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Outline
• Fragmentation Function Overview


• Most recent Jefferson Lab Angular Momentum (JAM) Collaboration fit of 
Fragmentation Functions (FFs)


• Recent FF results from other groups


• Summary and Outlook



What are fragmentation functions?
• Probability hadron has fraction  of parton’s longitudinal momentumz

Dh/f(z)
f

h



Processes involving fragmentation functions
• Single Inclusive Electron/Positron Annihilation (SIA)

e−(l) + e+(l′￼) → h(ph) + X
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e+(l′￼)

q

h(ph)
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Processes involving fragmentation functions
• Semi-inclusive Deeply Inelastic Scattering (SIDIS)

e−(l) + p(P) → e−(l′￼) + H(Ph) + X(PX)

e−(l)
e−(l′￼)

p(P)

X(PX)

γ(q)

H(Ph)



JAM20-SIDIS
• JAM20-SIDIS:


• Repeat of JAM19 with addition of unidentified charge hadrons


• Simultaneously fit:


• Unpolarized PDFs 


• Unpolarized FFs


• Charged pion, kaon, and unidentified hadron



JAM Methodology
• Multi-Step Monte Carlo approach utilizing Bayesian Inference


• Bayesian Inference:


• Baye’s Theorem:


• Likelihood Function:

𝒫(a |data) ∼ ℒ(a, data)π(a)

ℒ(a, data) = exp (−
1
2

χ2(a, data))



JAM Methodology
• Chi squared:


• Least squares fit


• Minimum Chi squared


• Maximum Likelihood

χ2(a, data) = ∑
i,e (

di,e − ∑k rk
e βk

i,e − Ti,e/Ne

αi,e )
2

+ ∑
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(rk
e)2 + ( 1 − Ne

δNe )
2



JAM Methodology
• Monte Carlo approach:


• Expectation value and variance of an observable:


• Approximate using a finite number of replicas:

E[𝒪] = ∫ da𝒫(a |data)𝒪(a) V[𝒪] = ∫ da𝒫(a |data)(𝒪(a) − E[𝒪]))2

E[𝒪] =
1
n

n

∑
k=1

𝒪(ak) V[𝒪] =
1
n

n

∑
k=1

(𝒪(ak) − E[𝒪]))2



Multi-Step Process



Observables
• Utilize NLO in calculation of observables


• Data Sets:


• Inclusive Deep Inelastic Scattering (DIS)


• BCDMS, NMC, SLAC, HERA


• Semi-Inclusive DIS (SIDIS)


• COMPASS


• Single-Inclusive e+/e- Annihilation (SIA)


• TASSO, TPC, TOPAZ, BELLE, BABAR, ARGUS, DELPHI, ALEPH, OPAL, SLD


• Drell-Yan Scattering (DY)


• E866



Kinematic Coverage
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Parametrization
• Functional Form:


           


• Unidentified Charged Hadron FF:
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A. Parametrization

Two general approaches have been used for constructing the unidentified charged hadron fragmentation functions.
First, the hadron ↵s can be fit independently from those for specified hadrons (such as pions and kaons). This is the
approach that was used by the NNPDF Collaboration [55]. Alternatively, we can take advantage of existing knowledge
of specified hadron fragmentation functions and add a fitted correction to the sum of them. For example, in the hadron
fragmentation function fit performed by de Florian, Sassot, and Stratmann (DSS) [56] there is a correction to the
sum of already obtained pion, kaon, and proton fragmentation functions:

Dh
+

i
= D⇡

+

i
+DK

+

i
+Dp

i
+Dres

+

i
. (6)

where Dres
+

i
contained the parameters that were fitted to the charged hadron data. It parametrizes the e↵ect of all

other residual final state hadrons apart from pions ⇡, kaons K and protons p. We have followed an approach very
similar to this second procedure, though we include only the pion and kaon fragmentation functions in the non-residual
term:
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The functional forms for pdfs and ↵s used in our fits follow this template:
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z↵ (1� z)�
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where a = {M,↵,�, �, �} is a vector containing the shape parameters that are fitted. The integral in the denominator
ensures that the value of the coe�cient M is equal to the second moment of the function.

