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Deep inelastic scattering (DIS)

Q2 = �q2
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e(l) +N(P, S) ! e(l0) +X
The process is characterized by 
its virtuality - measure of the 
resolution power

and Bjorken variable - measure 
of the momentum fraction of a 
struck parton kµ
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qµ = kµ � k0µ
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xB =
Q2

2P · q =
Q2

s+Q2 →M2

In the Regge limit (high-energy limit) of  it follows that s ≫ Q2 xB ≪ 1

small-x physics = QCD at high energy
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used for NLO and NNLO QCD fits resulting in
HERAPDF1.5 [9]. The same formalism, model and
paramatrisation assumptions as in the HERAPDF1.0
are used in HERAPDF1.5(NLO) fit.

The QCD predictions for the structure functions are
obtained by solving the DGLAP evolution equations
at NLO (or NNLO) in the MS scheme with the
renormalisation and factorisation scales chosen to be
Q2. The DGLAP equations yield the PDFs at all
values of Q2 above the input scale Q2

0 at which they
are parametrised as a functions of x. The starting
scale Q2

0 is chosen to be 1.9 GeV2 such that the
starting scale is below the charm mass threshold.
The QCD predictions for the structure functions are
obtained by convolution of the PDFs with the NLO
coefficient functions calculated using the general mass
variable favour number RT scheme [10].
For the parametrisation of PDFs at the input scale
the generic form xf(x) = AxB(1 − x)C(1 + Ex2) is
used. The parametrised PDFs are the gluon distribu-
tion xg, the valence quark distributions xuv, xdv, and
the u-type and d-type anti-quark distributions xŪ ,
xD̄. At the starting scale Q2

0 = 1.9 GeV2 xŪ = xū
and xD̄ = xd̄+xs̄. The central fit parametrisation is:

xg(x) = Agx
Bg (1− x)Cg ,

xuv(x) = Auvx
Buv (1− x)Cuv (1 + Euvx

2),

xdv(x) = Advx
Bdv (1− x)Cdv ,

xŪ(x) = AŪx
BŪ (1− xCŪ ),

xD̄(x) = AD̄xBD̄ (1− xCD̄ ).

The normalisation parameters A are constrained by
the quark number sum-rules and momentum sum-
rule, extra constrains for small-x behaviour of d−
and u−type quarks Buv = Bdv , BŪ = BD̄ and
AŪ = AD̄(1− fs) (fs is strange quark distribution)
which ensures that xū → xd̄ as x → 0.

The break-up of the HERA PDFs into different
flavours is illustrated in figure 3. Model uncertainties
(shown as yellow band in the figure) of the central
fit solution is evaluated by varying the input assump-
tions: Q2

min, fs, mass of heavy quarks mC and mB .
Parametrisation uncertainties (green band) is formed
by an envelope of the maximal deviation from the cen-
tral fit varying parametrisation assumptions in the fit
and therefore has an asymmetric shape. The deter-
mination of parameterisation uncertainties are unique
to HERAPDFs.
An example of the parton distribution functions from
HERAPDF1.5 at NNLO is shown in figure 4. HER-
APDF1.5NLO and NNLO sets are the recommended
HERA PDFs to be used for the predictions of pro-
cesses at LHC.
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Figure 3: The parton distribution functions from
HERAPDF1.0 at Q2 = 10 GeV2. The gluon and sea
distributions are scaled down by a factor 20. The
experimental, model and parametrisation uncertainties
are shown separately.
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Figure 4: The parton distribution functions from
HERAPDF1.5 NNLO at Q2 = 10000 GeV2, i.e. region,
relevant for the hadron colliders Tevatron and LHC. The
gluon and sea distributions are scaled down by a factor
20. The experimental, model and parametrisation
uncertainties are shown separately. For comparison, the
central values of HERAPDF1.0 NNLO are also shown.

2.4. Comparisons to recent LHC and
Tevatron results

The prediction of Z boson rapidity distribution
based on three different PDFs are compared to the
CDF measurement in figure 5. The predictions of the
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• Hadron is characterized by complex dynamics of 
parton interactions


• One has to understand the hadron as a complex 
many-body parton system - dense QCD medium


• Gluons and sea quarks dominate the proton wave 
function at high energies (small )xB

Chapter 1

Overview: Science, Machine and
Deliverables of the EIC

1.1 Scientific Highlights

1.1.1 Nucleon Spin and its 3D Structure and Tomography

Several decades of experiments on deep inelastic scattering (DIS) of electron or muon beams
o↵ nucleons have taught us about how quarks and gluons (collectively called partons) share
the momentum of a fast-moving nucleon. They have not, however, resolved the question of
how partons share the nucleon’s spin and build up other nucleon intrinsic properties, such
as its mass and magnetic moment. The earlier studies were limited to providing the lon-
gitudinal momentum distribution of quarks and gluons, a one-dimensional view of nucleon
structure. The EIC is designed to yield much greater insight into the nucleon structure
(Fig. 1.1, from left to right), by facilitating multi-dimensional maps of the distributions of
partons in space, momentum (including momentum components transverse to the nucleon
momentum), spin, and flavor.

