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Quark models give gross structure of the hadron spectrum

PDG RPP

The Hadron Spectrum
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The Hadron Spectrum

Modern experiments have been finding new states which don’t fit the conventional quark models
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Modern experiments have been finding new states which don’t fit the conventional quark models
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QCD allows for non-quark model hadrons

What is the nature of these states?

How do we being to find a global explanation?
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The Hadron Spectrum

How to connect QCD to the hadron spectrum?
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The Hadron Spectrum

5

How to connect QCD to the hadron spectrum?
• Need to understand how to quantify what the hadrons are in nature
• Need to find non-perturbative approach to access these hadrons rigorously
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Few-Body Physics from QCD
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Lattice QCD offers a systematic approach to compute hadrons from QCD
• Numerically evaluate QCD path integral via Monte Carlo sampling
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Lattice QCD offers a systematic approach to compute hadrons from QCD
• Numerically evaluate QCD path integral via Monte Carlo sampling
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Lattice QCD offers a systematic approach to compute hadrons from QCD
• Numerically evaluate QCD path integral via Monte Carlo sampling

No coupling to multi-particle decay modes…

…An incomplete picture of QCD spectrum



Few-Body Physics from QCD

All our knowledge of the hadrons comes from scattering experiments
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Particle Data Group (PDG)
The Review of Particle Physics (RPP)



Few-Body Physics from QCD

Path to few-body physics from QCD
• Link finite-volume spectra and matrix elements to scattering amplitudes
• Tools: Lattice QCD, Scattering Theory, & Effective Field Theory
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Scattering Theory & QCD Spectrum
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Resonances & Bound states are pole singularities of scattering amplitudes
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Connecting Scattering Physics to QCD

Q: How do we connect a finite-volume spectrum computed from QCD…
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Q: How do we connect a finite-volume spectrum computed from QCD…
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Employing scattering theory and EFTs to all-orders 
connects lattice QCD spectra to scattering observables

12

L

L

L

E0

E1

E2

...

E0
<latexit sha1_base64="oRmK1EY5rwPD5AjBgllLnCMha/k="></latexit>

E1
<latexit sha1_base64="aJINycXNMtPMRJnAaFGOaFTManI="></latexit>

...

<latexit sha1_base64="qooVjE6IK1mPzfdGBOlxLuiDdTI="></latexit>

...

<latexit sha1_base64="qooVjE6IK1mPzfdGBOlxLuiDdTI="></latexit>

<latexit sha1_base64="xJmk7XRLemXwwhdy7fDrQmuuFiE="></latexit>

E?
th = 2m

Scattering Region

<latexit sha1_base64="Png8coO6dOXaki3YPrkUliNAw80="></latexit>

Ecm

<latexit sha1_base64="xJmk7XRLemXwwhdy7fDrQmuuFiE="></latexit>

E?
th = 2m

<latexit sha1_base64="Png8coO6dOXaki3YPrkUliNAw80="></latexit>

Ecm

Resonances (sheet II)Bound states (sheet I)

M. Lüscher
Commun.Math.Phys. 105, 153 (1986)
Nucl.Phys. B354, 531 (1991)

Many others…

<latexit sha1_base64="qg9U8X5w147AWo1cQzf0aHCKV38="></latexit>

det ( 1 +K2FL )E=En
= 0

<latexit sha1_base64="/SDNoldHzVjg84tkGB3RFnGBD6Q="></latexit>

M2 = K2
1

1� i⇢K2



J.J. Dudek et al. [HadSpec]
Phys. Rev. D93, 094506 (2016) 

R.A. Briceño et al. [HadSpec]
Phys. Rev. D97, 054513 (2018)

J.J. Dudek et al. [HadSpec]
Phys. Rev. Lett. 113, 182001 (2014)

