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CHIRAL MAGNETIC EFFECT

Sphaleron transitions in hot nuclear matter ⇒  
chiral imbalance ⇒ Chiral magnetic effect:

<latexit sha1_base64="KxLq+LYvh4PJLnfkk8N6cSbTUTw="></latexit>

j = b0B

Kharzeev, McLerran Warringa (2008), Fukushima, Kharzeev, Warringa (2008)

How does the chiral magnetic current impact jets in QGP?

<latexit sha1_base64="Ud+uaDgafCyrkwdkKAGnP79uZTQ="></latexit>

b0 =
e2µ5

2ω2

Closely related problems:
• Fast charges in Weyl semimetals

• Cosmic rays in the axion field

= chiral chemical potential
<latexit sha1_base64="FCgTnKiyeYoUi1Qx7mycaBNX70g="></latexit>

b0 → µ5
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GLUON/PHOTON DISPERSION RELATION

λ=-1

λ=1

0 2 4 6 8 10
-30

-20

-10

0

10

20

30

k

M
2

Akamatsu, Yamamoto (2013)

• It modifies Amper’s law:
<latexit sha1_base64="PX3pEbuN43/KXSDuKiRYfg8y9HE="></latexit>

→→B = Ė + j + b0B

such that the wave equation becomes:
<latexit sha1_base64="/+KoVTrbaamVFBpa2pE71xhcPWs="></latexit>

→2A = ω2
tA↑ b0→↓A

• The plane-wave solutions: 
<latexit sha1_base64="+dMdt62vgUVGnlqzE8yi3I9b0tQ="></latexit>

A = ωωe
→iεt+ik·x λ=±1 is Right or Left polarization.

<latexit sha1_base64="rKmsdnVqe8sEBnfCdStsOmIqKR0="></latexit>

ω2 → k2 = →εb0|k|where

• Thus, the dynamical gluon or photon mass can be real or imaginary. 

The effective photon mass 
M squared at finite chiral 
chemical potential in EM 
plasma.  
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NEW PROCESSES INDUCED BY CME

• Pair production is allowed if λb0<0

• Gauge boson radiation is allowed if λb0>0

Energy-momentum conservation: 

1→2 processes are forbidden if b0=0⇒

<latexit sha1_base64="rKmsdnVqe8sEBnfCdStsOmIqKR0="></latexit>

ω2 → k2 = →εb0|k|Photon dispersion:

(Chiral Cherenkov radiation)

KT (2018)

= chiral chemical potential
<latexit sha1_base64="FCgTnKiyeYoUi1Qx7mycaBNX70g="></latexit>

b0 → µ5

<latexit sha1_base64="9gqTTgXYMBJtLVus1HsbgC5HT+c="></latexit>

k2 = (p± p→)2 = 2m(m± E)
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NEW CHANNELS IN QED 

<latexit sha1_base64="grx0gt+uSIz+ZqhdVXZRz8zkgWc="></latexit>

dW e→ω+e

dx
=

ωb0
4

(
(1→ x)2 + 1

x
→ 2m2

b0E

) <latexit sha1_base64="UySiLro+Lj7mLw0OcaH+OGPZTDI="></latexit>

x → 1

1 + m2

b0E

<latexit sha1_base64="6V8wjH4kyIgl9yzhB/P15vyxb0g="></latexit>

dW ω→→eē

dx
=

ωb0
4

(
x2 + (1→ x)2 +

2m2

εb0

)
<latexit sha1_base64="cfeApfPYyvMFvxSEO3gvj+USQoo="></latexit>

x1 → x → x2
<latexit sha1_base64="9yrRfp78ApyTy93NcSkUP86zaiM="></latexit>

x1,2 =
1

2



1→

√

1↑ 4m2

b0ω





Only right-handed photons are produced with transverse momentum

Only left-handed photons decay.

•  These processes induce the overall polarization of a jet and contribute to the 
energy loss. 

<latexit sha1_base64="iwO0oMJoS0vfFTbJQx9vojNghfs="></latexit>

k2→ = →x2m2 + (1→ x)xωb0E

<latexit sha1_base64="pG5fXd6qkRgHCIPHjJrM4kFdnYs="></latexit>

→dE

dz
=

∫ 1

0

dW e→ω+e

dx
xEdx

1. Photon production

2. Pair production

KT (2018)
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NEW CHANNELS IN QCD

Hansen, KT (2024)

New non-Abelian term in the Lagrangian:

6

The delta-function in g ! gg rate reads:

�(E0 + ! � E) = 2x(1� x)E�
⇥
k2? + xµ2(E0) + (1� x)µ2(!)� x(1� x)µ2(E)

⇤

= 2x(1� x)E�
⇥
k2? + !2

p(1� x+ x2)� b0E(�+ �0
� �0)x(1� x)

⇤
. (22)

In this case the gluon emission is possible only if �+ �0 > �0. Apparently only the following four

channels are allowed: gL ! gRgL, gL ! gLgR, gR ! gRgR, gL ! gRgR. In the first three of these

channels �+ �0
� �0 = 1, whereas in the last one �+ �0

� �0 = 3. Additionally,

xg!gg
� < x < xg!gg

+ , (23)

where

xg!gg
± =

!2
p + (�+ �0

� �0)b0E ±

q
(!2

p � (�+ �0 � �0)b0E)2 � 4!4
p

2(!2
p + (�+ �0 � �0)b0E)

. (24)

The requirement that (24) have real values sets the infrared threshold for the energy of the incident

gluon:

E > E2 =
3!2

p

b0
. (25)

The amplitude Mq!qg was computed in [1]:

X

ss0

|Mq!qgR |
2 = 4


EE0

�m2
�

(k · p)(k · p0)

k2

�
, (26)

X

ss0

|Mq!qgL |
2 = 0 . (27)

For the gluon splitting amplitudes we find

iMA
gR!gRgR =

k?
x(1� x)

, (28a)

iMA
gL!gRgL =

(1� x)k?
x

, (28b)

iMA
gL!gLgR =

xk?
(1� x)

, (28c)

iMA
gL!gRgR = O(k2?/E, b0/E) , (28d)

iMB
g!gg =

�b0k?(�(1� x) + �0x+ �0)

x(1� x)E
. (28e)

provided that k?, b0 ⌧ E,E0,!. In the high energy limit M
B
g!gg appears only as a sub-leading

correction to M
A
g!gg and is therefore can be neglected in our calculation. We note incidentally,

A free gluon is has the same dispersion is a free photon. 

<latexit sha1_base64="R9fpcSV7DJxdj1TB8edvu2otrt0="></latexit>

b0ω
ijk g

6
fabcAa

iA
b
jA

c
k

<latexit sha1_base64="kKHAJe3W4gGK5tw3OJhGcazYgA0="></latexit>

+O

(
b0,m

E

)

(small)

• Both right and left handed gluons can be produced and decay, but with different 
amplitudes. 
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ENERGY LOSS IN QGP DUE TO CHIRAL CHERENKOV

8

FIG. 2. The Color Chiral Cherenkov radiation rates versus x = !/E. The channels q ! qg, gR ! gg, and

gL ! gg are represented by blue, orange, and green lines respectively. Left panel: E = 20 GeV, right panel:

E = 100 GeV. Both panels: g = 2, T = 300 MeV, b0 = 50 MeV.

