S at mass scale p.
Continuum perturbation theory can then match

(O)VS (1) = RVS=S(0)$ (1)

We use the "RI-SMOM” scheme. Requires computation of four-quark
vertices for (bq) — (ab) [Boyle et al. arxiv 1708.03552]

= analysis of NPR data is underway
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DOMAIN-WALL OPERATOR-MIXING MATRIX

Based on chiral symmetry of our domain-wall fermions, a very simple
mixing pattern of the 5 operators arises:

01 =0 VV+AA

04 0 0
_ qVWV—AA
02=0 0 (02/3 (92/3) 0
O3 = OSS—FP 0273 O3z/3
O, — OSS+PP 0 0 ((94/5 (94/5>
0 — o O475 O4s5
5= -

This block-structure means that only O,, O3 as well as O4, O5 mix, but
they are linearly independent from each other and from O;.

This is a great advantage of chiral domain wall fermions to other lattice
discretisations, where a more complicated mixing pattern has to be dealt
with.

[Boyle et al. arxiv 1708.03552]

23/24



CONCLUSIONS & OUTLOOK

Conclusions:

+ We can extract bag parameters and matrix elements (0|0|0) using a
fully correlated fit with a combined x2/dof for C, and Cs.
» DWF leads to a very simple mixing pattern of the 5 operators due to
chiral symmetry
+ Set of 15 ensembles
+ 2 ensembles at mpbys
- JLQCD ensembles almost reach mp™*
+ 2 very similar ensembles with m,L = 3.0 and m,L = 4.4
+ 6 different lattice spacings from a = 0.044fm to a = 0.11fm
= These strongly constrain the relevant limits we will take in a final global
fit to data on all ensembles.
Next steps

* Non-perturbative renormalisation (NPR) is being worked on
 Extract bag parameters for full 5-operator basis
= will allow us to constrain Amy, Amg

This project has received funding from the European Research Council (ERC) under the
European Union’s Horizon 2020 research and innovation programme under grant agreement
No 757646.
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LATTICE SETUP

» RBC-UKQCD’s 2+1 flavour domain wall fermions (sium etal. aniv 1a11.7017]
» pion masses from m, = 139 MeV to m, = 430 MeV
+ several heavy-quark masses from below m. to 0.5m,, using a
stout-smeared action (p = 0.1, N = 3) with Ms = 1.0, Lg = 12 and
Mobius-scale = 2 [Boyle et al. arxiv:1812.08791]
+ light and strange quarks: sign function approximated via:
+ Shamir approximation for heavier pion masses
« Mébius approximation at mE™*® and on the finest ensemble
« JLQCD’s 2+1 flavour domain wall fermions kaneko etal. aniv 1711.11235]
+ pion masses from m,, = 226 MeV to m,, = 310 MeV
+ heavy-quark masses from m. nearly up to m, using the same
stout-smeared action.
« light and strange quarks use the same action as the heavy quarks.
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LATTICE SETUP

L/a| T/a | a'[GeV] | m:[MeV] | m.L | hits xNeons | collaboration id
al.7m140 48 96 1.730(4) 139.2 3.9 48 x 90 R/U CO
al1.8m340 24 64 1.785(5) 339.8 4.6 32 x 100 R/U C1
a1.8m430 24 64 1.785(5) 430.6 5.8 32 x 101 R/U C2
a2.4m140 64 128 2.359(7) 139.3 3.8 64 x 82 R/U MO
a2.4m300 32 64 2.383(9) 303.6 4.1 32 x 83 R/U M1
a2.4m360 32 64 2.383(9) 360.7 4.8 32 x 76 R/U M2
a2.4m410 32 64 2.383(9) 411.8 55 32 x 81 R/U M3

a2.5m230-L 48 96 2.453(4) 225.8 4.4 24 x 100 J C-ud2-sa-L
a2.5m230-S 32 64 2.453(4) 229.7 3.0 16 x 100 J C-ud2-sa
a2.5m310-a 32 64 2.453(4) 309.1 4.0 16 x 100 J C-ud3-sa
a2.5m310-b 32 64 2.453(4) 309.7 4.0 16 x 100 J C-ud3-sb
a2.7m230 48 96 2.708(10) 232.0 4.1 48 x 72 R/U F1M
a3.6m300-a | 48 96 3.610(9) 299.9 3.9 24 x 50 J M-ud3-sa
a3.6m300-b | 48 96 3.610(9) 296.2 3.9 24 x 50 J M-ud3-sb
a4.5m280 64 | 128 | 4.496(9) 284.3 4.0 32 x 50 J F-ud3-sa

List of ensembles used in this work. For consistency of naming conventions in our set of ensembles from

two collaborations, we introduce a shorthand notation in the first column which is used throughout this

work. The last column shows names used by RBC/UKQCD ("R/U”) and JLQCD ("J").
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