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• loop suppressed, amplitude  

• CKM suppressed, amplitude

∝ GF ∼ 10−5 GeV−2

∝ |VtbVts | ∼ 0.04
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t

rare decay

Motivation:  SM contribution small

SM suppression makes new physics effects potentially visible.
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Motivation:  SM contribution small
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• measured by LHCb and will be measured by Belle-II  

• persistent tension at low , need improved form factorsq2
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• momentum transfer dependence, 0 ≤ q2 ≤ q2
max = (MB − MK)2
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Form Factor calculation:  preliminaries

hadronic 
matrix 

elements 
have:

⟨K |Ji |B⟩
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• momentum transfer dependence,  

• short distance weak interactions: 

0 ≤ q2 ≤ q2
max = (MB − MK)2

Mt , MW ∼ 𝒪(100 GeV)
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Form Factor calculation:  preliminaries

⟨K |Ji |B⟩

hadronic 
matrix 

elements 
have:
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• momentum transfer dependence:   

• short distance weak interactions:  

• long distance QCD interactions: 

0 ≤ q2 ≤ q2
max = (MB − MK)2

Mt , MW ∼ 𝒪(100 GeV)

ΛQCD ∼ 0.5 GeV
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Form Factor calculation:  preliminaries

⟨K |Ji |B⟩

hadronic 
matrix 

elements 
have:



ℓ+

ℓ−

γ,Z

Physics at disparate scales factorizes (up to small corrections)

• Wilson coefficients:  short distance, perturbative 

• hadronic matrix elements:  long distance, nonperturbative  

dℬ
dq2

=
2

+ …∑
i

Ci ⟨K |Ji |B⟩
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b

u u

s

K+

88

Form Factor calculation:  preliminaries
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• numerically evaluate path integral representation of 
3pt correlator

⟨K(T) J(t) H(0)†⟩

‣  a proxy for heavy meson,  

‣ ranges of  and  (also momenta, quark 
masses, lattice spacings, and volumes) 

‣ produce data for 3pt correlator at each 
combination of  and 

H MD ≤ MH ≤ MB

t T

t T

Form Factor calculation:  matrix element via LQCD

sh

ℓ = u, d

t

T

•  specifies matrix element (scalar, vector, or tensor)J
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Form Factor calculation:  matrix element via LQCD
q
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ml ≈ mphys
l

ml ≈ ms/5 • For large range of , cover all  

 

• Near  on finest lattice 

• Analysis gives results for  and  

• MILC’s HISQ  lattices

MH

0 ≤ q2 ≤ q2
max = (MH − MK)2

MB

B D

nf = 2 + 1 + 1
 Bazavov et al., PRD 82, 074501 (2010); 
Bazavov et al., PRD 87, 054505 (2012)
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⟨K(T) J(t) H(0)†⟩ =
∞

∑
l,m=0

⟨K |E(K)
l ⟩⟨E(K)

l |J |E(H)
m ⟩⟨E(H)

m |H†⟩
1

2E(K)
l

1

2E(H)
m

e−E(K)
l (T−t) e−E(H)

m t

• analyze  and  dependence of data to extract hadronic matrix elementt T

Form Factor calculation:  matrix element via LQCD

• form factors parameterize matrix elements

ZV ⟨K |Vμ |H⟩ = f+(q2)(pμ
H + pμ

K −
M2

H − M2
K

q2
qμ)+ f0(q2)

M2
H − M2

K

q2
qμ

⟨K |S |H⟩ =
M2

H − M2
K

mh − ms
f0(q2) ZT(MS, MH) ⟨K |Tjo |H⟩ =

2iMH pj
K

MH + MK
fT(MS, MH; q2)

for , gives l, m = 0 ⟨K |J |H⟩
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• analyze  and  dependence of data to extract hadronic matrix elementt T

Form Factor calculation:  matrix element via LQCD

ZV ⟨K |Vμ | Ĥ⟩ = f+(q2)(pμ
H + pμ

K −
M2

H − M2
K

q2
qμ)+ f0(q2)

M2
H − M2

K

q2
qμ

⟨K |S |H⟩ =
M2

H − M2
K

mh − ms
f0(q2) ZT(MS, MH) ⟨K̂ |Tjo | Ĥ⟩ =

2iMH pj
K

MH + MK
fT(MS, MH; q2)

Na, Davies, Follana, Lepage, PRD 82, 114506 (2010)

Calculated via PCVC relation, ZV =
mh − ms⟨K |S |H⟩

(MH − MK)⟨K |V0 |H⟩
⃗p K=0

Hatton, Davies, Lepage, Lytle, PRD 102, 094509 (2020)

