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- strongly interacting protons and neutrons
   (let me consider only “nucleons” dof)

 - nuclear force is highly nontrivial

  first principle understanding by Lattice QCD 
      c.f. Ishii, Aoki, Hatsuda, PRL 99, 022001 (2007).

  still have very large uncertainty for nuclear structure/reaction(dynamics)

 - divergent of the dimension: 1016! 1019!!, 1023!!! 
  most of nuclei cannot be solved in exact manner
   → zoo of nuclear many-body methods
   → need to prepare for “Quantum Computing era” for NP

Motivations for Quantum Computing in NP(Nuclear Physics) 1

three-nucleon force



Difference from other quantum many-body systems 2

Quantum chemistry:

“99 > % of energy of a molecule in equilibrium 

is explained within Hartree-Fock level”

(i.e., single Slater determinant)

rest 1 % is called correlation energy:

Møller ‒ Plesset (MP a.k.a MBPT)

Coupled Cluster Single and Double (CCSD)

CCSD + Triple (CCSDT)

Full Configuration interaction (Full-CI)

Interaction is highly non-perturbative

uncertain (many channels, three-nucleon force,..)

56Ni under modern Nuclear Force (Chiral EFT)

HF = - 302.716 MeV

HF + MP2 + MP3 = -473.089 MeV
(MP2 = -152.533, MP3 = -17.716) 

How dare people say perturbation theory !!

c.f. Energy (Exp.) = -483.996 MeV

Nuclear physics:

accurate but heavy



Variational quantum eigensolver (VQE) 15 3

︙

A typical workflow of VQE
1. initialize the qubits 
|00...＞, Hartree-Fock, etc.

2. ansatz:
Operating Unitary gates
 → prepare trial wave functions

3. Operating Unitary gates (Hamiltonian)
 →measurement → energy

4. Optimize the parameters classically
 to minimize the energy

Popular choice for the ansatz: the unitary coupled cluster (UCC) or its variants
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schematics for valence two-neutron systems 4
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valence two-neutron systems: 𝑝 shell example 21 5

ground state (J=0) can be described only by time-reversal pairs (jz = m & -m)

original Hamiltonian can be rewritten by pair creation/annihilation operators

expressing the “pair” as a single qubit, 
# of qubits needed is reduced to half

00p1/2 1

2 3 4 50p3/2

|101102030405＞

|000112030415＞

|000102131405＞

|110000＞ → |100＞

|001001＞ → |010＞

|000110＞ → |001＞

m=1/2, -1/2

m=3/2,1/2, -1/2, -2/3

Only these have finite amplitude 



ansatz: circuit for trial wave function 21

You need only singly occupied configurations
→ ansatz can be expressed by (C-)Ry & CNOTs

|0i0 X

|0i1 Ry(2✓1) • •

|0i2 Ry(2✓2) •

6He (3 qubits)

18O (6 qubits)

# of CNOTs

proposed AdaptVQE
   3N-5   average(upper)

4  42 (80)

 13     99 (176)

 25  116~304

|0i0 : X

|0i1 : Ry(2✓1) • •

|0i2 : Ry(2✓2) • •

|0i3 : Ry(2✓3) • •

|0i4 : Ry(2✓4) • •

|0i5 : Ry(2✓5) •

42Ca (10 qubits)
A. Pérez-Obiol et al., Sci. Rep. 13, 12291 (2023)
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https://www.nature.com/articles/s41598-023-39263-7


Measurement of energy

1st term: Pauli-Z measurement of the ansatz (occupation numbers)

M. Kohda, et al., Phys. Rev. Res. 4, 033173 (2022). 

2nd term: 
 
 method A: measure expectation value of all Pauli spins (XX, YY)

 method B: computational basis sampling (QunaSys&Osaka U. group)

 → variational, only two measurements (ansatz & ansatz + H-gates)
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https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.4.033173


Results: FTQC(noise-free) simulator

method A

method B

8

enlarged view of (b)



Results: NISQ (noisy) simulator

method A

method B

enlarged view of (b)
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narrower circuits leads to noise-resilient results

18O  (6 qubits)case:
  rearrangement of the circuit to the equivalent but shallow circuit
     calculating the relative weights of jj-coupling orbitals