Substituting (30) into (31) yields for each channel

�
dEq!qg

dz
=
2↵sg2

3

⇢
(xq!qg

+ � xq!qg
� )

⇥
(xq!qg

+ + xq!qg
� � 8)b0E � 8m2

� 2!2
p

⇤

+ (b0E + !2
p) ln

xq!qg
+

xq!qg
�

�
⇥ (E � E1) , (32a)

�
dEgR!gg

dz
=
3↵sg2

4

⇢�
b0E � !2

p

�
ln

xg!gg
+

xg!gg
�

� 2
�
b0E + !2

p

�
(xg!gg

+ � xg!gg
� )

�
⇥ (E � E2) , (32b)

�
dEgL!gg

dz
=
↵sg2

4

⇢
3
⇥
(b0E + 2!2

p)
2
� !4

p

⇤

b0E + !2
p

ln
xg!gg
+

xg!gg
�

� (17b0E + 21!2
p)(x

g!gg
+ � xg!gg

� )

�
⇥ (E � E2) . (32c)

In the high energy limit b0E � m2,!2
p equations (32) simplify as follows:

�
dEq!qg

dz
=

4↵sg2b0E

9
, (33a)

�
dEgR!gg

dz
=

3↵sg2b0E

4

✓
ln

b0E

!2
p

� 1

◆
, (33b)

�
dEgL!gg

dz
=

3↵sg2b0E

4

✓
ln

b0E

!2
p

�
17

6

◆
. (33c)

Fig. 3 exhibits the contribution of the Color Chiral Cherenkov radiation to the parton energy loss.

We observe in that at high energy the right-hand gluon loses more energy than the left-handed one

and the quark, while at lower energy the quark channel is the main mechanism of energy loss.

The energy loss of a jet consisting of many q,q̄,g states is determined by solving the system

of coupled evolution equations for the parton distribution functions. Suppose that fa(x) are the

Hansen, KT (2024)
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FACTORIZATION OF SUCCESSIVE EMISSIONS

p

k1

q
p′

k2
p

k1
k2

q
p′

<latexit sha1_base64="e1GYUQPBGzNYaeRmr/9hS+QvzL0="></latexit>

W e→eωω =
1

8E

∑

spins

∑

ε1,ε2

∫
d3p↑

2E↑(2ω)3

∫
d3k1

2ε1(2ω)3

∫
d3k2

2ε2(2ω)3
(2ω)4ϑ(p→ k1 → k2 → p↑)

↑

∣∣∣∣∣
e2ū↑/ϖ↓2(/p→ /k1 +m)/ϖ↓1u

(p→ k1)2 →m2 + 2iEq/ϱ
+

e2ū↑/ϖ↓1(/p→ /k2 +m)/ϖ↓2u

(p→ k2)2 →m2 + 2iEq/ϱ

∣∣∣∣∣

2

,

Double photon emission:

The intermediate propagator has a resonance corresponding to χCherenkov:  
<latexit sha1_base64="MbMGpdyf5H2qapNjum0UiftuAa8="></latexit>

1

→2p · k1 + k21 + 2iEq/ω
=

1

ε1E
(

m2

E2ω1

ω1→x0E
1→x0

+ ϑ2
)
+ 2iEq/ω

<latexit sha1_base64="ccITXbhvug3CWKF2m/DNnwC7WFg="></latexit>∣∣∣∣
1

(p→ k1)2 →m2 + 2iEq/ω

∣∣∣∣
2

↑ εω

2Eq
ϑ
(
(p→ k1)

2 →m2
)

If the resonance is dominant then:

<latexit sha1_base64="unlWrg/k0CApHlk+Nfsqqhec9UY="></latexit>

W e→eωω = ω

∫ E

0
dε1

dW e(p)→e(q)ω(k1)

dε1

∫ Eq

0
dε2

dW e(q)→e(p→)ω(k2)

dε2
Factorization:

Hansen, KT (2025)
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EVOLUTION EQUATIONS OF CHIRAL CASCADE IN QED

<latexit sha1_base64="7O+BZ1pRiEyukj34Xp5COhG6FwA="></latexit>

de(y, t)

dt
=
1

ω

∫ 1

y

dx

x

{
Pee(x)e

(y
x
, t
)
+ Peω→(x)ε→

(y
x
, t
)}

,

dē(y, t)

dt
=
1

ω

∫ 1

y

dx

x

{
Pee(x)ē

(y
x
, t
)
+ Peω→(x)ε→

(y
x
, t
)}

,

dε+(y, t)

dt
=
1

ω

∫ 1

y

dx

x

{
Pω+e(x)e

(y
x
, t
)
+ Pω+e(x)ē

(y
x
, t
)}

,

dε→(y, t)

dt
=
1

ω

∫ 1

y

dx

x
Pω→ω→(x)ε→

(y
x
, t
)

• These are NOT standard evolution equations - they describe evolution due to 
anomaly and contain no conventional terms.

• The standard splitting functions are due to 1→2 processes. 

• There is clear asymmetry between right and left photons.

Hansen, KT (2025)

<latexit sha1_base64="enbE0EUu8JkI5zsNmnADc9/JXdA="></latexit>

1

ω
=

εb0

4
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EXAMPLE OF A CHIRAL CASCADE IN QED

t=0
1/2

1

2

!"# $"! $"# %"!
&!��

" $"!

" !"#

!"#

$"!
�� #&$

!"# !"$ !"% !"& '"!
(

!"#

!"$

!"%

!"&

'"!

�� ! "( #

!"# !"$ !"% !"& '"!
(

!"#

!"$

!"%

!"&

'"!

'"#

�� ! "( #

<latexit sha1_base64="nSN2hNWd9R0XBf6GorIbsCEE2S0="></latexit>

! (t) =

! 1
0 (! + (x, t ) ! ! ! (x, t )) dx

! 1
0 (! + (x, t ) + ! ! (x, t )) dx

The degree of polarization:

Hansen, KT (2025)

The initial condition: only left-handed photons. At late times: only right-handed ones. 
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EVOLUTION EQUATIONS OF CHIRAL CASCADE IN QCD

<latexit sha1_base64="BmlKShKcGNkU3MY5eonzR2DuZRg="></latexit>

Pg+ g+ =
Nc

x

!
1

(1 ! x)+
+ C+ ! (1 ! x)

"
,

Pg! g! = Nc

!
x3

(1 ! x)+
+ C! ! (1 ! x)

"

<latexit sha1_base64="NYJRc1j1WmD+h8Aa1QExtxm/UWQ="></latexit>

C+ = 0 , NcC! =
11Nc

6
!

Nf

3
Charge and energy conservation:

<latexit sha1_base64="m4nIuzjhzDmqdRPl5pPU4QyFKtY="></latexit>

dq(y, t)
dt

=
1
!

! 1

y

dx
x

"
Pqq(x)q

# y
x

, t
$

+ Pqg! (x)g!
# y

x
, t

$%
,

dg+ (y, t)
dt

=
1
!

! 1

y

dx
x

"
Nf Pg+ q(x)q

# y
x

, t
$

+ Nf Pg+ q(x)øq
# y

x
, t

$

+ Pg+ g+ (x)g+
# y

x
, t

$
+ Pg+ g! (x)g!

# y
x

, t
$%

,

dg! (y, t)
dt

=
1
!

! 1

y

dx
x

Pg! g! (x)g!
# y

x
, t

$
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EXAMPLE OF A CHIRAL CASCADE IN QCD

!"# !"$ !"% !"& '"!
(

!"#

!"$

!"%

!"&

'"!

'"#
g ! "( #

!"# !"$ !"% !"& '"!
(

!"#

!"$

!"%

!"&

'"!

'"#
g ! "( #

!"!!# !"!$! !"!#! !"$!! !"#!! $
!

$! ! %

!"!!$

$

$!!!

g " #! $

!"# $"! $"# %"!
&!��

" $"!

" !"#

!"#

$"!
�� #&$

The degree of polarization:

Hansen, KT (2025)

t=0

1/2
12

The initial condition: only left-handed gluons.