�0
<latexit sha1_base64="pcO5ZWNk0RtGnfRykZdHJEHpAUo="></latexit>

Ecm /MeV
<latexit sha1_base64="SXax1XgVjp8MWai5MjdW+XJVi/w="></latexit>

Ecm /MeV
<latexit sha1_base64="SXax1XgVjp8MWai5MjdW+XJVi/w="></latexit>

⇢ i
⇢ j
|t i

j
|2

<latexit sha1_base64="4dLKElQwFwsQkjb61B3rl6rHkU8="></latexit>

0.7
<latexit sha1_base64="LkxYjruEWqmwGEDky7jcf6psPuU="></latexit>

0.6
<latexit sha1_base64="u7eY7IRDw/SjEHr4EcetKgpiLnM="></latexit>

0.5
<latexit sha1_base64="G6Elq2T5Zcpt1AEKn7C4Jjqz43U="></latexit>

0.4
<latexit sha1_base64="c+lxcdp4r/UibYe3HzXhSj2m+54="></latexit>

0.3
<latexit sha1_base64="qoFGEHs+vGCpbVHUtm5rfrgNyN0="></latexit>

0.2
<latexit sha1_base64="pmK7sQSaihOjYYCBCyxW3zjTiPA="></latexit>

0.1
<latexit sha1_base64="QKDkUMJcQvcfEibuY8FLUZUeaLQ="></latexit>

1000
<latexit sha1_base64="6RZn3YylqqQGL1eIrhOkFjFXAXA="></latexit>

1100
<latexit sha1_base64="hAn+n53799i4xDRJvafvN7uDSRE="></latexit>

1200
<latexit sha1_base64="YuGu4IJ0sCJPCisdl62x6MvOPpE="></latexit>

1300
<latexit sha1_base64="91ukoCHQTqf5y9I8M0tszda1gvo="></latexit>

⇢ i
⇢ j
|t i

j
|2

<latexit sha1_base64="4dLKElQwFwsQkjb61B3rl6rHkU8="></latexit>

Ecm /MeV
<latexit sha1_base64="SXax1XgVjp8MWai5MjdW+XJVi/w="></latexit>


<latexit sha1_base64="5OoEooavZ/cXAQlcPl6gmFnhc7k="></latexit>

�
<latexit sha1_base64="GwnnAXN61phzvFrl5ET48YErhdk="></latexit>

f0
<latexit sha1_base64="38he7Q0WxvZuhD9oqxEvQKTypmE="></latexit>

a
<latexit sha1_base64="rF3vAGIktS6KJfC/t2Mq8W4IZRw="></latexit>

m⇡ = 391 MeV
<latexit sha1_base64="S1XtuxP1lx+ECYrowzVXzK3LO7g="></latexit>

Sheet I

Sheet II

Sheet II

Sheet IV

f0
<latexit sha1_base64="EGlipFp3jAthDiQUuQ0Y6j9gzqw="></latexit>

�
<latexit sha1_base64="k6aWdCNBjwo3LKBi41drxf1sKY8="></latexit>

a0
<latexit sha1_base64="K2IHPs53LfT8plSJsNviXgZxYE4="></latexit>


<latexit sha1_base64="rilFd/PEHM/GxfkCdHQT7xmitm8="></latexit>

mR = Re
p
s0

<latexit sha1_base64="FL974VNZ52URElnp17BcPWjtSGE="></latexit>

Im
p
s 0

=
�
�
R 2

<latexit sha1_base64="8qXWJY0xRDSiWKghB0zarZ0iuco="></latexit>

m⇡ = 391 MeV
<latexit sha1_base64="S1XtuxP1lx+ECYrowzVXzK3LO7g="></latexit>

Connecting Scattering Physics to QCD

13

<latexit sha1_base64="qPxaLzI75+bIePtrvwT4cZd2/Ds="></latexit>

S = +1

<latexit sha1_base64="SR0RmKWF2Ag8dboPy4+Xn2Sm+XA="></latexit>

S = 0

<latexit sha1_base64="pEww1LHWvupKmv2lP+OL6T3egH4="></latexit>

S = �1

<latexit sha1_base64="MOAKxFR8vVaIkC6syMmCABR/iCM="></latexit>Q
=
�
1

<latexit sha1_base64="5XGjS2WS6uRBlNaRK/ID5SMLXQo="></latexit>Q
=
+
1

<latexit sha1_base64="3wihr9OaayGIvO7g78vTlr0S0Ww="></latexit>Q
=
0

<latexit sha1_base64="5USjiFUirNrCrvRth/QHiChSKbI="></latexit>

qq̄
�
3P0

�

<latexit sha1_base64="9xEcjhoRGqjiznlWzM6hxWQ//0M="></latexit>

JP = 0+

�
<latexit sha1_base64="YCj1KPSVNkDsQH3KlD19ihDvh44="></latexit>

f0
<latexit sha1_base64="rPZ8KBAXG28xg7sRSw28oFiUnoE="></latexit>

a00
<latexit sha1_base64="IBu+AlvTlDOid1V/VL7WRufKW0Q="></latexit>

a+0
<latexit sha1_base64="5fQDfoQufBkiMX2zXeKSw/N/+1M="></latexit>

a�0
<latexit sha1_base64="3noUdDyS+p5QUlRsahq4r9F63aA="></latexit>

+
<latexit sha1_base64="ZTN8wocgymrAUqMtN2A2F48jgOE="></latexit>

�
<latexit sha1_base64="H4BkhfqImNsbow592B6xf2r8yf8="></latexit> 0

<latexit sha1_base64="crCBtjWbAbWm1uMewTcC9etiUew="></latexit>

0
<latexit sha1_base64="cxEvbMjqXRRW6GGbHoTeCJw0eAQ="></latexit>



Connecting Scattering Physics to QCD

14

24

600

400

200

30

1500 1550 1600 1650

20

10

FIG. 16. Partial widths as a function of the ⇡1 pole mass. The bands reflect the coupling ranges given in Table VIII. The total