Rearrangement of the ansatz circuit 21

|0i0 : X

|0i1 : Ry(2✓1) • •

|0i2 : Ry(2✓2) • •

|0i3 : Ry(2✓3) • •

|0i4 : Ry(2✓4) • •

|0i5 : Ry(2✓5) •

connectivity of qubits in the hardware is another important factor
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|0⟩2 Ry(2θ2) •

|0⟩0 X

|0⟩1 Ry(2θ1) • •

|0⟩2 Ry(2θ2) • •

|0⟩3 Ry(2θ3) • •

|0⟩4 Ry(2θ4) • •
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|0⟩0 X
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|0⟩3 Ry(2θ2) • •
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|0⟩0 Ry(2θ4) •
|0⟩1 Ry(2θ3) • •
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|0⟩3 Ry(2θ6) •
|0⟩4 Ry(2θ5) • •
|0⟩5 Ry(2θ1) • • •
|0⟩6 X •
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|0⟩6 X •
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|0⟩8 Ry(2θ8) • •
|0⟩9 Ry(2θ9) •

They should give identical results if noise is absent
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assignment of the qubits on IBMQ devices 11
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T-connectivity 



Results on real hardware: ibm_brisbane (127 qubits) 12

Run1-5: different runs

 - w/ hatch (//): rearranged
    
 - w/o hatch: original circuit

18O & 6He → < 0.1%

42Ca → ~ 1%

c.f. UCC-type results reported so far

 6He ~ 2% PRC 105, 064308 (2022)
 6Li  ~ 4% PRC 106, 034325 (2022)
 18O ~ 3% PRC 108, 064305 (2023) 

https://journals.aps.org/prc/abstract/10.1103/PhysRevC.105.064308
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.106.034325
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.108.064305


Summary

Ø We explored quantum algorithms for NP on NISQ devices

 - ansatz for valence two neutrons → much fewer CNOTs than UCC

 - accurate: < 0.1% (6He & 18O), ~1%(42Ca)

 - importance of taking care of symmetries, connectivity, etc.

 - parameter optimization: sequential & derivative-free method works fine

Ø TODO (a lot, but some are already in progress!)

 extensions to proton-neutron systems, many-particle systems
 towards driplines ～ input for astrophysics

 not only NISQ algorithms, towards (early-)FTQC

see appendix

SY, T. Sato, T. Ogata, T. Naito, M. Kimura, PhysRevC.109.064305 (2024)

https://journals.aps.org/prc/abstract/10.1103/PhysRevC.109.064305
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Typical situation in NP 15

Full CI: 

 12C (e.g. Hoyle state)
  7 major shell excitation ~ 1019 dim. → No-core MCSM

valence CI :

 frontiers of neutron-rich nuclei: Ni ~1016 or much larger (1023!)

 → CI variants:
  Monte Carlo Shell Model (MCSM)
  Quasi-vacua Shell Model (QVSM) 

current limitation of the Lanczos method ～ 1011 dim.

T.Otsuka et al., Nature Comm.13:2234 (2022)

T. Togashi et al., PRL 121, 062501 (2018)
N. Shimizu et al., PRC 103, 014312 (2021)

https://www.nature.com/articles/s41467-022-29582-0
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.062501
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.103.014312


occupations of pair configurations

1s1/2

0d3/2

0d5/2

Note: the parameters are fixed to the ones giving exact results

for noisy simulator and hardware results, post-selection is done 

← noise free
← noisy
← hardware



computational basis sampling

3

|0i0 X

|0i1 Ry(2✓1) • •

|0i2 Ry(2✓2) •

FIG. 1. Circuit for 6He. The three qubits are as-
signed to the pair-wise configurations of 0p1/2 (|m| = 1/2),
0p3/2 (|m| = 3/2), and 0p3/2 (|m| = 1/2), respectively.

|0i0 : X

|0i1 : Ry(2✓1) • •

|0i2 : Ry(2✓2) • •

|0i3 : Ry(2✓3) • •

|0i4 : Ry(2✓4) • •

|0i5 : Ry(2✓5) •

FIG. 2. Circuit for 18O. The six qubits are assigned to
the pair-wise configurations of 1s1/2, 0d3/2 (|m| = 3/2, 1/2),
0d5/2 (|m| = 5/2, 3/2, 1/2), respectively.

