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Motivation
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Lattice 
• First-principles approach 
• Various methodologies for 

extracting information on x-
dependence

• Gluons carry a significant fraction of 
the the proton’s momentum 
• Account for a large portion of 

mass-energy 
• PDFs provide insight on momentum 

at different resolution scales 
• Mellin moments provide additional 

insight to proton properties  
• Precision PDFs are required for 

controlling uncertainties in collider 
processes 

• Gluon behavior in extreme x regions 
of particular interest for hadron 
structure

• Gluon PDFs not easily accessible from 
experiment (no direct probe, don’t 
contribute at leading order) 

• Extractions carry model dependence 
• Kinematics limitations restrict precision 

at extreme x 
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Approaches to studying x-dependence
PDF Extraction via pseudo-distributions  

• Invert matching equation 

• Reduced-ITD matched to light-cone counterpart 

• ITD related to PDF by Fourier transform
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Qgq(ν, z2, μ2) = 𝔐g(ν, z2) ⟨x⟩μ
g +

αsNc

2π ∫
1

0
du 𝔐g(uν, z2) ⟨x⟩μ

g{ln( z2μ2e2γE

4 )𝔅gg(u) + L(u)}
+

αsCF

2π
ln( z2μ2e2γE

4 )∫
1

0
du (𝔐S(uν, μ2) − 𝔐S(0,μ2)) 𝔅gq(u)

Qg/gq(ν, μ2) = ∫
1

0
dx cos(νx)xg(x, μ2) xg(x) = Nxa(1 − x)bwhere
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Mellin Moments 

• Expand the matching in terms of the PDF moments 
through the Operator Product Expansion 

where 

• Yields expansion in terms of the PDF moments 

• Moments can be fit directly from lattice data

𝔐g(ν, z2)Ig(0,μ2) = Ig(ν, μ2) −
αsNc

2π ∫
1

0
du Ig(uν, μ2) {ln( z2μ2e2γE

4 )𝔅gg(u) + L(u)}
−

αsCF

2π
ln( z2μ2e2γE

4 )∫
1

0
dw (IS(wν, μ2) − IS(0,μ2)) 𝔅gq(u)

Ig(ν, μ2) = 1/2∫
1

−1
dx eixνxfg(x, μ2) = ∫

1

0
dx

∞

∑
n=0

(ixν)n

n!
xfg(x)

𝔐g(ν, z2) = 1 −
∞

∑
n=2

(iν)n

n!
an(z, μ)

⟨xn+1⟩
⟨x⟩



Unpolarized Gluon PDF



• Three ensembles of twisted-clover fermions and Iwasaki improved gluons at greater than physical 
pion mass

Lattice Details
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ℒf = ψ̄′ 2(γμ∂μ + m′ q + iμγ5τ3)ψ′ 2

m′ q = mqcos(α), μ = mqsin(α)

• Gluonic quantities very sensitive (purely disconnected contributions), requires much higher 
statistics than quark case 

• Momentum smearing applied to P >
2π
L



Theoretical Setup
• Light-cone matching carried out using pseudo-distribution approach 

• Several choices of operator:  

• Our choice avoids power-divergent mixing (on the lattice) under renormalization 

• Requires subtraction of vacuum contribution 

• Mixing with quark singlet unavoidable, addressing requires calculation of unpolarized quark contributions 

• Reduced Ioffe-time distribution constructed from ratio of ground-state matrix elements 

• Matching relates reduced-ratio and light-cone Ioffe-time distribution
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𝒪4 ≡
1
2 ∑

i

Fit(x + z ̂z)W(x + z ̂z, x)Fit(x)W(x, x + z ̂z) − ∑
i<j

Fij(x + n ̂k)W(x + z ̂z, x)Fij(x)W(x, x + z ̂z) , i ≠ t ≠ z

𝔐g(ν, z2) ≡ ( Mg(ν, z2)
Mg(ν,0) |z=0

)/(
Mg(0,z2) |p=0

Mg(0,0) |p=0,z=0
)

Mf(z, P) = ⟨N(P) |ψf(z) γ0 W(z)ψf(0) |N(P)⟩ ℒ(tins, z) = ∑⃗
xins

Tr [D−1
q (xins; xins + z)γ0W(xins, xins + z)]

𝔐g(ν, z2)Ig(0,μ2) = Ig(ν, μ2) −
αsNc

2π ∫
1

0
du Ig(uν, μ2) {ln( z2μ2e2γE

4 )𝔅gg(u) + L(u)}
−

αsCF

2π
ln( z2μ2e2γE

4 )∫
1

0
dw (IS(wν, μ2) − IS(0,μ2)) 𝔅gq(u)