CHIRAL CHERENKOV IN WEYL SEMIMETALS

13

Emergent chiral 
domains in Weyl 
semimetals:

2

To this end, the calculation method of [14] is employed which allows one to take account of the

quantum corrections due to a hard photon emission and the fermion mass. The paper is structured

as follows. In Sec.
sec:b
II the e! ective Lagrangian is introduced. The resulting Maxwell-Chern-Simons

equations e! ectively describe the free electromagnetic Þeld in anisotropic medium. It is assumed

that cA ! is of order unity and thus the Chern-Simons ÷F F term is of the same order of magnitude as

the usual F F term of the Maxwell theory. The Þeld is then quantized in Sec.
sec:a
III and its properties,

in particular the polarization, are discussed. The radiation rate is computed in Sec.
sec:c
IV in the

leading order in the perturbation theory. In practical applications, fermions are approximately

ultra-relativistic. Thus, I employ the high-energy (or ultra-relativistic) approximation in Sec.
sec:d
V,

which allows me to derive simple expressions for the photon spectra. The main results are given

by (
d19
39),(

d24
43),(

d29
44) and (

d36
48). In Þgures

fig:1
1Ð

fig:4
4 they are applied to a Weyl semimetal discussed in [] and

to the quark-gluon plasma. The summary is presented in Sec.
sec:s
VI.

II. MAXWELL-CHERN-SIMONS EFFECTIVE THEORY
sec:b

The CP-odd domains in the chiral matter can be described by a scalar Þeld! whose interaction

with the electromagnetic ÞeldF µ! is governed by the Lagrangian! [16Ð19]

L = !
1
4

F 2
µ! !

cA

4
! ÷Fµ! F µ! + ø" (i#µDµ ! m)" , (1) b1

where ÷Fµ! = 1
2$µ!"# F "# is the dual Þeld tensor andcA = Nc

!
f q2

f e2/ 2%2 is the chiral anomaly

coe" cient. In many applications, such as the Weyl semimetals,! is time-independent and has

constant spatial gradient ! ! = b/c A . The same model can describe the spatially inhomogeneous

CP domains in the quark-gluon plasma [20]. We will use this model throughout the paper. The

Þeld equations of electrodynamics in chiral electrically neutral and non-conducting matter read

! áB = 0 , (2) b3

! áE = ! b áB , (3) b4

! " E = ! &t B , (4) b5

! " B = &t E + b " E . (5) b6

! Throughout the paper the natural rationalized units ! = c = 1, ! = e2/ 4" ! 1/ 137 are used.

3

The monochromatic Fourier components of the electric and magnetic Þelds satisfy the equations

[22]

! áB = 0 , ! áD = 0 (6) b8

! ! E = i ! B , ! ! B = " i ! D . (7) b9

where the displacement ÞeldDi = " ij Ej is given by

D = E +
i
!

b ! E = 0 . (8) b13

Eqs. (
b8
6),(

b9
7) describe free electromagnetic Þeld in an anisotropic matter with the dielectric tensor

" ij = #ij " i $ijk bk / ! . (9) b15

Since this tensor depends only on frequency, but not on momentumk, the matter has only temporal

dispersion.

Generally, the dispersive matter supports the transverse and longitudinal electromagnetic waves.

However, since the dielectric tensor (
b15
9) does not depend onk , there is no spatial dispersion and

hence no longitudinal waves. The frequencies of the transverse waves can be found using the Fresnel

equation

!
!ki kj " k2#ij + ! 2

k ! " ij (! k ! )
!
! = 0 . (10) b17

Substituting (
b15
9) into (

b17
10) one Þnds (using e.g. (

a16
20))

! 2
k ! = k2 +

b2

2
" %sgn(b ák)

"
b4

4
+ ( b ák)2 , (11) b18

where%= ± 1 is the right/left-handed photon polarizations   . The corresponding group velocity is

vk ! =
&! k !

&k
=

k
! k !

#

1 +
(ök áb)2

! 2
k ! " k2 " b2/ 2

$

. (12) b19

It is clearly di ! erent for the two photon polarizations.

III. PHOTON WAVE FUNCTION IN ANISOTROPIC DISPERSIVE MEDIUM
sec:a

The electromagnetic Þeld in anisotropic dispersive medium was quantized in [23]. The corre-

sponding expression in the radiation gauge is

A (x , t) =
%

k !

(ak ! A k ! + a 
k ! A !

k ! ) +
%

k "

(ak " A k ! + a 
k " A !

k ! ) . (13) a3

  In the limit k ! b, the dispersion relation (
b18
11) has a gapped! k ! = b and a gapless! k + = k sin " branches, where

cos" = öb áök (assumed to be positive). Only when " = 0, one recovers the Ònon-relativistic photonÓ! k + = k2/b

reported in [21].

New Territory of CME Physics: 3D Semimetals
The anomalous transport phenomena are universal phenomena across 
boundaries of disciplines, encompassing a wide range of chiral systems!

Weyl  semimetal  
(non-degenerated bands) 

TaAs 

NbAs 

NbP 

TaP 

Dirac semimetal  
(doubly degenerated bands) 

ZrTe5 

Na3Bi, 

Cd3As2 

One should expect to see CME in semimetals Ñ 
CME in fact becomes a signal of chiral fermions! 

! µ J µ
5 = CA "E á"B

b

where

3

The monochromatic Fourier components of the electric and magnetic Þelds satisfy the equations

[22]

! áB = 0 , ! áD = 0 (6) b8

! ! E = i ! B , ! ! B = " i ! D . (7) b9

where the displacement ÞeldDi = " ij Ej is given by

D = E +
i
!

b ! E = 0 . (8) b13

Eqs. (
b8
6),(

b9
7) describe free electromagnetic Þeld in an anisotropic matter with the dielectric tensor

" ij = #ij " i $ijk bk / ! . (9) b15

Since this tensor depends only on frequency, but not on momentumk, the matter has only temporal

dispersion.

Generally, the dispersive matter supports the transverse and longitudinal electromagnetic waves.

However, since the dielectric tensor (
b15
9) does not depend onk , there is no spatial dispersion and

hence no longitudinal waves. The frequencies of the transverse waves can be found using the Fresnel

equation

!
!ki kj " k2#ij + ! 2

k ! " ij (! k ! )
!
! = 0 . (10) b17

Substituting (
b15
9) into (

b17
10) one Þnds (using e.g. (

a16
20))

! 2
k ! = k2 +

b2

2
" %sgn(b ák)

"
b4

4
+ ( b ák)2 , (11) b18

where%= ± 1 is the right/left-handed photon polarizations   . The corresponding group velocity is

vk ! =
&! k !

&k
=

k
! k !

#

1 +
(ök áb)2

! 2
k ! " k2 " b2/ 2

$

. (12) b19

It is clearly di ! erent for the two photon polarizations.

III. PHOTON WAVE FUNCTION IN ANISOTROPIC DISPERSIVE MEDIUM
sec:a

The electromagnetic Þeld in anisotropic dispersive medium was quantized in [23]. The corre-

sponding expression in the radiation gauge is

A (x , t) =
%

k !

(ak ! A k ! + a 
k ! A !

k ! ) +
%

k "

(ak " A k ! + a 
k " A !

k ! ) . (13) a3

  In the limit k ! b, the dispersion relation (
b18
11) has a gapped! k ! = b and a gapless! k + = k sin " branches, where

cos" = öb áök (assumed to be positive). Only when " = 0, one recovers the Ònon-relativistic photonÓ! k + = k2/b

reported in [21].

4

where ! runs over the transverse polarizations whereas" over the longitudinal ones. The corre-

sponding wave functions read

A k ! = ek !

!
k vk !