width, obtained by summing the partial widths, is shown by the grey band.

not yet been validated, but their result for pion masses
near 500 MeV does suggest a large coupling. They also
found a somewhat smaller coupling to f1⇡.

We can also compare our result extrapolated to phys-
ical kinematics with the predictions of models. Models
based upon breaking of the flux-tube [4, 13] do not allow
decays to identical mesons, but these are typically pre-
vented by Bose symmetry anyway. The ability of these
models to predict decays involving the ⌘ or ⌘0 is somewhat
questionable given that no disconnected contributions are
considered. Within these models, the quark spin coupling
factorizes from the spatial matrix element such that ⇢⇡
decays are only allowed to the extent that the spatial
qq̄ wavefunctions of the ⇡ and the ⇢ di↵er. This di↵er-
ence is quite hard to estimate in quark models where the
very light pseudo-Goldstone boson ⇡ is typically not well
described.

If this model picture of the coupling being sensitive to
the di↵erence between the ⇡ and ⇢ radial wavefunction
is correct, our simple extrapolation of the ⇢⇡ coupling
may lead to an under estimate. We can use the charge
radius as a guide to the wavefunction size, and at the
SU(3) flavor symmetric point these radii were computed

in Ref. [75]: hr2i1/2⇡ = 0.47(6) fm, hr2i1/2⇢ = 0.55(5) fm.
These sizes are not that di↵erent, as one might expect
given the heaviness of the quarks, but we expect the
di↵erence to grow as the light-quark mass reduces. Our
simple extrapolation of the ⇢⇡ coupling would not capture
this change, and hence our ⇢⇡ partial width might be an
under-estimate.

The flux-tube breaking models have larger couplings to
axial-vector–pseudoscalar channels like b1⇡ and f1⇡ than
to, for example, ⇢⇡, but these couplings are still much
smaller than the ones we are predicting. Bag models show
similar decay systematics [2, 3].

VIII. SUMMARY

Prior lattice QCD calculations which treated excited
hadrons as stable particles indicated the presence of exotic
hybrid mesons in the spectrum, but until now the only
theoretical information on the decay properties of these
states came from models whose connection to QCD is
not always clear. In this paper we presented the first
determination of the lightest JP (C) = 1�(+) resonance
within lattice QCD. The resonance was observed in a
rigorous way as a pole singularity in a coupled-channel
scattering amplitude obtained using constraints provided
by the discrete spectrum of eigenstates of QCD in six
di↵erent finite volumes. These spectra were extracted
from matrices of correlation functions computed in lattice
QCD using a large basis of operators.

In order to make this first calculation practical we opted
to work with quark masses such that mu = md = ms,
with the quark mass selected to approximately match
the physical strange-quark mass. The resulting SU(3)F
symmetry leads to a simplified set of decay channels, and
the relatively heavy quark mass means that only meson-
meson decays are kinematically accessible in the energy
region of interest.

The computed lattice QCD spectra are described by
an eight-channel flavor-octet 1�(+) scattering system in
which a narrow resonance appears, lying slightly be-
low the opening of axial-vector–pseudoscalar decay chan-
nels, but well above pseudoscalar–pseudoscalar, vector–
pseudoscalar and vector–vector decay thresholds. The
resonance pole shows relatively weak couplings to the
open channels, hence the narrow width, but large cou-
plings to at least one kinematically-closed axial-vector–
pseudoscalar channel.

