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Figure 1. E↵ect of free-streaming radiation on the CMB temperature power spectrum (adapted from [87]). To illustrate the
sensitivity of the Planck 2018 temperature data, we also display their 1� error bars [90]. Left : Variation of the CMB temperature
power spectrum DTT

` ⌘ `(` + 1)/(2⇡)CTT
` as a function of Ne↵ for fixed angular size of the sound horizon ✓s. The dominant

exponential damping of DTT
` is clearly visible and would be the same if the radiation was non-free-streaming, in contrast to the

phase shift illustrated in the right panel. Right : Variation of the undamped CMB temperature power spectrum K` = d�1
` DTT

` ,
with exponential damping function d`, as a function of Ne↵ . Following [56], the physical baryon density !b, the scale factor at
matter-radiation equality aeq ⌘ !m/!r, the angular size of the sound horizon ✓s and the angular size of the damping scale ✓D
are held fixed in the second panel. In addition, the spectra are normalized at the fourth peak. The remaining variation is the
phase shift � with a zoom-in shown in the bottom panel. We refer to [87] for additional details.

acoustic peak (quantities that are well measured), the e↵ect on the damping tail is the dominant imprint of relativistic
particles, such as neutrinos (see the left panel of Fig. 1) [54]. They modify the damping tail through their contribution
to the Hubble rate, which, in turn, changes the amount of photon di↵usion in the pre-recombination universe result-
ing in an exponential suppression of short-wavelength modes [89]. This e↵ect is degenerate with other cosmological
parameters (in particular the helium fraction Yp) in the CMB temperature power spectrum [53], but the degeneracy
with Yp can be broken by including BBN information and/or CMB polarization data. While this is the leading e↵ect
to constrain additional radiation in the CMB, it does not discriminate between free-streaming (i.e. non-interacting)
and non-free-streaming (i.e. interacting or fluid-like) neutrinos since the Hubble rate only depends on the background
energy density [57].

Perturbations in neutrinos and other free-streaming radiation also a↵ect the photon-baryon fluid in the early
universe through their gravitational influence leading to imprints that allow to distinguish between free-streaming and
non-free-streaming radiation: a shift in the amplitude and the phase of the acoustic peaks in both temperature and
polarization (see the right panel of Fig. 1) [53]. First, the presence of free-streaming radiation leads to a suppression
of the superhorizon gravitational potential which implies that more energy in free-streaming radiation reduces the
initial amplitude of adiabatic fluctuations [53, 91]. This e↵ect is however somewhat degenerate with the primordial
power spectrum amplitude. The second imprint is however not degenerate with other cosmological parameters [53, 57]
and is unique to free-streaming radiation, providing a direct connection to the underlying particle properties [57].
The key property of standard neutrinos that distinguishes them from non-free-streaming radiation is their supersonic
propagation: while sound waves in the photon-baryon fluid travel at cs ⇡ 1/

p
3, SM neutrinos free-stream at nearly

the speed of light. The neutrinos therefore propagate ahead of the sound horizon of the photon-baryon fluid and exert
a gravitational pull that shifts the photon and baryon perturbations to larger distances. In the CMB temperature and
polarization power spectra, this e↵ect manifests itself as a phase shift of the CMB peaks to larger physical scales (i.e. to
smaller multipoles `) [53, 57]. While this shift is �` ⇠ 20 at high multipoles in the standard model of cosmology [57, 92], it
can be smaller or larger in models with non-free-streaming neutrinos or additional free-streaming radiation, respectively.
This phase shift from neutrinos has been directly measured in the Planck temperature data [56] (see [55, 57, 93] for
complementary analyses) providing the most direct evidence to date for free-streaming radiation consistent with the
cosmic neutrino background.