2#2
k ! $ij e!

k ! i ek ! j V

" 1/ 2

ei k áx " i " k ! t , (14) a5

A k # = ök
!

k2

#2
k #ki kj %$ij / %#k #V

" 1/ 2

ei k áx " i " k " t . (15) a6

The creation and annihilation operators in (
a3
13) satisfy the usual bosonic commutation relations

[ak ! , a 
k ! ! ! ] = &kk ! &!! ! , [ak #, a 

k ! #! ] = &kk ! &##! , [ak ! , a 
k ! #] = 0 . (16) a8

As indicated in Sec.
sec:b
II, in a medium with dielectric tensor (

b15
9) there are no longitudinal wave.

Therefore the second term in (
a3
13), which is the vector potential operator of the longitudinal waves,

vanishes.

As for the transverse waves, for a given photon momentumk, the transverse polarization vectors

obey the system of equations

#
ki kj ! k2&ij + #2

k ! $ij (#k ! )
$

ek ! j = 0 . (17) a10

They has non-trivial solutions labeled by ! only if the Fresnel equation (
b18
11) is satisÞed. The

transverse polarization vectors satisfy the following conditions

$ij ki ek ! j = 0 , (18) a13

$ij ki e!
k ! i ek ! ! j = $ij ki e!

k ! i ek ! j &!! ! , (19) a14

instead of the usualk áek ! = 0 and ek ! áe!
k ! ! = &!! ! . Eq. (

a13
18) indicates that the displacement Þeld

D is orthogonal to the wave vectork , whereas generallyE ák "= 0.

To Þnd the explicit from of the polarization vectors, consider a Cartesian frame withz-axis

pointing in the direction of b. The dielectric tensor (
b15
9) takes form

$ =

%

&
&
&
'

1 ! ib/ #k ! 0

ib/ #k ! 1 0

0 0 1

(

)
)
)
*

. (20) a16

Its eigenvalues are 1± b/# and 1 with the corresponding eigenvectors Ñ the principal dielectric

directions Ñ given by öx 1 = ( öx + i öy )/
#

2, öx 2 = ( öy + i öx )/
#

2 and öx 3 = öz. To diagonalize the

dielectric tensor we transform it to the principal coordinate system K span by these eigenvectors.

Dielectric tensor

• Dispersion: 

3

The monochromatic Fourier components of the electric and magnetic Þelds satisfy the equations

[22]

! áB = 0 , ! áD = 0 (6) b8

! ! E = i ! B , ! ! B = " i ! D . (7) b9

where the displacement ÞeldDi = " ij Ej is given by

D = E +
i
!

b ! E = 0 . (8) b13

Eqs. (
b8
6),(

b9
7) describe free electromagnetic Þeld in an anisotropic matter with the dielectric tensor

" ij = #ij " i $ijk bk / ! . (9) b15

Since this tensor depends only on frequency, but not on momentumk, the matter has only temporal

dispersion.

Generally, the dispersive matter supports the transverse and longitudinal electromagnetic waves.

However, since the dielectric tensor (
b15
9) does not depend onk , there is no spatial dispersion and

hence no longitudinal waves. The frequencies of the transverse waves can be found using the Fresnel

equation

!
!ki kj " k2#ij + ! 2

k ! " ij (! k ! )
!
! = 0 . (10) b17

Substituting (
b15
9) into (

b17
10) one Þnds (using e.g. (

a16
20))

! 2
k ! = k2 +

b2

2
" %sgn(b ák)

"
b4

4
+ ( b ák)2 , (11) b18

where%= ± 1 is the right/left-handed photon polarizations   . The corresponding group velocity is

vk ! =
&! k !

&k
=

k
! k !

#

1 +
(ök áb)2

! 2
k ! " k2 " b2/ 2

$

. (12) b19

It is clearly di ! erent for the two photon polarizations.

III. PHOTON WAVE FUNCTION IN ANISOTROPIC DISPERSIVE MEDIUM
sec:a

The electromagnetic Þeld in anisotropic dispersive medium was quantized in [23]. The corre-

sponding expression in the radiation gauge is

A (x , t) =
%

k !

(ak ! A k ! + a 
k ! A !

k ! ) +
%

k "

(ak " A k ! + a 
k " A !

k ! ) . (13) a3

  In the limit k ! b, the dispersion relation (
b18
11) has a gapped! k ! = b and a gapless! k + = k sin " branches, where

cos" = öb áök (assumed to be positive). Only when " = 0, one recovers the Ònon-relativistic photonÓ! k + = k2/b

reported in [21].

2

it emits the transition radiation, which we will refer to as the chiral transition radiation . Its

spectrum was recently derived by one of us in [11] employing a method developed in [5]. It

possesses distinctive features as compared to other forms of radiation by fast particles in matter.

Thus, the chiral transition radiation can be employed to investigate the chiral anomaly in various

forms of matter and materials as we explain in the forthcoming sections.

II. THE SPECTRUM

The dispersion relation of a photon in a chiral medium can be most readily computed using the

Maxwell-Chern-Simons theory [7Ð10], which is an e! ective low energy approximation of the QED

in chiral medium. The gauge part of this theory reads

L = !
1
4

F 2
µ! !

cA

4
! ÷Fµ! F µ! , (1)

where the pseudo-scalar Þeld! encapsulates the e! ect of the chiral anomaly andcA is the anomaly

coe" cient. In practical applications one usually assumes that! is either (i) spatially uniform and

adiabatically time dependent ú! "= 0, or (ii) that it is time-independent and slightly anisotropic

! ! "= 0. The dispersion relation in each case takes form [12Ð15]

" 2 = k 2 + µ2(k , #) , (2)

where k is the photon momentum and # = ± 1 is its circular polarization. The photon ÒmassÓµ

is a complex function of its arguments that is sensitive to the spatial or temporal variation of the

! -Þeld. In the case (i) it reads

µ2(k , #) = ! #$" k , (3)

where $" = cA ú! is the chiral conductivity[16, 17]. In the case (ii) it takes form

µ2(k , #) =
1
2

b2 ! # sgn(k áb)

!

(k áb)2 +
1
4

b4 , (4)

where b = cA ! ! [15]. In Weyl semimetals! ! is the separation in momentum space between the

Weyl nodes of right-handed and left-handed fermions. We observe thatµ can be real or imaginary

depending on the photon polarization, whereas in a non-chiral matterµ is always real. This is the

origin of the distinct transition radiation pattern from the chiral matter that we are proceeding to

discuss in the next few paragraphs.

We start with the case (i) representing spatially uniform matter. We assume that the boundary

is located at z = 0 and the particle moves in the z direction, i.e. perpendicular to the boundary.

<latexit sha1_base64="LKxV1K4pBnp+e1YrijI2MRtQaJk="></latexit>

! 2 ! k 2 =

Qui, Cao, Huang (2017)

• Now the photon “mass” depends on the photon direction w.r.t. b. 
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CHIRAL CHERENKOV RADIATION AT HIGH ENERGY

• Photon spectrum:

• The right/left-polarized photons emitted in the forward/backward direction.

KT (2018)

<latexit sha1_base64="HmidqG4VNNRL6z90DvpMqzPHxdM="></latexit>

dWe! ! + e

dx
=

!" bcos#
4

!
(1 ! x)2 + 1

x
!

2m2

" bcos#E

"

<latexit sha1_base64="U5ftsaPZ/pr7NLgTF2Cx+VJh/AU="></latexit>

x !
1

1 + m 2

b! cos " E

<latexit sha1_base64="ncG7n5/GneHj5n6ge21ffy6nzI4="></latexit>

! cos" > 0

Kinematic constraints:

New Territory of CME Physics: 3D Semimetals
The anomalous transport phenomena are universal phenomena across 
boundaries of disciplines, encompassing a wide range of chiral systems!