A simple-minded approach was used to predict decay
properties of a ⇡1 resonance with physical light-quark
mass from these results. We extrapolated the determined
couplings, assuming their only adjustment is in the an-
gular momentum barrier (an approach that has proven
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Path to few-body physics from QCD
• Link finite-volume spectra and matrix elements to scattering amplitudes
• Tools: Lattice QCD, Scattering Theory, & Effective Field Theory

17

L

L

L

E0

E1

E2

...

E0
<latexit sha1_base64="oRmK1EY5rwPD5AjBgllLnCMha/k="></latexit>

E1
<latexit sha1_base64="aJINycXNMtPMRJnAaFGOaFTManI="></latexit>

J
<latexit sha1_base64="9E7wXeEsw8BAK4LK5UHOeTkT6Tc="></latexit>

...

<latexit sha1_base64="qooVjE6IK1mPzfdGBOlxLuiDdTI="></latexit>

...

<latexit sha1_base64="qooVjE6IK1mPzfdGBOlxLuiDdTI="></latexit>

Lattice QCD Spectra &  
Matrix Elements

Scattering & 
Transition Amplitudes

Bound & Resonant 
State Properties

Three-Body Dynamics



Three-Body Dynamics

On-shell scattering relations
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Connecting to finite-volume spectra
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Examine toy-model —
• Assume exchange dominance — No short-range three-body forces
• Scalar system — 
• Two-hadron pair forms bound state — 

J = 0
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Additional details concerning the S-wave integral equa-
tions are presented in Secs. III and IVof the Supplemental
Material [56], where we also describe the propagation of
the uncertainties of mπa0 and K3;iso into the predicted
amplitude. (See also Ref. [84] for more details on express-
ing the three-particle amplitude via a truncated partial wave
series and Ref. [85] for a discussion of integral equations
and their solutions in a resonant three-hadron channel.)
Summary.—In this work we have presented the first

lattice QCD determination of the energy-dependent three-
to-three scattering amplitude for three pions with maximal
isospin. The calculation proceeded in three steps: (i) deter-
mining finite-volume energies with πþπþπþ quantum
numbers, (ii) using the framework of Ref. [4] to extract
two- and three-body K matrices from these, and (iii) apply-
ing the results of Ref. [5] to convert these to the three-
hadron scattering amplitude, by solving known integral
equations. The three steps are summarized, respectively, by
Figs. 1, 2, and 3.

Having established this general workflow, it is now well
within reach to rigorously extract three-hadron resonance
properties from lattice QCD calculations. In particular the
formalism has recently been extended to three-pion states
with any value of isospin in Ref. [42]. This should enable
studies, for example, of the ω, h1, and a1 resonances. The
main outstanding challenges here include rigorous resonant
parametrizations of the intermediate three-body K matrix,
as well as a better understanding of the analytic continu-
ation required to identify the resonance pole position.
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FIG. 3. Top: Dalitz-like plot of m4
πjM3j2 for

ffiffiffiffiffi
s3

p ¼ 3.7m
with final kinematics fixed to fp021 ; p022 g ¼ f0.01m2

π ; 0.7m2
πg

⇒ fm0
12; m

0
13g ¼ f2.1mπ; 2.25mπg. Bottom: Same total energy,

now with incoming and outgoing kinematics set equal, as
discussed in the text.
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In the following, we first discuss our determination of
two- and three-pion finite-volume energies, before describ-
ing the fits used to relate these to infinite-volume K
matrices. The latter then serve as inputs to known integral
equations, which we solve numerically to extract the
3πþ → 3πþ scattering amplitude. Additional details of
the analysis are discussed in the SupplementalMaterial [56].
Spectral determination.—Figure 1 summarizes the two-

and three-pion finite-volume spectra calculated in this
work. Two-pion energies on the larger volume have already
appeared in Ref. [57].
Computations were performed on anisotropic lattices

which have a temporal lattice spacing, at, finer than the
spatial lattice spacing, as [at ¼ as=ξ with ξ ¼ 3.444ð6Þ
[57] ]. Two lattice ensembles were used, differing only
in the volume: ðL=asÞ3 × ðT=atÞ ¼ 203 × 256 (with 256

gauge-field configurations) and 243 × 128 (with 512 con-
figurations). We use 2þ 1 flavors of dynamical clover
fermions, with three-dimensional stout-link smearing in
the fermion action, and a tree-level Symanzik-improved
gauge action. The bare parameters and basic lattice proper-
ties are detailed in Refs. [58,59]. Setting the scale via
a−1t ¼ mexp