Stout Smearing Testing
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Stout Smearing Testing

• Smeared field strength tensor 
and Wilson line independently 

• Testing performed in [0, 20] in 
steps of 5 

• Smearing of field strength 
tensor key to resolve signal
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Reduced-ITD Parametrization

• Matching and evolution integrals require parametrization of discrete lattice data 

• Good agreement between 1- and 2-parameter fits

10

Qgq(ν, z2, μ2) = 𝔐g(ν, z2) ⟨x⟩μ
g +

αsNc

2π ∫
1

0
du 𝔐g(uν, z2) ⟨x⟩μ

g{ln( z2μ2e2γE

4 )𝔅gg(u) + L(u)}



ITD Development

• ITD integral includes evolution 
to 2 GeV scale and matching to 
light-cone 

• Common Ioffe-times averaged 
over prior to fit

11

χ2 =
νmax

∑
ν=0

(Qg/gq(ν, μ2) − Qf(ν, μ2))2

σ2
Q(ν, μ2)

Qg/gq(ν, μ2) = ∫
1

0
dx cos(νx)xg(x, μ2) xg(x) = Nxa(1 − x)bwhere
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χ2 =
νmax

∑
ν=0

(Qg/gq(ν, μ2) − Qf(ν, μ2))2

σ2
Q(ν, μ2)

• Introducing singlet contribution 
shifts ITD slightly downward 

• Mixing effects occur within error 
bands

Qg/gq(ν, μ2) = ∫
1

0
dx cos(νx)xg(x, μ2) xg(x) = Nxa(1 − x)bwhere



Unpolarized Gluon PDF

• Effects of the singlet minimal at current precision 

• Trend of data matches expectation from global fits

12



Preliminary Results Follow



Continuum PDF
• Follow the same process as before for our additional ensembles

14

• All ensembles exhibit general downward trend 

• Different ensembles may exhibit different 
systematics (volume effects, discretization effects)

• Fits much noisier for additional ensembles 

• Lower  contributes to extended tailνmax



Mellin Moment Ratio
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• Reduced-ITD expanded in terms of the 
PDF moments 

• Explore truncation order, minimum 
and maximum spatial separation in 
MEs

𝔐g(ν, z2) = 1 −
∞

∑
n=2

(iν)n

n!
an(z, μ)

⟨xn+1⟩
⟨x⟩

𝔐g(ν, z2)Ig(0,μ2) = Ig(ν, μ2) −
αsNc

2π ∫
1

0
du Ig(uν, μ2) {ln( z2μ2e2γE

4 )𝔅gg(u) + L(u)}
−

αsCF

2π
ln( z2μ2e2γE

4 )∫
1

0
dw (IS(wν, μ2) − IS(0,μ2)) 𝔅gq(u)

Ig(ν, μ2) = 1/2∫
1

−1
dx eixνxfg(x, μ2) = ∫

1

0
dx

∞

∑
n=0

(ixν)n

n!
xfg(x)



Scale Evolution of Mellin Moments

• Examining the evolution from initial 
scale  allows for study of truncation 
and perturbative effects 

• DGLAP carried out with two-loop 
matching

μ0
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scale  allows for study of truncation 
and perturbative effects 

• DGLAP carried out with two-loop 
matching
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κ

zmax = 0.558 fm

zmax = 0.465 fm

zmax = 0.372 fm

zmax = 0.279 fm

zmax = 0.186 fm

• Compare with JAM data:

  and ⟨x⟩ = 0.400(1)
⟨x3⟩
⟨x⟩

= 0.0214(3)

𝔐g(ν, z2)Ig(0,μ2) = Ig(ν, μ2) −
αsNc

2π ∫
1

0
du Ig(uν, μ2) {ln( z2μ2e2γE

4 )𝔅gg(u) + L(u)}
−

αsCF

2π
ln( z2μ2e2γE

4 )∫
1

0
dw (IS(wν, μ2) − IS(0,μ2)) 𝔅gq(u)



Future Work on Gluon x-dependence
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Unpolarized PDF 

• Finalize choices of smearing 

• Fourth ensemble nearing completion 

• Explore hybrid renormalization and LaMET 
reconstruction

Mellin Moments 

• Include singlet contributions in sum 

• Compare with different ratios to cancel 
linear divergence 

• Extend to other ensembles and extract 
continuum limit
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