Weyl  semimetal  
(non-degenerated bands) 

TaAs 

NbAs 

NbP 

TaP 

Dirac semimetal  
(doubly degenerated bands) 

ZrTe5 

Na3Bi, 

Cd3As2 

One should expect to see CME in semimetals Ñ 
CME in fact becomes a signal of chiral fermions! 

! µ J µ
5 = CA "E á"B

b

New Territory of CME Physics: 3D Semimetals
The anomalous transport phenomena are universal phenomena across 
boundaries of disciplines, encompassing a wide range of chiral systems!

Weyl  semimetal  
(non-degenerated bands) 

TaAs 

NbAs 

NbP 

TaP 

Dirac semimetal  
(doubly degenerated bands) 

ZrTe5 

Na3Bi, 

Cd3As2 

One should expect to see CME in semimetals Ñ 
CME in fact becomes a signal of chiral fermions! 

! µ J µ
5 = CA "E á"B

<latexit sha1_base64="5Bn5ncaBEZws51+wNKqpDLl/uA8="></latexit>

!
<latexit sha1_base64="zt6FlhrcuMwSuUKQmHrgBsycH/8="></latexit>

!

γ

<latexit sha1_base64="1DGk/wYs4Yh59btLOwHr+Ppjzkg="></latexit>

e!

⇒
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CHIRAL CHERENKOV RADIATION IN A WEYL SEMIMETAL

Infrared Visible UltravioletTHz

conventional 
sources

!"" !""" !" # !" $ !" % !" &
�� !! "'( #

")"!"

")!""

!

!"

*+

* ��
!+ '( #
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AXION ELECTRODYNAMICS

! áB = 0 ,

! áE = ! ! c! " áB ,

! " E = ! #t B ,

! " B = #t E + j + c(#t " B + ! " " E ) ,

Sikivie (84), Wilczek (87), Carroll et al (90)

Chiral magnetic effect:

Anomalous Hall Effect

L MCS = L QED + cA ! (x) "E á"B

• If b0≈const, then a fast proton moving in the classical axion field will emit highly 
polarized chiral Cherenkov radiation.

<latexit sha1_base64="KxLq+LYvh4PJLnfkk8N6cSbTUTw="></latexit>

j = b0B

• A new way to search for axions. 
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BREMSSTRAHLUNG IN CHIRAL MEDIA

<latexit sha1_base64="DJxSBW3RpaErr4KERvraStqqGC0=">AAACQXicbVDLSgMxFM34rOOr6tJNsIi6KTMi6rLgxqWKVaEzSCa9Y4NJZkjuKGWYP3CrP+RX+AnuxK0b01pQqwdCDuecy72cJJfCYhC8eBOTU9Mzs7U5f35hcWm5vrJ6YbPCcGjzTGbmKmEWpNDQRoESrnIDTCUSLpPbo4F/eQfGikyfYz+HWLEbLVLBGTrpDLau642gGQxB/5JwRBpkhJPrFW8n6ma8UKCRS2ZtJwxyjEtmUHAJlR8VFnLGb9kNdBzVTIGNy+GpFd10SpemmXFPIx2qPydKpqztq8QlFcOeHfcG4r9eosY2Y3oYl0LnBYLmX4vTQlLM6KAH2hUGOMq+I4wb4W6nvMcM4+ja8iMDGu55phTT3TJKqk4Yl+5XtBFWFfWjn26hBQ4DUY8h/Y5Vvis3HK/yL7nYbYb7zfB0r9E6HNVcI+tkg2yTkByQFjkmJ6RNOEnJA3kkT96z9+q9ee9f0QlvNLNGfsH7+ASU+K7t</latexit>

e! <latexit sha1_base64="ul6Onnq+iwldv6qASXEeFtkSx9s="></latexit>µ

• Photon/gluon propagator (static limit):

3

radiation by a plasma at Þnite axial chemical potential, which also induces the chiral magnetic

current, was investigated in [21Ð23].

The goal of this paper is to investigate the contribution of the chiral anomaly to photon pro-

duction cross section in charged fermion scattering o! a heavy nucleus. This process is responsible

for the radiative energy loss which is the dominant energy loss mechanism at high energy [24]. The

chiral anomaly a! ects the virtual photon propagator and the radiated photon wave function. The

photon propagator reads in the Feynman gauge [19, 25]! :

Dµ! (q) = ! i
q2gµ! + i ! µ!"# b" q# + bµb!

q4 + b2q2 ! (báq)2 . (2)

In homogeneous chiral matter with b = 0, b0 "= 0, the components of the propagator (2) read in

the static limit Dµ! (q) = lim q0" 0 Dµ! (q) [26]

D00(q) =
i

q2 , (3a)

D0i (q) = D0i (q) = 0 , (3b)

Dij (q) = !
i " ij

q2 ! b2
0

!
! ijk qk

b0(q2 ! b2
0)

+
! ijk qk

b0q2 . (3c)

The pole at q2 = b2
0 is related to the chiral magnetic instability of electromagnetic Þeld as discussed

in Sec. II C. In the scattering amplitude it corresponds to the t-channel resonance which enhances

the scattering cross sections in the chiral medium [27]. To simplify the calculation we restrict

ourselves to the photon spectrum at# # b0. In this region, photon is approximately timelike up

to the corrections of order b2
0/ #2. In other words, we neglect the anomaly in the photon wave

function and thereby isolate the contribution of the resonance in the propagator.

In summary, we consider the following setup. A charged fermion of high energy! radiates a

photon of energy # as it scatters on a heavy (static) ion immersed into a chiral medium. The

potential that the ion creates is modiÞed in the infrared by the anomaly scaleb0 which is assumed

to be much smaller than #, but much larger than the Debye masseT in the medium. In this

regime the bremsstrahlung cross section is enhanced by thet-channel resonance at the momentum

transfer q2 = b2
0. The softest scale in this scattering problem (apart from the Debye mass) is the

resonance cuto! " which is inversely proportional to the duration of the inverse cascade that drives

the chiral magnetic instability. In the next section we perform a detailed analytical calculation of

the photon production cross section. Our main result is Eq. (27) which presents this cross section

in the ultra-relativistic limit. We discuss the obtained result in Sec III.

! The gauge dependence of the propagator is discussed in Appendix A1.

resonance!

• Dij couples only to the magnetic moment of the target

3

vector b. In Sec. IV the e! ect of the new terms in the transport cross section is illustrated by

computing the electrical conductivity using the classical transport theory. In homogeneous matter

the result is displayed in Fig. 3 which shows suppression of the conductivity atT ! b0. In

stationary matter the applied external electric Þeld induces electric current along its direction and

in the direction of b with the corresponding conductivities ! and ! !. Their temperature dependence

is shown in Fig. 4. The discussion and conclusions are presented in Sec. V.

II. HOMOGENOUS MATTER

A. Potential

In homogeneous chiral matter with b = 0, b0 "= 0, the components of the propagator (2) read

in the static limit [16]

D00(q) =
i

q2 , (4a)

D0i (q) = D0i (q) = 0 , (4b)

Dij (q) = #
i " ij

q2 # b2
0

#
#ijk qk

b0(q2 # b2
0)

+
#ijk qk

b0q2 . (4c)

The current density of the static point source (the ÒionÓ) of chargee! is J ! (x ) = e!" !
0" (x ). It

induces the Coulomb potential

A0(q) = e!/ q2 , A (q) = 0 (5)

implying that the scattering cross section o! the point charge is given by the Rutherford formula

and is not a! ected by the anomaly (in the static limit).