Putting all e↵ects of relativistic and free-streaming neutrinos on the temperature and polarization power spectra
together, the Planck satellite has resulted in a 6% constraint on their energy density of Ne↵ = 2.92+0.18

�0.19 [6]. Future
high-resolution maps of the CMB could realistically achieve up to a 1% constraint of �(Ne↵) = 0.03 in the coming
decade [94–96], with additional improvements possible with more futuristic CMB experiments (see e.g. [57, 97]). When
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Cosmology: Overview of ΛCDM 
Universe begins from a “singularity” – hot Big Bang

→Near Homogeneous, Isotropic spacetime geometry

→Close to Thermal and Chemical Equilibrium

→Subsequent Expansion and Cooling

Various epochs:

1. Planck epoch ~ 10-44 s
2. Grand Unification ~ 10-38 s
3. Inflation ~ 10-32 s?
4. Electroweak breaking ~ 10-11 s
5. Quark-Hadron transition ~ 10-5 s
6. BBN ~ 1 s – 3 mins.
7. Atomic Recomb. ~ 105 yrs
8. Structure ~ 100 Myr
9. Reionization ~ 500 Myr
10. Galaxies, stars, planets ~ 1 Gyr
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The coming era of
precision cosmology
I. CMB Stage-IV (2203.07638) and others

A. Simons Observatory - Atacama Desert, Chile
B. South Pole Observatory - South Pole
C. Other CMB experiments - CLASS and QUIET
D. Satellites: LiteBIRD and PIXIE

II. Thirty-meter class telescopes
A. EELT and GMT - Atacama
B. TMT – Mauna Kea, Hawaii

III. Surveys
A. DES - Cerro Tololo, Chile
B. DESI - Kitt Peak, AZ
C. Vera Rubin Observatory – Cerro Pachón, Chile
D. Satellites: Euclid, Roman, SPHEREx
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Radiation energy density during Recombination

Computing CMB observables requires energy density

⇢rad = ⇢� + ⇢other =
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Effects of Radiation on CMB
Black points are Planck 2018 data values
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Figure 1. E↵ect of free-streaming radiation on the CMB temperature power spectrum (adapted from [87]). To illustrate the
sensitivity of the Planck 2018 temperature data, we also display their 1� error bars [90]. Left : Variation of the CMB temperature
power spectrum DTT

` ⌘ `(` + 1)/(2⇡)CTT
` as a function of Ne↵ for fixed angular size of the sound horizon ✓s. The dominant

exponential damping of DTT
` is clearly visible and would be the same if the radiation was non-free-streaming, in contrast to the

phase shift illustrated in the right panel. Right : Variation of the undamped CMB temperature power spectrum K` = d�1
` DTT

` ,
with exponential damping function d`, as a function of Ne↵ . Following [56], the physical baryon density !b, the scale factor at
matter-radiation equality aeq ⌘ !m/!r, the angular size of the sound horizon ✓s and the angular size of the damping scale ✓D
are held fixed in the second panel. In addition, the spectra are normalized at the fourth peak. The remaining variation is the
phase shift � with a zoom-in shown in the bottom panel. We refer to [87] for additional details.

acoustic peak (quantities that are well measured), the e↵ect on the damping tail is the dominant imprint of relativistic
particles, such as neutrinos (see the left panel of Fig. 1) [55]. They modify the damping tail through their contribution
to the Hubble rate, which, in turn, changes the amount of photon di↵usion in the pre-recombination universe result-
ing in an exponential suppression of short-wavelength modes [89]. This e↵ect is degenerate with other cosmological
parameters (in particular the helium fraction Yp) in the CMB temperature power spectrum [54], but the degeneracy
with Yp can be broken by including BBN information and/or CMB polarization data. While this is the leading e↵ect
to constrain additional radiation in the CMB, it does not discriminate between free-streaming (i.e. non-interacting)
and non-free-streaming (i.e. interacting or fluid-like) neutrinos since the Hubble rate only depends on the background
energy density [57].

Perturbations in neutrinos and other free-streaming radiation also a↵ect the photon-baryon fluid in the early
universe through their gravitational influence leading to imprints that allow to distinguish between free-streaming and
non-free-streaming radiation: a shift in the amplitude and the phase of the acoustic peaks in both temperature and
polarization (see the right panel of Fig. 1) [54]. First, the presence of free-streaming radiation leads to a suppression
of the superhorizon gravitational potential which implies that more energy in free-streaming radiation reduces the
initial amplitude of adiabatic fluctuations [54, 91]. This e↵ect is however somewhat degenerate with the primordial
power spectrum amplitude. The second imprint is however not degenerate with other cosmological parameters [54, 57]
and is unique to free-streaming radiation, providing a direct connection to the underlying particle properties [57].
The key property of standard neutrinos that distinguishes them from non-free-streaming radiation is their supersonic
propagation: while sound waves in the photon-baryon fluid travel at cs ⇡ 1/