0d5/2 (|m| = 5/2, 3/2, 1/2), respectively. In a similar
manner, the ten qubits are needed for the 42Ca case.

The circuits for the 6He and 18O are shown, respec-
tively, in Figs. 1 and 2. One can realize the particle
number conserving wave function with the combination
of CNOT and Ry gates like these circuits. While the
qubits in a circuit are ordered from the right to the left
in Qiskit [19], we express the qubits in the same order
as the corresponding circuit, i.e., the bitstring “100” cor-
responds to the state |1i0 ⌦ |0i1 ⌦ |0i2. With the num-
ber of pair-wise configurations N and the fact that the
controlled-Ry gate is decomposed into two CNOT gates
and Ry gates, the number of CNOT gate required for the
ansatz is 3N � 5. This value is much smaller than the
number of CNOT required for e.g., the UCC ansatz.

D. Measurement of energy

When one evaluates the ground-state energies under
the adopted ansatz, one needs to obtain the amplitudes
of each configuration | |

2 and the relative phase factors
among them through the measurements.

The expectation value of the first term of Eq. (6) can
be obtained by the measurements of the circuits above,
and another circuit is required for evaluating the second
term. For the latter term, we consider two methods (A
and B) to measure the energy of the target system. The
di↵erence between these two methods lies in measure-
ments for the second term of Eq. (6).

The method-A is to directly evaluate the expectation
value of the Pauli operators associated with XX and Y Y

terms. To this end, one can measure the ansatz circuit
plus the gates operating over two qubits.

On the other hand, the method-B is based on the
so-called computational basis sampling technique, which
was introduced in Ref. [27]. Under this method, the ex-
pectation value of the Hamiltonian is given in the follow-
ing form:

h |H| i =
NX

m,n=0

h |mihm|H|nihn| i

=
NX

m,n=0

|hm| i|
2
|hn| i|

2 hm|H|ni

hm| ih |ni
. (7)

The N is the number of qubits, which is now identical
with the number of pair-wise configurations. The first
two factors in the above equation, |hm| i|

2 and |hn| i|
2,

correspond to the amplitudes of each configuration m

and n, e.g., |100i for 6He. As a post-processing step, one
can remove the configurations violating particle number
conservation, such as |110i. These amplitudes and the
denominator of the third factor, hm| ih |ni, are evalu-
ated by measurements of the quantum circuits, and the
denominator of the third factor hm|H|ni is evaluated by
a classical manner. More precisely, we evaluate the ex-
pectation value for XX and Y Y terms through the sign
of those terms:

h |Xj ⌦Xk| i =
q
�
2
j�

2
k sgn [�j�k], (8)

=
q

hNjihNki sgn [hXjXki] (9)

where �2
i ⌘ |h0 · · · 1i · · · 0| i| is the projector onto the

i-th qubit and Ni is the pair-occupation number opera-
tor defined in Eq. (2c). See also Appendix A1 for more
details on how to map these terms to quantum circuits.
While the method-A gives energy estimates as the

mean value of various measurements, the method-B,
which is inherently variational, gives the energy estimate
as the minimum one among the measurements.

III. RESULTS

Here in this section, we show the results of the exper-
iments on 6He, 18O, and 42Ca.
Since the nuclei of interest are two-neutron systems in

the valence space, one can determine the angle of the Ry

gate by diagonalizing the Hamiltonian of Eq. (4) directly
by classical computers. Throughout this study, we re-
strict ourselves to the case that the circuit parameters are
fixed to such ones giving the exact ground-state energies.
The exception can be found in Appendix. B discussing
the optimization of the circuit parameters starting from
random initial values.
Experiments are performed using the the noise-free

simulators (denoted as sim. FTQC), noisy simulators
mimicking IBMQ devices (sim. NISQ), and real IBMQ
devices (Real). We use the ibm brisbane device having
127 qubits for sim. NISQ/Real calculations.
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FIG. 1. Circuit for 6He. The three qubits are as-
signed to the pair-wise configurations of 0p1/2 (|m| = 1/2),
0p3/2 (|m| = 3/2), and 0p3/2 (|m| = 1/2), respectively.
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FIG. 2. Circuit for 18O. The six qubits are assigned to
the pair-wise configurations of 1s1/2, 0d3/2 (|m| = 3/2, 1/2),
0d5/2 (|m| = 5/2, 3/2, 1/2), respectively.