A non-trivial contribution comes about if the ÒionÓ is in a state$ with a Þnite expectation value

of the magnetic momentµ . Indeed, the spin current associated with such a state is! $ $ " µ $ . In

the point particle limit the spin current can be written as J (x ) = ! $ (µ " (x )). It represents the

Þrst non-vanishing multipole moment of the vector potential. Altogether the electrical current of

ion is

J 0(x ) = e!" (x ) , J (x ) = ! $ (µ " (x )) , (6)

which in momentum space reads

J 0(q) = e! , J (q) = iq $ µ . (7)

Hansen, KT (2022)
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MAGNETIC MOMENT CONTRIBUTION TO 
BREMSSTRAHLUNG
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ELECTRIC MONOPOLE CONTRIBUTION TO 
BREMSSTRAHLUNG

3

FIG. 1. The two diagrams corresponding to the matrix element for the scattering cross-section. Double

lines indicate photons in chiral medium.

to be in one of the two circularly polarized states. This eliminates the residual gauge invariance

that is reßected in the Ward identity [15]. The photon dispersion relation is

! 2 = k 2 + k2 = k 2 ! " b0|k | , (3)

where " = ± 1 is right or left photon polarization.

The electromagnetic potential induced by the the electric current J µ , associated with the nu-

cleus, in a chiral medium is Aµ = ! iD µ! J ! . The photon propagator in chiral medium in the

Lorentz/Landau gauge take form [15]:

Dµ! (q) = ! i
q2gµ! + i#µ!"# b" q# + bµb!

q4 + b2q2 ! (báq)2 + i

!
q2 ! (báq)2/q 2

"
qµq! + báq(bµq! + b! qµ)

q2 [q4 + b2q2 ! (báq)2]
, (4)

where bµ = ( b0, 0). In the static limit q0 = 0 the components of the photon propagator read [20]

D00(q) =
i

q2 , (5a)

D0i (q) = D0i (q) = 0 , (5b)

Dij (q) = !
i$ij

q2 ! b2
0

!
#ijk qk

b0(q2 ! b2
0)

+
#ijk qk

b0q2 +
iqi qj

q2(q2 ! b2
0)

. (5c)

The gauge-dependent terms proportional toqµ and q! vanish when substituted into the scattering

amplitude. The spatial components (5c) couple to the nucleus magnetic moment and have a

resonance atq2 = b2
0. We analysed this magnetic channel in our previous paper [15]. In this paper

we are interested in the monopole component of the external Þeld which is determined by the

nuclear electric charge. Convolution of the currentJ ! (x ) = eZ$!
0$(x ) with the D00 component of

the photon propagator gives rise to the Coulomb potential:

A0(q) = eZ/ q2 , A (q) = 0 . (6)

Plugging (6) into (2) and averaging over the fermion spin directions, we can obtain a fairly compact

3
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7

and treat k2/ ! 2 ! " " b0/ ! as a small parameter. In this limit Eq. (11) may be rewritten as

|e! áp|2 !
!

1 " "
b0

!

" 2

E# +
!

" b0

2!
"

b2
0

2! 2

"
E 2 "

m2 + (1 " " b0
" )2#2

2
, (18a)

|e! áp! |2 !
!

1 " "
b0

!

" 2

E !#! +
!

" b0

2!
"

b2
0

2! 2

"
E !2 "

m2 + (1 " " b0
" )2#!2

2
, (18b)

Re[(e! áp)(e"
! áp!)] =

(1 " " b0
" )2(#!E ! + #E " ##!) " m2

2
+

!
" b0

2!
"

b2
0

2! 2

"
EE ! +

" b0! " q2

4
.

(18c)

Employing Eqs. (18) to get rid of the photon polarization vectors in favor of the momenta in (16)

we derive

1
2

#

s,s!

|M| 2 !
2Z 2e6

! 2(q2 + µ2)2 Re

$
(q2 + µ2)(E 2 + E !2 + 4 ! b0

" EE !) + 4 b2
0EE !

(#! + ! b0
2 + i E !

#" )(# " ! b0
2 " i E

#" )

" 2! 2

%
#! + ! b0

2 + i E !

#"

# " ! b0
2 " i E

#"

+
# " ! b0

2 " i E
#"

#! + ! b0
2 + i E !

#"

&

" 4
'
m2 "

" b0

!
(EE ! " m2 + ! 2)

( %
E !

# " ! b0
2 " i E

#"

"
E

#! + ! b0
2 + i E !

#"

& 2

+
" 4b0

!

%
(E + E !)E !

# " ! b0
2 + i E

#"

"
(E + E !)E

#! + ! b0
2 + i E !

#"

& )

. (19)

The largest contributions come from the resonances at 2!# " k2 = 0 and 2!# ! + k2 = 0. In

the high energy approximation these equations have a solution only form! " b0EE ! # 0. This

inequality can be equivalently expressed as the requirements! # ! " and b0" > 0 which is consistent

with (14) and (15). Evidently, only one of the two photon polarizations (the one with b0" > 0)

is resonant. As such, the di! ering polarization cases must be treated separately. Consider, for

example the pole at

k2 = 2 !# = 2p ák ! ! E
!

m2

E 2 +
k2

! 2 + $2
"

, (20)

where $ is the angle betweenk and p. The denominator of the corresponding fermion propagator

is

1
2p ák " k2 + iE/ %

=
1

! E
*

m2

E "
" # " "

E # " " + $2 + i
"#

+ , (21)

where we used (15) to eliminate" b0 in favor of ! " :

k2 ! " " b0! = "
!! " m2

E(E " ! " )
, (" b0 > 0) . (22)

• The resonance emerges when ω<ω* due to the anomaly in the photon/gluon 
dispersion relation.

• Fermion propagator:
<latexit sha1_base64="gQLZuvXMufXYqRKepYd7+/GxqCE="></latexit>

! ! =
" b0E 2

" b0E + m2with

• The photon/gluon propagator shows similar behavior:  
<latexit sha1_base64="axgEuRasY3VZ055NqFLaYH4Ipf4="></latexit>

q2
min =

8

Note that (22) makes sense only when! b0 > 0, for otherwise " ! is negative, indicating that there

is no instability when ! b0 < 0. Eq. (21) implies that above the threshold, viz. when" > " ! ,

photon is radiated mostly at angles# ! #0 =
!

m2

E !
! " ! !

E " ! ! . However, at and below the threshold,

the angular distribution diverges at # =
!

m2

E !
! ! " !
E " ! ! which is regulated by the cuto! introduced in

the previous section.

Let us now examine the photon propagator in the resonant case! b0 > 0. Writing q2 =

[(k ! q)2 + ( k áq)2]/ k 2 and expanding at small photon emission angles we obtain

q2 = " (k + p#" p)2 # #2E 2 + ##2E #2 " 2EE ####cos$ +
1
4

"
m2(" " " ! )
E #(E " " ! )

" E#2 + E ###2
#2

. (23)

In the non-anomalous case" ! = 0, and the momentum transfer is bounded from below by m4! 2

4E 2E "2 .

In contrast, in the presence of the anomaly the momentum transfer is allowed to vanish. We can

Þnd the corresponding kinematic region by Þrst observing that the sum of the Þrst three terms and

the last term in the r.h.s. of (23) are non-negative and therefore have to vanish independently. The

sum of the Þrst three terms vanishes only when$ = 0 and E# = E ### in which case the momentum

transfer reads

q2|" =0 ,E #= E "#" #
1
4

"
m2(" " " ! )
E #(E " " ! )

+
" E
E # #2

#2

=
1
4

" 2E 2

E #2

"
m2(" " " ! )
" E (E " " ! )

+ #2
#2

. (24)

This imbues the photon propagator with the same resonant behavior as the fermion propagator,

as can be seen by comparing with (21). Apparently, we need to regulate the divergence atq2 = 0

by replacing #2 $ #2 + i
!$ in (24). This is tantamount to the replacement q2 $ q2 + E 2

4E "2$2 . Along

with the Debye massµ introduced in (12) it provides the regulator of the photon propagator at

small momentum transfers:

q2 $ q2 +
E 2

4E #2%2 + µ2 . (25)

The physics of bremsstrahlung in chiral medium is most transparent in two limiting cases: (i)

low temperature m % µ and (ii) high temperature µ % m. In the anomaly-free medium b0 = 0,

the Þrst case reduces to the scattering o! a single nucleus. In this case the momentum transferq2

never vanishes. On the contrary, in the presence of anomaly, negativek2 can drive the momentum

transfer towards zero for one of the photon polarizations, as we explained.