Calculated via RI-SMOM at 2 GeV (accounting 

for nonperturbative contributions)

⟨K(T) J(t) H(0)†⟩ =
∞

∑
l,m=0

⟨K |E(K)
l ⟩⟨E(K)

l |J |E(H)
m ⟩⟨E(H)

m |H†⟩
1

2E(K)
l

1

2E(H)
m

e−E(K)
l (T−t) e−E(H)

m t

• form factors parameterize matrix elements



13

Form Factor calculation:  extrapolate to real world

• trade  for:  

‣ , allows series expansion of form factor (once pole removed)

q2

|z | ≪ 1

 contains chiral, mistuning, heavy quark expansion, and discretization termsan

an = (1 + L(ml, V))(1 + ϵn)(1 + ρn log( MH

MD
))

Nijkl−1

∑
i,j,k,l=0

dijkln ( Λ
MH

)
i

( amh

π )
2j

( aΛ
π )

2k

( m2
π − (mphys

π )2

(4πfπ)2 )
l

f(q2)(1 −
q2

M2
pole ) = ∑

n

an zn

• modified -expansion fit 

‣ extrapolate to , volume , and quark masses    physical 

‣ interpolate over full range of 

z

a → 0 → ∞ →

q2

z(q2) = ( t+ − q2 − t+)/( t+ − q2 + t+), t+ = (MH + MK)2where
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Form Factor calculation:  extrapolate to real world
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• bands show form factors in continuum, infinite volume, with physical quark masses, and 
for mh = mb
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Form Factor calculation: extrapolate to real world

• improved precision, especially at low , where it is needed 

• errors statistics dominated, so improvement straightforward

q2

(1 − q2/M2
H*s ) fT(q2) B → K

fT(mb; q2)
f+(q2)

f0(q2)



16

Phenomenology: B → Kℓ+ℓ−

dΓ(B → Kℓ+ℓ−)
dq2

= 2aℓ +
2
3

cℓ

aℓ = 𝒞[q2 |FP |2 +
λ(q, MB, MK)

4
( |FA |2 + |FV |2 ) + 4m2

ℓM2
B |FA |2 + 2mℓ(M2

B − M2
K + q2)Re(FPF*A )]

cℓ = −
𝒞λ(q, MB, MK)β2

ℓ

4
( |FA |2 + |FV |2 )

• differential decay rate (or branching fraction ) is measuredℬ = τBΓ

• prediction depends on  - functions of form factors and Wilson coefficientsFP,A,V
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FP = − mℓC10[ f+−
M2

B − M2
K

q2
( f0 − f+)]

FV = Ceff,1
9 f++

2mMS
b (μb)

MB + MK
Ceff,1

7 fT(μb)

FA = C10 f+

•  includes nonfactoriazable and  perturbative QCD corrections 

•  includes  corrections 

• corrections amount to  shift, slightly reducing tension with experiment

Ceff,1
9 𝒪(αs)

Ceff,1
7 𝒪(αs)

< 1σ

FNAL/MILC, PRD 93, 034005 (2016)

Phenomenology: B → Kℓ+ℓ−
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LHCb, Eur. Phys. J. C 77, 161 (2017) 

Focus on two well-behaved 
regions: 

• : below 
 resonances; improved 

precision and increased 
tension 

• : above 
(dominant)  resonances, 
include 2% uncertainty for 
others

1.1 ≤ q2/GeV2 ≤ 6
cc̄

15 ≤ q2/GeV2 ≤ 22
cc̄

Phenomenology: B → Kℓ+ℓ−
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LHCb, Eur. Phys. J. C 77, 161 (2017) 

Focus on two well-behaved 
regions: 

• : below 
 resonances; improved 

precision and increased 
tension 

• : above 
(dominant)  resonances, 
include 2% uncertainty for 
others

1.1 ≤ q2/GeV2 ≤ 6
cc̄

15 ≤ q2/GeV2 ≤ 22
cc̄

LHCb, JHEP 06 (2014) 133
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• LQCD calculation omits QED 
and in isospin limit, with 

 

• Differentiate between 
charged and neutral cases 

‣ 0.5% for form factor  

‣ Missing final state radiation 
in experiment and no QED 
in form factors:                 
5% (2%) for  ( ) decay 
rates; 1% for 

ml = (mu + md)/2

ml

e μ
RK

Phenomenology: B → Kℓ+ℓ−
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• consistent tension with LHCb 