For Dres
+

i
, in order to reduce the total number of parameters to be fitted, we assume SU(3) flavor symmetry for

light quarks and antiquarks

Dres
+

u
= Dres

+

d
= Dres

+

s
(9)

and

Dres
+

ū
= Dres

+

d̄
= Dres

+

s̄
. (10)

To allow for some di↵erentiation between the residual ↵s for quarks and antiquarks, we leave M and � for Dres
+

ū
as

free parameters but fix ↵, �, and � to be the same as for Dres
+

u
. This achieves a similar constraint on the parameters

as the condition used by DSS [56]:
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For the heavy quarks, we assume the quark and antiquark residual fragmentation functions to be equivalent

Dres
+

c,b
= Dres

+

c̄,b̄
. (12)

We also assume charge conjugation symmetry

Dres
+

q
= Dres

�

q̄
. (13)

Finally, throughout the fitting procedure, the parameters � and � for the gluon, charm, and bottom fragmentation
functions are fixed at zero, and for the light quarks, they are fixed at zero until the final step where they are set free
starting from zero. In the end there are 18 free parameters to be fit for residual charged hadron ↵s.

For D⇡
+

i
, we reduce the number of free parameters by grouping the light quarks into ’favored’ (valence) and

’unfavored’ (non-valence) flavors:

D⇡
+

fav = D⇡
+

u
= D⇡

+

d̄
, (14)

D⇡
+

unfav = D⇡
+

d
= D⇡

+

s
= D⇡

+

ū
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SIA Data over theory comparison: pions



SIA Data over theory comparison: kaons



SIA Data over theory comparison: hadrons



SIDIS Data and theory comparison: pions



SIDIS Data and theory comparison: kaons



SIDIS Data and theory comparison: hadrons



FF Results



PDF Results



Strange PDF suppression
• Best fits to kaon SIA 

data favor smaller 
strange PDFs


• Consistent with JAM19 
findings



DSS FFs
• DSS: de Florean, Sassot, and Stratmann


• Utilize single fits


• Pion results:


• Borsa, et. al., Phys.Rev.Lett. 129 
(2022)


• NNLO fit to SIA and SIDIS data


• For SIDIS, use NNPDF4.0 for the PDF 
contribution


• Ball, et. al. Eur.Phys.J.C 82 (2022)



DSS FFs
• Kaon results:


• Hernandez-Pinto, et. al., 
J.Phys.Conf.Ser. 912 (2017)


• NLO fit to SIA, SIDIS, and PP data


• For SIDIS, used MMHT 2014 for the 
PDF contribution


• Harland-Lang, et. al. Eur.Phys.J.C 
75 (2015)



DSS FFs
• Proton results:


• de Florian, et. al., Phys.Rev.D 76 
(2007)


• NLO fit to SIA and PP data



DSS FFs
• Unidentified hadron results:


• de Florian, et. al., Phys.Rev.D 76 
(2007)


• NLO fit to SIA and PP data



NNFF
• Fragmentation functions from the 

NNPDF group


• Monte Carlo approach using a 
neural network


• Pion results:


• Bertone, et. al., Eur.Phys.J.C 77 
(2017)


• Up to NNLO fit to SIA data



NNFF
• Kaon results:


• Bertone, et. al., Eur.Phys.J.C 77 
(2017)


• Up to NNLO fit to SIA data



NNFF
• Proton results:


• Bertone, et. al., Eur.Phys.J.C 77 
(2017)


• Up to NNLO fit to SIA data



NNFF
• Unidentified hadron results:


• Bertone, et. al., Eur.Phys.J.C 78 
(2018)


• Up to NLO fit to SIA and PP data



MAP FFs
• Multi-dimensional Analyses of Partonic 

(MAP) distributions collaboration


• Monte Carlo approach using a neural 
network


• Pion results:


• Khalek, et. al., arXiv:2204.10331


• NNLO fit to SIA and SIDIS data


• For SIDIS, use NNPDF3.1 for the PDF 
contribution


• Ball, et. al. Eur.Phys.J.C 77 (2017)

https://arxiv.org/abs/2204.10331


MAP FFs
• Kaon results:


• Khalek, et. al., arXiv:2204.10331


• NNLO fit to SIA and SIDIS data


• For SIDIS, use NNPDF3.1 for the 
PDF contribution


• Ball, et. al. Eur.Phys.J.C 77 (2017)

https://arxiv.org/abs/2204.10331


Summary and Outlook
• Summary:


• Most recent JAM results for FFs:


• Simultaneous fit of PDFs and pion, kaon, and unidentified hadron FFs 


• Highlighted FF results from DSS and the NNPDF and MAP collaborations


• Outlook:


• Working towards fitting collinear and transverse momentum dependent 
functions simultaneously.