Figure 1.1: Evolution of our understanding of nucleon spin structure. Left: In the 1980s,
a nucleon’s spin was naively explained by the alignment of the spins of its constituent quarks.
Right: In the current picture, valence quarks, sea quarks and gluons, and their possible orbital
motion are expected to contribute to overall nucleon spin.

1
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1.2.2 The Nucleus, a QCD Laboratory

The nucleus is a QCD “molecule”, with a complex structure corresponding to bound states
of nucleons. Understanding the formation of nuclei in QCD is an ultimate long-term goal of
nuclear physics. With its wide kinematic reach, as shown in Fig. 1.5 (Left), the capability
to probe a variety of nuclei in both inclusive and semi-inclusive DIS measurements, the
EIC will be the first experimental facility capable of exploring the internal 3-dimensional
sea quark and gluon structure of a fast-moving nucleus. Furthermore, the nucleus itself is
an unprecedented QCD laboratory for discovering the collective behavior of gluonic matter
at an unprecedented occupation number of gluons, and for studying the propagation of
fast-moving color charges in a nuclear medium.
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Figure 1.5: Left: The range in the square of the transferred momentum by the electron to the
nucleus, Q2, versus the parton momentum fraction x accessible to the EIC in e-A collisions at
two di↵erent center-of-mass energies, compared with the existing data. Right: The schematic
probe resolution vs. energy landscape, indicating regions of non-perturbative and perturbative
QCD, including in the latter, low to high saturated parton density, and the transition region
between them.

QCD at Extreme Parton Densities
In QCD, the large soft-gluon density enables
the non-linear process of gluon-gluon recom-
bination to limit the density growth. Such a
QCD self-regulation mechanism necessarily
generates a dynamic scale from the interac-
tion of high density massless gluons, known
as the saturation scale, Qs, at which gluon
splitting and recombination reach a balance.
At this scale, the density of gluons is ex-
pected to saturate, producing new and uni-
versal properties of hadronic matter. The
saturation scale Qs separates the condensed
and saturated soft gluonic matter from the
dilute, but confined, quarks and gluons in a
hadron, as shown in Fig. 1.5 (Right).

The existence of such a state of satu-
rated, soft gluon matter, often referred to as
the Color Glass Condensate (CGC), is a di-
rect consequence of gluon self-interactions in
QCD. It has been conjectured that the CGC
of QCD has universal properties common to
nucleons and all nuclei, which could be sys-
tematically computed if the dynamic satu-
ration scale Qs is su�ciently large. How-
ever, such a semi-hard Qs is di�cult to
reach unambiguously in electron-proton scat-
tering without a multi-TeV proton beam.
Heavy ion beams at the EIC could provide
precocious access to the saturation regime
and the properties of the CGC because the
virtual photon in forward lepton scattering

7

• Boosting the proton uncovers 
many-body structure

• At large x the process is defined essentially by 
scattering on individual partons

• The defining characteristic of scattering at 
small x is many-body parton interactions

infinite number of 
interactions of the probe 
with partons of the target
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• The dominant topology (logarithmically 
enhances) of Feynman diagrams in the 
small-x regime is the gluon ladder

• This structure gives rise to the notion of the 
BFKL Pomeron in QCD

• The resumation of the ladder diagrams leads 
to the BFKL (Balitsky-Fadin-Kuraev-Lipatov) 
equation

<latexit sha1_base64="ZTxsB38XYatOnd/eMGTATczWxwE="></latexit>

ω

ω ln 1/x
N(x, k→) = εsNcKBFKL →N(x, k→)

• BFKL equation resums powers of αs ln 1/x

• Total cross-sections across a wide range of energies can 
be described in terms of Pomeron exchanges (soft and 
hard)
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ωtot → sω0
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Figure 2: Fits using hard-pomeron, soft-pomeron and reggeon exchange to total cross sections (the

lower curves in each plot are the hard-pomeron term) and to HERA data[6] for the proton structure
function F2(x,Q2).
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BFKL Pomeron
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ωtot → sω0• Increase of parton density at 
small-x is driven by the gluon 
splitting