A. Low temperature µ & m

We Þrst consider the low temperature/heavy fermion regime. We also assume, for the sake

of simplicity, that µ2 & 1/ %2 so that %regulates both the fermion and the photon propagators.

<latexit sha1_base64="NzI2AL/V3DxG67C9DNbtCnOBihM="></latexit>

b0! > 0

Hansen, KT (2023)
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RADIATION ENHANCEMENT
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• Only one photon polarization (b0λ>0) is enhanced!

Bethe-Heitler

Gluckstern-Hull

Hansen, KTEnhancement

 μ-Debye massWeak screening limit µ! m 
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SUMMARY

• In the presence of the chiral magnetic effect, the jets exhibit 
polarization and a distinctive transverse momentum dependence. 

• Relativistic heavy-ion collisions can serve as a testing ground 
not only for the Early Universe but also for the Dark Matter.
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Additional material
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QUANTIZATION OF EM FIELD

3

The monochromatic Fourier components of the electric and magnetic Þelds satisfy the equations

[22]

! áB = 0 , ! áD = 0 (6) b8

! ! E = i ! B , ! ! B = " i ! D . (7) b9

where the displacement ÞeldDi = " ij Ej is given by

D = E +
i
!

b ! E = 0 . (8) b13

Eqs. (
b8
6),(

b9
7) describe free electromagnetic Þeld in an anisotropic matter with the dielectric tensor

" ij = #ij " i $ijk bk / ! . (9) b15

Since this tensor depends only on frequency, but not on momentumk, the matter has only temporal

dispersion.

Generally, the dispersive matter supports the transverse and longitudinal electromagnetic waves.

However, since the dielectric tensor (
b15
9) does not depend onk , there is no spatial dispersion and

hence no longitudinal waves. The frequencies of the transverse waves can be found using the Fresnel

equation

!
!ki kj " k2#ij + ! 2

k ! " ij (! k ! )
!
! = 0 . (10) b17

Substituting (
b15
9) into (

b17
10) one Þnds (using e.g. (

a16
20))

! 2
k ! = k2 +

b2

2
" %sgn(b ák)

"
b4

4
+ ( b ák)2 , (11) b18

where%= ± 1 is the right/left-handed photon polarizations   . The corresponding group velocity is

vk ! =
&! k !

&k
=

k
! k !

#

1 +
(ök áb)2

! 2
k ! " k2 " b2/ 2

$

. (12) b19

It is clearly di ! erent for the two photon polarizations.

III. PHOTON WAVE FUNCTION IN ANISOTROPIC DISPERSIVE MEDIUM
sec:a

The electromagnetic Þeld in anisotropic dispersive medium was quantized in [23]. The corre-

sponding expression in the radiation gauge is

A (x , t) =
%

k !

(ak ! A k ! + a 
k ! A !

k ! ) +
%

k "

(ak " A k ! + a 
k " A !

k ! ) . (13) a3

  In the limit k ! b, the dispersion relation (
b18
11) has a gapped! k ! = b and a gapless! k + = k sin " branches, where

cos" = öb áök (assumed to be positive). Only when " = 0, one recovers the Ònon-relativistic photonÓ! k + = k2/b

reported in [21].

4

where ! runs over the transverse polarizations whereas" over the longitudinal ones. The corre-

sponding wave functions read

A k ! = ek !

!
k vk !

2#2
k ! $ij e!

k ! i ek ! j V

" 1/ 2

ei k áx " i " k ! t , (14) a5

A k # = ök
!

k2

#2
k #ki kj %$ij / %#k #V

" 1/ 2

ei k áx " i " k " t . (15) a6

The creation and annihilation operators in (
a3
13) satisfy the usual bosonic commutation relations

[ak ! , a 
k ! ! ! ] = &kk ! &!! ! , [ak #, a 

k ! #! ] = &kk ! &##! , [ak ! , a 
k ! #] = 0 . (16) a8

As indicated in Sec.
sec:b
II, in a medium with dielectric tensor (

b15
9) there are no longitudinal wave.

Therefore the second term in (
a3
13), which is the vector potential operator of the longitudinal waves,

vanishes.

As for the transverse waves, for a given photon momentumk, the transverse polarization vectors

obey the system of equations

#
ki kj ! k2&ij + #2

k ! $ij (#k ! )
$

ek ! j = 0 . (17) a10

They has non-trivial solutions labeled by ! only if the Fresnel equation (
b18
11) is satisÞed. The

transverse polarization vectors satisfy the following conditions

$ij ki ek ! j = 0 , (18) a13

$ij ki e!
k ! i ek ! ! j = $ij ki e!

k ! i ek ! j &!! ! , (19) a14

instead of the usualk áek ! = 0 and ek ! áe!
k ! ! = &!! ! . Eq. (

a13
18) indicates that the displacement Þeld

D is orthogonal to the wave vectork , whereas generallyE ák "= 0.

To Þnd the explicit from of the polarization vectors, consider a Cartesian frame withz-axis

pointing in the direction of b. The dielectric tensor (
b15
9) takes form

$ =

%

&
&
&
'

1 ! ib/ #k ! 0

ib/ #k ! 1 0

0 0 1

(

)
)
)
*

. (20) a16

Its eigenvalues are 1± b/# and 1 with the corresponding eigenvectors Ñ the principal dielectric

directions Ñ given by öx 1 = ( öx + i öy )/
#

2, öx 2 = ( öy + i öx )/
#

2 and öx 3 = öz. To diagonalize the

dielectric tensor we transform it to the principal coordinate system K span by these eigenvectors.

Transverse EM waves Longitudinal EM waves (exist only if 
there is spatial dispersion)

6

where we employed a shorthand notation! = ! k ! and " ! =
!

p!2 + m2. The radiation probability

can be computed as

dw =
1
2

"

! ss!

|S|2
V d3p!

(2#)3

V d3k
(2#)3 , (27) c8

implying that the rate is

dW =
1

2(2#)2 e2Q2
"

!

$(! + " ! ! " )$(k + p! ! p)
1

8"" !!
kvk !

!" ij e"
k ! i ek ! j

"

ss!

|M 0|2d3p! d3k , (28) c9

where

"

ss!

|M 0|2 = Tr
#
(/p + m)/e"

k ! (/p! + m)/ek !

$

= 4e"
k ! i ek ! j

#
pi p!

j + pj p!
i + $ij ("" ! ! p áp! ! m2)

$
. (29) c11

The spectrum of photons emitted in a solid angled! is

dW
d! d!

=
%Q2

16#

"

!