• single experiment (LHCb ‘14A, , ) approaching 5B+ → K+μ+μ− 1.1 ≤ q2/GeV2 ≤ 6 σ

Phenomenology: B → Kℓ+ℓ−
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Phenomenology:  vs other theoryB → Kℓ+ℓ−

N. Gubernari, M. Reboud, D. van Dyk, and J. Virto 

C. Bobeth, G. Hiller, and D. van Dyk

C. Bobeth, G. Hiller, D. van Dyk, and C. Wacker

C. Bobeth, G. Hiller, and G. Piranishvili 
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Phenomenology: B → Kνν̄

Buras, Venturini ‘22
Buras, Venturini ‘21

Buras et al ‘14

Altmanshoffer et al ’09;
Belle II ‘21

Wang, Xiao ‘12
FNAL ‘16
BaBar ‘13
Belle ‘17

• modest improvement in precision 

• matches expected Belle-II precision at 50 ab−1

Kamenik, Smith ‘09
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Conclusions and Outlook
• ‘Heavy HISQ’ form factors most precise 

to date at low  

‣ statistics limited 

‣ other groups (e.g. FNAL/MILC) have 
calculations underway

q2

B → K

fT(mb; q2)
f+(q2)

f0(q2)

Parrot, Bouchard, and Davies, 2207.12468
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Conclusions and Outlook
• ‘Heavy HISQ’ form factors most precise 

to date at low  

‣ statistics limited 

‣ other groups (e.g. FNAL/MILC) have 
calculations underway 

• increased precision for phenomenology 

‣ approaching  for single experiment

q2

5σ

B → K

fT(mb; q2)
f+(q2)

f0(q2)

Parrot, Bouchard, and Davies, 2207.12468

Parrot, Bouchard, and Davies, 2207.1337
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Conclusions and Outlook
• ‘Heavy HISQ’ form factors most precise 

to date at low  

‣ statistics limited 

‣ other groups (e.g. FNAL/MILC) have 
calculations underway 

• increased precision for phenomenology 

‣ approaching  for single experiment 

• fully relativistic b quark removes EFT 
matching and improves  coverage 

‣ form factor precision to match Belle-II 
expectations

q2

5σ

q2

B → K

fT(mb; q2)
f+(q2)

f0(q2)

Parrot, Bouchard, and Davies, 2207.12468

Parrot, Bouchard, and Davies, 2207.1337
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Backup Slides
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→ Kℓ+ℓ−

• MILC HISQ  gauge field configurations; all HISQ valence quarksnf = 2 + 1 + 1

0.8605
0.643
0.433, 0.683, 0.8
0.888
0.664, 0.8, 0.9
0.449, 0.566, 0.683, 0.8
0.274, 0.45, 0.6, 0.8
0.194, 0.45, 0.6, 0.8

amval
h

•  generates large 
discretization effects unless 

 

• Instead, simulate over range 
of , then extrapolate to  
using HQET 

• “Heavy HISQ” method

amb

a ≲ 0.04 fm

mh mb

H

Bazavov et al., PRD 82, 074501 (2010); Bazavov et al., PRD 87, 054505 (2012)
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Form Factor calculation:  correlator fit stability
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Form Factor calculation:  variation with mh
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Form Factor calculation:  error budget vs. q2
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Form Factor calculation:  error budget by ensemble

B → K D → K

• Blue are lattices with finest lattice spacing, 

needed to reach mb

• Red are lattices with physical light quark 

mass
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Phenomenology:  inputs
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Phenomenology:  correctionsB → Kℓ+ℓ−

uncorrected  

corrected 

Ceff
7

Ceff
7

Corrections to  are 
perturbative QCD effects for 
all 

Ceff
7 𝒪(αs)

q2
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B0 → K0

B± → K±

uncorrected  

corrected 

Ceff
9

Ceff
9

corrections to  include: 

•  perturbative QCD effects for all  

• non-factorizable corrections at low 

Ceff
9

𝒪(αs) q2

q2

Beneke, Feldmann, Seidel, NPB 612, 25-58 (2001)

Phenomenology:  correctionsB → Kℓ+ℓ−
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Phenomenology: RK

• Ratio of differential branching fractions 

Rℓ1
ℓ2

(q2
low, q2

upp) =
∫ q2

upp

q2
low

dℬℓ1

dq2 dq2

∫ q2
upp

q2
low

dℬℓ2

dq2 dq2

• Hadronic uncertainties largely cancel 

• LHCb ’21 is  from SM3.1σ
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Phenomenology: B → Kτ+τ−

• improved precision over previous predictions