• Leads to violation of the Froissart 
bound !σtot < c ln2 s

strong field color field Aμ ∼ 1/g

Gluon recombination: taming the 
growth

recombination

splitting

<latexit sha1_base64="/Cz++a5M9ZFcjQ8r47AyKGdFNwo=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIVJdFNy4r2Ac0sdxMJ+nQmSTMTIQSu/BX3LhQxK2/4c6/cdpmoa0HLvdwzr3MnROknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUkklCmyThiewEoChnMW1qpjntpJKCCDhtB8Prid9+oFKxJL7To5T6AqKYhYyANlLPPvQUiwTc514EwnQPlMbpuGdXnKozBV4kbkEqqECjZ395/YRkgsaacFCq6zqp9nOQmhFOx2UvUzQFMoSIdg2NQVDl59P7x/jEKH0cJtJUrPFU/b2Rg1BqJAIzKUAP1Lw3Ef/zupkOL/2cxWmmaUxmD4UZxzrBkzBwn0lKNB8ZAkQycysmA5BAtImsbEJw57+8SFpnVbdWrd2eV+pXRRwldISO0Sly0QWqoxvUQE1E0CN6Rq/ozXqyXqx362M2umQVOwfoD6zPH0L7lkY=</latexit>

ωω→p

BFKL power 
law

saturation

<latexit sha1_base64="+Il/cduVp+NlSuIivmtRSPeNBY8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLvGoEeiF48Y5ZHAhswODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3H1FpHskHM47RD+lA8j5n1Fjp3jt76hZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AxbWNew==</latexit>

1/x

Gribov, Levin, Ryskin (1983)
Mueller, Qiu (1986)
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strong field  in the saturation 
regime  “classicalization” of the QCD 
medium in the saturation regime!

Aμ ∼ 1/g
⇒

<latexit sha1_base64="Jk+Z9E96C41vecAx9tDpdNkY4EA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiQi1Y1QVERcVbAPaNIwmU7aoZNJmJkIJWTvxl9x40IRt/6AO//GSduFth4Y5nDOvdx7jx8zKpVlfRuFpeWV1bXiemljc2t7x9zda8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH13mfvuBCEkjfq/GMXFDNOA0oBgpLXlm2QmRGmLE0qvMc8IEXvdS/Tk8yeA5vO1p4pkVq2pNABeJPSMVMEPDM7+cfoSTkHCFGZKya1uxclMkFMWMZCUnkSRGeIQGpKspRyGRbjq5JYOHWunDIBL6cQUn6u+OFIVSjkNfV+aby3kvF//zuokKztyU8jhRhOPpoCBhUEUwDwb2qSBYsbEmCAuqd4V4iATCSsdX0iHY8ycvktZx1a5Va3cnlfrFLI4iOABlcARscArq4AY0QBNg8AiewSt4M56MF+Pd+JiWFoxZzz74A+PzB4FkmrY=</latexit>

DµF
µω = Jω

The fields can be found as solution of 
classical equation of motion

• The QCD medium develops a 
saturation scale (transverse scale) QS

Color Glass Condensate (CGC) EFT

large-x sources
<latexit sha1_base64="8oWWrIzZOWIvxZUobIjF4nf9HVQ=">AAACEHicbVDLSgMxFM3UV62vqks3wSJW1DIjUt0IRTfiqoJ9QKctmfS2Dc1khiQjLUM/wY2/4saFIm5duvNvTB8LtR64cHLOveTe44WcKW3bX1Zibn5hcSm5nFpZXVvfSG9ulVUQSQolGvBAVj2igDMBJc00h2oogfgeh4rXuxr5lXuQigXiTg9CqPukI1ibUaKN1Ezv3zRcEeEL7LaAa9KIzetw6MpukO03jo9wv+mGIMODZjpj5+wx8CxxpiSDpig2059uK6CRD0JTTpSqOXao6zGRmlEOw5QbKQgJ7ZEO1AwVxAdVj8cHDfGeUVq4HUhTQuOx+nMiJr5SA98znT7RXfXXG4n/ebVIt8/rMRNhpEHQyUftiGMd4FE6uMUkUM0HhhAqmdkV0y6RhGqTYcqE4Pw9eZaUT3JOPpe/Pc0ULqdxJNEO2kVZ5KAzVEDXqIhKiKIH9IRe0Kv1aD1bb9b7pDVhTWe20S9YH98ASpv1</latexit>

Jω = ωω+ε(x→, x↑)

small-x gluons

<latexit sha1_base64="vjVQQCQelfIZmG1r4uZKxDzXZ8U="></latexit>

W [ω] = exp
{
→

∫
d2x→

∫
dx↑ ω2(x↑, x→)

µ2(x↑, x→)

}

<latexit sha1_base64="JiPBF+pckEaX0r1QjZcwD0vYOd4="></latexit>

Acl
→(x) = → 1

ω2
↑
ε(x↑)ϑ(x

→)