0d5/2 (|m| = 5/2, 3/2, 1/2), respectively. In a similar
manner, the ten qubits are needed for the 42Ca case.

The circuits for the 6He and 18O are shown, respec-
tively, in Figs. 1 and 2. One can realize the particle
number conserving wave function with the combination
of CNOT and Ry gates like these circuits. While the
qubits in a circuit are ordered from the right to the left
in Qiskit [19], we express the qubits in the same order
as the corresponding circuit, i.e., the bitstring “100” cor-
responds to the state |1i0 ⌦ |0i1 ⌦ |0i2. With the num-
ber of pair-wise configurations N and the fact that the
controlled-Ry gate is decomposed into two CNOT gates
and Ry gates, the number of CNOT gate required for the
ansatz is 3N � 5. This value is much smaller than the
number of CNOT required for e.g., the UCC ansatz.

D. Measurement of energy

When one evaluates the ground-state energies under
the adopted ansatz, one needs to obtain the amplitudes
of each configuration | |

2 and the relative phase factors
among them through the measurements.

The expectation value of the first term of Eq. (6) can
be obtained by the measurements of the circuits above,
and another circuit is required for evaluating the second
term. For the latter term, we consider two methods (A
and B) to measure the energy of the target system. The
di↵erence between these two methods lies in measure-
ments for the second term of Eq. (6).

The method-A is to directly evaluate the expectation
value of the Pauli operators associated with XX and Y Y

terms. To this end, one can measure the ansatz circuit
plus the gates operating over two qubits.

On the other hand, the method-B is based on the
so-called computational basis sampling technique, which
was introduced in Ref. [27]. Under this method, the ex-
pectation value of the Hamiltonian is given in the follow-
ing form:

h |H| i =
NX

m,n=0

h |mihm|H|nihn| i

=
NX

m,n=0

|hm| i|
2
|hn| i|

2 hm|H|ni

hm| ih |ni
. (7)

The N is the number of qubits, which is now identical
with the number of pair-wise configurations. The first
two factors in the above equation, |hm| i|

2 and |hn| i|
2,

correspond to the amplitudes of each configuration m

and n, e.g., |100i for 6He. As a post-processing step, one
can remove the configurations violating particle number
conservation, such as |110i. These amplitudes and the
denominator of the third factor, hm| ih |ni, are evalu-
ated by measurements of the quantum circuits, and the
denominator of the third factor hm|H|ni is evaluated by
a classical manner. More precisely, we evaluate the ex-
pectation value for XX and Y Y terms through the sign
of those terms:

h |Xj ⌦Xk| i =
q
�
2
j�

2
k sgn [�j�k], (8)

=
q

hNjihNki sgn [hXjXki] (9)

where �2
i ⌘ |h0 · · · 1i · · · 0| i| is the projector onto the

i-th qubit and Ni is the pair-occupation number opera-
tor defined in Eq. (2c). See also Appendix A1 for more
details on how to map these terms to quantum circuits.
While the method-A gives energy estimates as the

mean value of various measurements, the method-B,
which is inherently variational, gives the energy estimate
as the minimum one among the measurements.

III. RESULTS

Here in this section, we show the results of the exper-
iments on 6He, 18O, and 42Ca.
Since the nuclei of interest are two-neutron systems in

the valence space, one can determine the angle of the Ry

gate by diagonalizing the Hamiltonian of Eq. (4) directly
by classical computers. Throughout this study, we re-
strict ourselves to the case that the circuit parameters are
fixed to such ones giving the exact ground-state energies.
The exception can be found in Appendix. B discussing
the optimization of the circuit parameters starting from
random initial values.
Experiments are performed using the the noise-free

simulators (denoted as sim. FTQC), noisy simulators
mimicking IBMQ devices (sim. NISQ), and real IBMQ
devices (Real). We use the ibm brisbane device having
127 qubits for sim. NISQ/Real calculations.