$(! + " ! ! " )
k3

"" !! 2" ij e"
k ! i ek ! j

"

ss!

|M 0|2 . (30) c13

V. HIGH ENERGY LIMIT
sec:d

It is instructive to consider the high energy limit of the photon spectrum. The asymptotic form

of the polarization vectors (
a22
23) is obtained by expanding it at b " kz. One Þnds in the principle

coordinate system

÷ek ! =

%
k2 ! k2

z

2k2

&

'
'
'
(

k1
kz # ! k

k2
kz + ! k

1

)

*
*
*
+

. (31) d3

One can verify that ÷ek ! ák = 0 as it must be in a homogenous matter. Transforming back to the

original coordinate system yields

ek ! = P ÷ek ! =

%
k2 ! k2

z

2k2

&

'
'
'
(

kx kz # i ! kky
k2

z # k2

kz ky + i ! kkx
k2

z # k2

1

)

*
*
*
+

. (32) d5

Taking now, for example, k # kx $ ky, kz one obtains ek ± # ! k ± = ( öz % i öy )/
&

2, i.e. a pair of

mutually orthonormal circular polarization vectors. Using the relation ! "
k ± = ! k $ and the fact that

Chiral Cherenkov radiation:

7

the expression in the square brackets in (
c11
29) is symmetric in i, j , one obtains in the high energy

limit

e!
k ± i ek ± j !

1
2

!
! !
k ± i ! k ± j + ! !

k ± j ! k ± i
"

=
1
2

!
! !
k ± i ! k ± j + ! !

k " i ! k " j
"

=
1
2

#
" ij "

ki kj

k2

$
. (33) d7

Substitution into (
c11
29) yields

%

ss!

|M 0|2 = 4
&
###" m2 "

(k áp)(k áp#)
k2

'
. (34) d9

In view of (
d7
33) and since#ij e!

k ! i ek ! j # 1, the cross section is independent ofb up to the terms of

order b/$.

Let n be a unit vector in the direction of the incident momentum: p = pn . In the high energy

limit k$ , µ $ kn and p#
$ , m $ pn, where k$ án = p#

$ án = 0. Expanding

kz # $
#

1 "
k2

$ + µ2

2$2

$
, p#

z # ##
#

1 "
p#2

$ + m2

2##2

$
(35) d11

and using the notation x = $/ # one derives

%

ss!

|M 0|2 =
2

x2(1 " x)

(
k2

$ (2 " 2x + x2) + m2x4)
. (36) d13

With the same approximation the delta-function can be written as

" ($ + ##" #) # 2x(1 " x)#"
!
k2

$ + µ2(1 " x) + m2x2"
, (37) d15

the photon mass asµ2 # " %$bcos& and the photon emission angle¤

cos' =
k áp
kp

# 1 "
k2

$

2xkp
, (38) d17

so that ' # k$ / $. Using these equations in (
c13
30) yields

dW
d! d$

=
( Q2x

2)
"

!
x2#2' 2 + * !

"
&
%#bcos&

#
1 " x +

x2

2

$
" m2x

'
+(" * ! ) , (39) d19

where + is the step function and

* ! = µ2(1 " x) + m2x2 = " x(1 " x)%#bcos& + m2x2 . (40) d21

The parameter * ! is negative if the following two conditions are satisÞed:%cos& > 0 and x < x max

where

xmax =
#

1 +
m2

%#bcos&

$ %1

. (41) d22

¤ If n is at a small angle to p, so that p" != 0, then k " is replaced by q" = k " " xp" in (
d13
36),(

d15
37) and (

d17
38).
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the expression in the square brackets in (
c11
29) is symmetric in i, j , one obtains in the high energy

limit

e!
k ± i ek ± j !

1
2

!
! !
k ± i ! k ± j + ! !

k ± j ! k ± i
"

=
1
2

!
! !
k ± i ! k ± j + ! !

k " i ! k " j
"

=
1
2

#
" ij "

ki kj

k2

$
. (33) d7

Substitution into (
c11
29) yields

%

ss!

|M 0|2 = 4
&
###" m2 "

(k áp)(k áp#)
k2

'
. (34) d9

In view of (
d7
33) and since#ij e!

k ! i ek ! j # 1, the cross section is independent ofb up to the terms of

order b/$.

Let n be a unit vector in the direction of the incident momentum: p = pn . In the high energy

limit k$ , µ $ kn and p#
$ , m $ pn, where k$ án = p#

$ án = 0. Expanding

kz # $
#

1 "
k2

$ + µ2

2$2

$
, p#

z # ##
#

1 "
p#2

$ + m2

2##2

$
(35) d11

and using the notation x = $/ # one derives

%

ss!

|M 0|2 =
2

x2(1 " x)

(
k2

$ (2 " 2x + x2) + m2x4)
. (36) d13

With the same approximation the delta-function can be written as

" ($ + ##" #) # 2x(1 " x)#"
!
k2

$ + µ2(1 " x) + m2x2"
, (37) d15

the photon mass asµ2 # " %$bcos& and the photon emission angle¤

cos' =
k áp
kp

# 1 "
k2

$

2xkp
, (38) d17

so that ' # k$ / $. Using these equations in (
c13
30) yields

dW
d! d$

=
( Q2x

2)
"

!
x2#2' 2 + * !

"
&
%#bcos&

#
1 " x +

x2

2

$
" m2x

'
+(" * ! ) , (39) d19

where + is the step function and

* ! = µ2(1 " x) + m2x2 = " x(1 " x)%#bcos& + m2x2 . (40) d21

The parameter * ! is negative if the following two conditions are satisÞed:%cos& > 0 and x < x max

where

xmax =
#

1 +
m2

%#bcos&

$ %1

. (41) d22

¤ If n is at a small angle to p, so that p" != 0, then k " is replaced by q" = k " " xp" in (
d13
36),(

d15
37) and (

d17
38).

At high energies equations simplify:

4

where ! runs over the transverse polarizations whereas" over the longitudinal ones. The corre-

sponding wave functions read

A k ! = ek !

!
k vk !

2#2
k ! $ij e!

k ! i ek ! j V

" 1/ 2

ei k áx " i " k ! t , (14) a5

A k # = ök
!

k2

#2
k #ki kj %$ij / %#k #V

" 1/ 2

ei k áx " i " k " t . (15) a6

The creation and annihilation operators in (
a3
13) satisfy the usual bosonic commutation relations

[ak ! , a 
k ! ! ! ] = &kk ! &!! ! , [ak #, a 

k ! #! ] = &kk ! &##! , [ak ! , a 
k ! #] = 0 . (16) a8

As indicated in Sec.
sec:b
II, in a medium with dielectric tensor (

b15
9) there are no longitudinal wave.

Therefore the second term in (
a3
13), which is the vector potential operator of the longitudinal waves,

vanishes.

As for the transverse waves, for a given photon momentumk, the transverse polarization vectors

obey the system of equations

#
ki kj ! k2&ij + #2

k ! $ij (#k ! )
$

ek ! j = 0 . (17) a10

They has non-trivial solutions labeled by ! only if the Fresnel equation (
b18
11) is satisÞed. The

transverse polarization vectors satisfy the following conditions

$ij ki ek ! j = 0 , (18) a13

$ij ki e!
k ! i ek ! ! j = $ij ki e!

k ! i ek ! j &!! ! , (19) a14

instead of the usualk áek ! = 0 and ek ! áe!
k ! ! = &!! ! . Eq. (

a13
18) indicates that the displacement Þeld

D is orthogonal to the wave vectork , whereas generallyE ák "= 0.

To Þnd the explicit from of the polarization vectors, consider a Cartesian frame withz-axis

pointing in the direction of b. The dielectric tensor (
b15
9) takes form

$ =

%

&
&
&
'

1 ! ib/ #k ! 0

ib/ #k ! 1 0

0 0 1

(

)
)
)
*

. (20) a16

Its eigenvalues are 1± b/# and 1 with the corresponding eigenvectors Ñ the principal dielectric

directions Ñ given by öx 1 = ( öx + i öy )/
#

2, öx 2 = ( öy + i öx )/
#

2 and öx 3 = öz. To diagonalize the

dielectric tensor we transform it to the principal coordinate system K span by these eigenvectors.

KT (2018)
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STRONG SCREENING 
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• The effect of anomaly is reduced by screening.

Hansen, KT (2023)