Ω ðatmlatt
Ω Þ−1, [where atmlatt

Ω ¼ 0.2951ð22Þ was
measured in Ref. [60] and mexp

Ω is the experimentally
determined Ω baryon mass from Ref. [61] ] and combining
with atmπ ¼ 0.06906ð13Þ [57] and atmK ¼ 0.09698ð9Þ
[62], yields mπ ≈ 391 MeV and mK ≈ 550 MeV. The
values of atmπ and ξ translate into spatial extents ofmπL ¼
4.76 and mπL ¼ 5.71 for the two ensembles.
The spectrum of energies in a finite volume is discrete and

each energy level provides a constraint on the scattering
amplitudes at the corresponding center-of-momentum energy.
To obtain more constraints, we compute spectra for systems
with overall zero and nonzero momentum, P. Momenta are
quantized by the cubic spatial boundary conditions,
P ¼ ð2π=LÞðn1; n2; n3Þ, where fnig are integers, and we
write this using a shorthand notation as ½n1n2n3&.
In this work we restrict attention to S-wave scattering.

The reduced symmetry of a cubic lattice means that total
angular momentum J is not a good quantum number and
instead channels are labeled by the irreducible representa-
tion (irrep, Λ) of the octahedral group with parity for P ¼ 0
or the relevant subgroup that leaves P invariant for P ≠ 0
[63,64]. We consider the relevant irreps which contain
J ¼ 0: A−

1 ðAþ
1 Þ for πππ (ππ) at rest and A2ðA1Þ for πππ (ππ)

with nonzero P. Isospin I andG parityG are good quantum
numbers in our lattice formulation; these distinguish the
two-pion (IG ¼ 2þ) and three-pion (IG ¼ 3−) channels. We
neglect higher partial waves here, in particular the two-
particle D wave that mixes with the S wave in the finite-
volume energies. As described in Ref. [57], a nonzero
D-wave interaction can be extracted, in particular, if aided
by the consideration of other, nontrivial finite-volume
irreps, but has a small influence on the two-pion energies
considered here. There is, in principle, a systematic
uncertainty associated with neglecting the D-wave contri-
bution. Given the consistency of our results with Ref. [57],
this appears to be below the statistical uncertainty in the
present fits. See also Secs. VIII A and B of that work for
more discussion.
To reliably extract the finite-volume energies we have

computed two-point correlation functions using a large basis
of appropriate interpolating operators. From these, the spectra
aredeterminedusing thevariationalmethod [65–67],with our
implementation described in Refs. [68,69]. This amounts to
calculating a matrix of correlation functions,

GijðtÞ ¼ hOiðtÞO†
jð0Þi; ð1Þ

and diagonalizing Mðt; t0Þ ¼ Gðt0Þ−1=2GðtÞGðt0Þ−1=2 for
a fixed t0. One can show that the corresponding eigenvalues

FIG. 1. The πþπþ and πþπþπþ finite-volume spectra in the
center-of-momentum frame for the relevant finite-volume irreps
with various overall momenta, as explained in the text. Points are
computed energy levels on the two volumes with error bars
showing statistical uncertainties. Each rectangular inset shows a
vertical zoom of the region indicated by the small neighboring
rectangle. Gray curves are the “noninteracting” finite-volume
energies, i.e., the energies in the absence of any interactions
between pions. Orange curves are predictions from the finite-
volume formalism based only on the two-particle scattering
length, given in Eq. (4) (here with the local three-body interaction
set to zero).
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Three-body physics contains more degrees-of-freedom
• Find new features not encountered in two-body systems
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Path to few-body physics from QCD
• Link finite-volume spectra and matrix elements to scattering amplitudes
• Tools: Lattice QCD, Scattering Theory, & Effective Field Theory
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Hadronic Structure & Electroweak Probes

FV conversion factors

Mapping between matrix elements and                       amplitudes
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Rigorous definition for resonance form factors
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Two-current systems

Coupling two currents to hadronic systems — Compton-like processes
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Summary

Lattice QCD, EFTs, & Scattering theory combined provide useful tools to extract physics from QCD

• Rapid development in formalisms relating lattice QCD observables to amplitudes

• Scattering phenomenology is advancing in tandem
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Few-body interactions play a key role in many outstanding problems in nuclear & hadron physics

Much more to come!

Latest developments in three-body scattering & two-body matrix elements

• First applications appearing in literature

• Can address increasingly complicated processes