p
3, SM neutrinos free-stream at nearly

the speed of light. The neutrinos therefore propagate ahead of the sound horizon of the photon-baryon fluid and exert
a gravitational pull that shifts the photon and baryon perturbations to larger distances. In the CMB temperature and
polarization power spectra, this e↵ect manifests itself as a phase shift of the CMB peaks to larger physical scales (i.e. to
smaller multipoles `) [54, 57]. While this shift is �` ⇠ 20 at high multipoles in the standard model of cosmology [57, 92], it
can be smaller or larger in models with non-free-streaming neutrinos or additional free-streaming radiation, respectively.
This phase shift from neutrinos has been directly measured in the Planck temperature data [56] (see [57, 93, 94] for
complementary analyses) providing the most direct evidence to date for free-streaming radiation consistent with the
cosmic neutrino background.

Putting all e↵ects of relativistic and free-streaming neutrinos on the temperature and polarization power spectra
together, the Planck satellite has resulted in a 6% constraint on their energy density of Ne↵ = 2.92+0.18

�0.19 [6]. Future
high-resolution maps of the CMB could realistically achieve up to a 1% constraint of �(Ne↵) = 0.03 in the coming
decade [95–97], with additional improvements possible with more futuristic CMB experiments (see e.g. [57, 98]). When
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Figure 4. Variation of the matter power spectrum P (k) (left) and the BAO spectrum Pw(k)/P nw(k) (right) as a function
of Ne↵ (adapted from [87]). The BAO spectrum is the ratio of the oscillatory part Pw(k) of the matter power spectrum and
its smooth broadband part P nw(k) = P (k) � Pw(k). The physical baryon density, !b, the physical sound horizon at the drag
epoch, rs, the scale factor at matter-radiation equality, aeq, and the BAO amplitude A at the fourth peak are held fixed in the
second BAO panel. This panel and the bottom zoom-in show the remaining phase shift induced by free-streaming relativistic
species. We refer to [87] for additional details.

with the bias b(k, z), noting that when including massive neutrinos we should only consider the baryon and dark matter
power spectrum Pcb instead of Pm [105–107]. Even in the absence of neutrinos, scale and redshift dependence of b is
the major challenge for galaxy clustering surveys. Perturbative treatment of biasing leads to an expansion in terms
of local operators formed out of the density and tidal field up to a given order in perturbation theory [108], which
gives rise to a number of physically motivated parameters that can be marginalised over when fitting for the shape of
the galaxy power spectrum [e.g. 109]. Note, however, that since the high momenta of neutrinos permit them to travel
over cosmological distances, the bias expansion will depend on the history of the matter and neutrino density fields
at cosmological distances as well. This fact causes the bias parameters to acquire a scale-dependent feature at scales
near and beyond the neutrino free-streaming scale [105, 110, 111]. This feature is both a signal and, if not properly
accounted for, a systematic to future measurements of neutrino mass from galaxy clustering [112–114].

As galaxy surveys are pushing beyond k > 0.1 h/Mpc, it becomes also more and more important to accurately model
non-linear scales and baryonic physics. Many approaches exist, making use of perturbative theoretical models [115–
119], simulations [120], simulation emulator approaches [121–125], or hybrid methods based on the halo model with
simulation input [126, 127]. Note, however, in all cases it is crucial to account for uncertainties in the theoretical
modelling in order to avoid biases in the parameter estimation [128, 129].

