
Numerical calculation of one-loop gluon amplitudes[LoopFest8 � Madison℄----------------------------------------------Jan Winter a� Fermilab �From tree-level to one-loop amplitudes �EGKM algorithmResults for olour-ordered amplitudesOutline of the method for olour-dressed amplitudes �work in progress
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NLO calculations

Feynman diagram alulations: omputational algorithms of at least fatorial omplexitybottlenek: virtual orretions (tensor-integral redutions generate large # of terms)� tree level: algorithms of polynomial or, inl. olour, exponential omplexity exist (τ ∼ N# or #N )reursive methods e�iently re-use reurring groups of o�shell Feynman graphs� loop level: generalized unitarity-ut methods fatorize one-loop into tree amplitudesomputing time grows with # of uts & depends on algorithm employed at tree levelGoal provide algorithm(s) [tools℄ of exponential omplexity to alulate virtual orretions

Generalized unitarity methods � ative �eld of researhBritto et al.Bern et al. � BlakHat projet and ode.Hameren, Ossola et al. � Hela, CutTools ode.Ellis et al. � �Roket Siene�.Lazopoulos � gluon ode.
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Decomposing one-loop amplitudesinto a linear sum of salar box, triangle, bubble and tadpole master integrals(ut-onstrutible part) and rational terms
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master integrals known in literatureand implemented in various odes, e.g. QCDLoop [ELLIS, ZANDERIGHI] (QCDLoop.fnal.gov)to do: determination of the master-integral oe�ients unitarity tehniquesproblem: extration of lower-point oe�ients�subtrating terms that are already inluded in higher-point ontributions�solution: identify subtration terms at the integrand level [OSSOLA, PAPADOPOULOS, PITTAU]partial frationing of the integrand: expand over 4,3,2,1 propagator termsresidues of pole terms ontain master-integral oe�ient plus �nite number of spurious termsspurious terms vanish upon integration
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Ellis�Giele�Kunszt�Melnikov method.
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re-expressing the integrand di(ℓ) = (ℓ + q̃i)
2 − m2
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Generating the Left-Hand-SideWhat is Resi1...iM
(A(Ds)

N (ℓ)) ?

= { di1(ℓ) . . . diM
(ℓ) ×A(Ds)

N (ℓ) }|di1
(ℓ)=···=diM

(ℓ)=0requires alulation of fatorized un-integrated one-loop amplitudeunitarity uts: M on-shell propagators, amplitude fatorizes into M tree-level amplitudes
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)

Berends�Giele reursion relationsto alulate tree-level amplitudesvery eonomial shemeLHS:take subtrations into aount
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C++ codeImplemented algorithm based on ...

[ELLIS, GIELE, KUNSZT, ARXIV:0708.2398] 4DIM METHOD, CUT-CONSTRUCTIBLE PART

[GIELE, KUNSZT, MELNIKOV, ARXIV:0801.2237] DDIM METHOD, RATIONAL PART

[GIELE, ZANDERIGHI, ARXIV:0805.2152] APPLICATION OF DDIM METHOD TO PURE GLUONSindependent implementation (from srath, no translation of Fortran routines)good xhek of generalized-unitarity method and its resultsN external gluons & their polarizations (leading-)olour-ordered 1-loop amplitude (FDH)xheks on numbersoe�ients itself, poles (known analytially), �nal numbers (analyti and other alulations)gauge invariane, hoie of ℓ, dimensionality (D and Ds variation)auray and numerial stability
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Accuracy(preliminary) (all alulations in double preision only) [GIELE, WINTER, ARXIV:0902.0094]peak positions & tails are OK, omparable to Roket (Ruola) results [GIELE, ZANDERIGHI]losing �nite-part preision with N = 10, 11, lost for N = 15(double preision not enough, too many large numbers involved)
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Accuracy(preliminary) (all alulations in double preision only) [GIELE, WINTER, ARXIV:0902.0094]peak positions & tails are OK, omparable to Roket (Ruola) results [GIELE, ZANDERIGHI]losing �nite-part preision with N = 10, 11, lost for N = 15(double preision not enough, too many large numbers involved)
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Accuracy(preliminary) (all alulations in double preision only) [GIELE, WINTER, ARXIV:0902.0094]