↑ equiv. to Z measurement of the ansatz circuit

↑ ansatz plus H-gates on all qubits

You just need 2 measurements, ansatz & ansatz + H-gates 

M. Kohda, R. Imai, K. Kanno, K. Mitarai, W. Mizukami, and Y. O. Nakagawa, 
Quantum expectation-value estimation by computational basis sampling,
Phys. Rev. Res. 4, 033173 (2022). 
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With respect to computational resources, the previ-
ous method using Hadamard gates is superior. This is
because the former method requires only two measure-
ments of the circuits, one for the wave function ansatz
and the other with Hadamard gates added to every qubit.
On the other hand, the latter method requires 1 + NC2

measurements, where N is the number of active qubits.
Besides, the latter method requires the implementation
of the

p
iSWAP gate, which requires auxiliary qubits and

may lead to an increase in the error.
Note that the accuracy can be varied depending on the

geometry of the qubits, the degree of calibration, and the
transpiration of the circuits within the framework of the
quantum computation In any case, one should carefully
consider which quantum circuit is to be chosen among
the equivalent ones depending on the system under the
quantum hardware used.

Appendix B: Optimization of circuit parameters

In this work, we used the fixed circuit parameters,
which was obtained to reproduce the exact results. How-
ever, for future quantum simulations addressing nuclear
many-body problems, which necessitate leveraging the
full capabilities of quantum computing, obtaining exact
circuit parameters through classical computing methods
will be unfeasible. Consequently, it becomes imperative
to investigate methods for optimizing the parameters in
the circuit, especially in relation to the chosen ansatz.

In this section, using noise-free/noisy simulator, we
show that the proposed circuit for two-neutron systems

FIG. 13. Results of optimizing the circuit parameters.

can be optimized through measurements. Of course, this
is not full optimization of the circuit parameters using
real devices, so it is only a partial verification of feasibil-
ity of optimization, but it provides encouraging results
for future applications.
We followed the optimization method proposed in

Ref. [40]. The loss function, which corresponds to the
expectation value of the Hamiltonian, is written in the
following form:

L (✓) =
X

k

wk h'|U
† (✓)HkU (✓) |'i , (B1)

where |'i is the initial state and U(✓) is the unitary
transformation corresponding to the circuit.
Let us take the case of 18O in Fig. 10, as an example.

For the first parameter ✓1, which is associated with the
Ry gate, the loss function becomes the form of

L (✓1) = A cos (✓1 �B) + C. (B2)

Then, the optimal value of ✓1 is determined by three
measurements of L (✓1) at e.g., B, B±⇡/2. For the other
parameters ✓j (j > 1), which are associated with the
controlled-Ry gates, we can write down the loss function
to be minimized in the following form (see, Sec. II D of
Ref. [40]):

L (✓j) = A cos ✓j +B sin ✓j + C cos 2✓j +D sin 2✓j + E.

(B3)
By measuring five di↵erent points, ✓j , ✓j + ⇡/5, . . . ,
✓j + 8⇡/5, the coe�cients can be calculated via discrete
Fourier transformation and the parameter, which is to be
explored next, can be easily determined.
In Fig. 13, we show the results of optimization of

the circuit parameters as a function of the number of
iteration, where the y-axis shows the relative errors
100⇥ |�E/Eexact|%. The noise-free case (sim. FTQC) is
drawn by the solid lines, while the dashed lines show the
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Optimizing Ry-gate rotation angle

Optimizing cRy-gate rotation angle

K. M. Nakanishi, K. Fujii, and S. Todo, 
Sequential minimal optimization for quantum-classical hybrid algorithms,
Phys. Rev. Res. 2, 043158 (2020). 
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transformation corresponding to the circuit.
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For the first parameter ✓1, which is associated with the
Ry gate, the loss function becomes the form of
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Then, the optimal value of ✓1 is determined by three
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Optimization of the circuit parameters

parameters so far are fixed to the ones giving exact results by hand

K. M. Nakanishi, K. Fujii, and S. Todo:
Sequential minimal optimization for quantum-classical hybrid algorithms, Phys. Rev. Res. 2, 043158 (2020). 

Using a gradient-free &

sequential optimization technique

we can reproduce the exact ones

← 15sweep for Nq-1 parameters

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.2.043158