Besides the smooth (broadband) component of the matter power spectrum, significant cosmological information
is contained in the oscillatory spectrum of baryon acoustic oscillations (BAO). The former mainly depends on the
background evolution and the latter captures the cosmic sound waves that we also observe in the CMB anisotropies.
In the BAO spectrum, a change in the radiation density leads to shifts in the frequency, amplitude and phase of the
BAO spectrum. The BAO frequency corresponds in Fourier space to the BAO scale, which is the size of the sound
horizon at the drag epoch, and, therefore, depends on the background expansion history. This is the quantity that
most BAO analyses extract and use to constrain cosmology. As discussed in Sec. 3.3, the amplitude and phase shifts
originate from the evolution of the neutrino perturbations in the early universe (see the right panel of Fig. 4). While the
amplitude is a↵ected by gravitational nonlinearities, the phase shift due to the supersonic propagation of free-streaming
species should be robust to these late-time complications [58, 60]. This allowed to extract of a non-zero phase shift from
the distribution of galaxies observed by the Baryon Oscillation Spectroscopic Survey (BOSS) [59, 100], with ongoing
and future galaxy surveys significantly improving on this first measurement [100]. At the same time, it provides a way
to constrain the free-streaming nature of neutrinos independent, but complementary to the CMB.

The broadband shape of the matter power spectrum responds to a larger radiation density with a shift in the
location of the turn-over towards larger scales and a suppression of power on small scales (see the left panel of Fig. 4).
Both e↵ects are due to matter-radiation equality occurring at a later time. In contrast to the BAO spectrum, the
broadband shape therefore cannot distinguish between free-streaming and non-free-streaming radiation. Although these
e↵ects are clearly visible in the linear matter power spectrum, they are limited by uncertainties related to gravitational
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Baryon-Acoustic Oscillation Phase Shift

Similar physics of free-streaming radiation influencing CMB phase shifts

Detectable [see Baumann et al (2019)] 8
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Contributions to Matter Power Spectrum (forecasts)
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Physics of Big Bang Nucleosynthesis

Weak Decoupling: !(!, !)! & % !, ! %

Nuclear Freeze Out: & ', ( )

Weak Freeze Out: & !, % '

EM equilibrium: % %, ( (

Time ≲ 1 sec.

Time ≳ 100 sec.

Synthesis of light-elements:

§ Hydrogen ~0.75
§ Helium ~0.25
§ Deuterium ~10!"
§ Lithium ~10!#$

Sub-epochs of BBN

QCD Epoch ~10!" s

Setting the stage:

a. Homogeneous & Isotropic

b. Nearly CP symmetric (10-10) 

[cf. 2204.08668]

c. No free quarks

Baryogenesis ~?

11



0 2 4 6 8 10

≤

°0.030

°0.025

°0.020

°0.015

°0.010

°0.005

0.000

Æ
tr

an
s
°

Æ
eq

Tcm = 10.0 MeV

Tcm = 6.62 MeV

Tcm = 4.39 MeV

Tcm = 2.91 MeV

Tcm = 1.93 MeV

Tcm = 1.28 MeV

Tcm = 0.85 MeV

Tcm = 0.56 MeV

Tcm = 0.37 MeV

Tcm = 0.25 MeV

Tcm = 0.01 MeV

Density Fraction

50%

75%

95%

Electron Neutrino Decoupling in BBN

Boltzmann neutrino energy transport calculation
Bond+ 

(In Prep.) 12



n⌫i(✏, Tcm) = (exp[↵(i)(✏, Tcm)] + 1)�1

Generalized Entropy Formalism
Bond, Fuller, Grohs, Meyers, & Wilson (In Prep.)

↵(i)(✏, Tcm) =
2X

j=0

↵(i)
j (Tcm)✏

j

↵eq(✏, Tcm) ⌘ ✏

13

In the mean field, use an entropy functional to find *%
(') at a given Tcm

*$: chemical potential
*#: inverse temperature
*): fluctuation constraint

Approach adopted from CMB studies; works well close to equilibrium

Parameterization of the neutrino distribution functions (ignoring oscillations)

✏ ⌘ E/Tcm
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Neutron-to-Proton Rates
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Summary
1. Solid evidence for the existence of neutrinos in hot big bang cosmology

a. CMB and BAO show Neff not equal to zero

b. BBN shows neutrinos have ~thermal spectra

2. Future probes will show even more sensitivity to neutrino energy 

spectra

3. Generalized entropy formalism can capture out-of-equilibrium neutrino 

distributions

4. Abundance predictions require:

a. Neutrino spectra

b. Radiation energy density of the universe

c. Phasing between time and photon temperature
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Helium vs. Neutron lifetime
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