range of numbers inreases with N � Gram dets of external gluons and e
(0)
ijklm oe�ients maybeome small and large, respetively
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Correlations(preliminary) (all alulations in double preision only) [GIELE, WINTER, ARXIV:0902.0094]preision of �nite term partly orrelated with smallness/largeness of Gram dets/oe�ientsstill other denominators that an beome smalle.g. the leftover dj in the subtration terms (even when oe�ients are not large)
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Correlations(preliminary) (all alulations in double preision only) [GIELE, WINTER, ARXIV:0902.0094]preision of �nite term partly orrelated with smallness/largeness of Gram dets/oe�ientsstill other denominators that an beome smalle.g. the leftover dj in the subtration terms (even when oe�ients are not large)
(++−−...)

(1)
A N=11

fin
ite

 p
ar

t
ε

−16

−14

−12

−10

−8

−6

−4

−2

0

|
(min)

)
k

|GramDet(v
10

log
−10 −8 −6 −4 −2 0 2 4

(++−−...)
(1)

A N=11

fin
ite

 p
ar

t
ε

−16

−14

−12

−10

−8

−6

−4

−2

0

|
(max)

|Ecff
10

log
0 2 4 6 8 10 12 14 16 18 20

Jan Winter LoopFest8, May 7, 2009 – p.10



Speed of the calculation(preliminary) (all alulations in double preision only) [GIELE, WINTER, ARXIV:0902.0094]hek for algorithm of polynomial omplexity (τ ∼ Nx)hek frations: x = ln
τN+1
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Colour decomposition vs. full amplitudefatorization of one-loop amplitude in olour fators and primitive amplitudes is systemati
n gluons, leading-olour ontributions ... making use of the symmetry of phase spae

R
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d PS |A|2 ≈ (n − 1)!
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n;1 (σ1, . . . , σn)obtaining full |M|2 ... ompliatedneessary to know all orderings at the same time(N-1)! growth in omplexity of alulation ?
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Construction of an NLO generatorCOMIX ... SM tree-level ME generator based onolour-dressed generalized BG reursions [GLEISBERG,

HÖCHE]alulates olour-dressed tree-level amplitudesexponential growth
Use as LO generator in the numerial generalized-unitarity methodgives olour-dressed one-loop amplitudes for gluons, quarks, ..., basially the whole SMtruly �automated� generation of virtual orretions seems feasiblefull NLO MC for arbitrary SM proesses when augmented by a phase-spae andbremsstrahlung generatore.g. ombining it with automated Catani�Seymour subtration by Gleisberg/Krauss ...
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Colour-dressed recursion relations
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tree-level amplitude alulationsales as 4N(replaing Vgggg by e�etive Vggg orremoving it gives 3N )Convergene test of di�erentolour-sampling approahes:hek sample sum vs. exat olour sumaveraged over phase spaef. [DUHR, HÖCHE, MALTONI]
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Algorithm for full one-loop amplitudesalgorithm used for evaluating olour-ordered one-loop amplitudesneeds to be extendedinput: hoosing external momenta, polarizations and expliit olours of external partonsoutputting: amplitude in form of omplex numberall sums over ordered uts in the deomposition hange into sums over partitions inludingnon-yli, non-re�etive permutations of the partition list
P

[i1|ik]

→
P

RP π1···πk
(1,2,..,n)number of total partitions given by max(1, (k − 1)!/2)S2(n, k)

⇒ onsiderable inrease in number of terms needed to evaluate one phase-spae pointalulation of residues requires not only to sum over internal polarizationsbut also over internal olours
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Summary

C++ ode that implements Ellis�Giele�Kunszt�Melnikov method of alulatingolour-ordered one-loop amplitudes using unitarity uts.

⇒ good double-preision results for gluon ase.

⇒ potential improvements: �tting oe�ients, higher preision.Outline of the algorithm for full amplitudes using olour-dressed reursion relations.

⇒ algorithm is of exponential omplexity.
⇒ asymptoti saling of 5N an be expeted for many legs.
⇒ one proven to work, more to do: fully inlude quarks, squared amplitudes.First numerial results for olour-dressed one-loop amplitudes should be soon availableallowing for a genuine assessment of the approah.
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