<latexit sha1_base64="j08fBn80OyP2/I/iENbyo2wfhPE=">AAACBHicbVDLSgMxFM3UV62vUZfdBIsgCGVGpLoRWt24rGAf0I5DJs20oZlMSDJCGbpw46+4caGIWz/CnX9j2o6grQcunJxzL7n3BIJRpR3ny8otLa+sruXXCxubW9s79u5eU8WJxKSBYxbLdoAUYZSThqaakbaQBEUBI61geDXxW/dEKhrzWz0SxItQn9OQYqSN5NvFmn98l2I2hhew5ncFkeLn6fh2ySk7U8BF4makBDLUffuz24txEhGuMUNKdVxHaC9FUlPMyLjQTRQRCA9Rn3QM5SgiykunR4zhoVF6MIylKa7hVP09kaJIqVEUmM4I6YGa9ybif14n0eG5l1IuEk04nn0UJgzqGE4SgT0qCdZsZAjCkppdIR4gibA2uRVMCO78yYukeVJ2K+XKzWmpepnFkQdFcACOgAvOQBVcgzpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgz+wPr4BdP2Wtg==</latexit>

Acl
+ = Acl

→ = 0 shock-wave 
structure

α s ~ 1

α s << 1

k

ΛQCD

k

are here

Q s

most gluons2φ   (x, k  )

~ k ln Q  /ks

~ 1/k

Figure 18: Phase space distribution of gluons in the transverse momentum space.

The phase space distribution of gluons is shown in Fig. 18, where we multiplied the unintegrated
gluon distribution ω(xBj , k

2) from Fig. 17 by the phase space factor kT . In contrast with leading twist
pQCD (dashed line), the full classical line in Fig. 18 has a peak, which is due to the fact that the
infrared divergence is now regularized. The location of the peak determines the typical momentum of
the gluons in the small-x hadron/nucleus wavefunction and is given by the saturation momentum since
it is the only scale in the problem. The fact that most gluons in the wave function of a hadron or nucleus
reside in a state with a finite momentum Qs is the reason why this state is also called a condensate.
It allows us to treat the gluon wave function of a high energy hadron or nucleus in the small coupling
approximation.

2.3 Quantum Evolution

It is known that quantum corrections to the classical results presented in the previous section are
potentially large. These large corrections arise from emission of gluons, both real and virtual. If the
available energy is sufficiently high, it leads to a large phase space for gluon emission which gives rise to
large logs of energy (or of 1/x) which need to be resumed. In the CGC formalism, the presence of these
large corrections to the classical approximation was proved in [150, 151]. A Wilson renormalization
group formalism was developed in [7, 8] which allows for resummation of these large logs. The resulting
equation can be written as an evolution equation for correlator of any number of Wilson lines and is
known as the JIMWLK equation. This (functional) equation was later shown to be equivalent to a set
of coupled equations derived by Balitsky [23]. In the large-Nc limit, these equations can be written in a
closed form, as a single integral equation, independently derived by one of the authors for the correlator
of two Wilson lines [24], known as the BK equation.

2.3.1 The JIMWLK Equation

The starting point is the action given by (82). We introduce the following decomposition of the full
field Aµ,

Aµ = bµ + εAµ + aµ (104)

where bµ is the solution to the classical equation of motion considered in the previous section, εAµ

denotes the quantum fluctuations having longitudinal momenta q+ between P+
n and P+

n→1, and aµ is
a soft field having longitudinal momentum k+ where k+ < P+

n . The effective action is calculated for

30

McLerran, Venugopalan (1994)

Mueller (1994)
Jalilian-Marian, Kovchegov (2005)
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• Beyond the classical approximation: resummation of quantum loops:

<latexit sha1_base64="ZTxsB38XYatOnd/eMGTATczWxwE="></latexit>

ω

ω ln 1/x
N(x, k→) = εsNcKBFKL →N(x, k→)

BFKL pomeron “fan” BFKL pomeron 
diagrams

<latexit sha1_base64="Ag4LqCadVZFy9htLMXvXLmlQlaM="></latexit>

ω

ω ln 1/x
N(x, k→) = εsNcKBFKL →N(x, k→)↑ εsNcN

2(x, k→)

Non-linear evolution in 
the saturation regime!

• Pomeron loops:
<latexit sha1_base64="UGpmIZRj1tPxcLs7+OldSIrI05g="></latexit>

Q2
s(x,A) → A1/3

( 1

x

)ω

• The saturation scale growth with decreasing x
• The perturbative calculation is valid
• The presence of the saturation scale allows to directly 

calculate experimental observables
• The non-linear dynamics can be probed in experiments

<latexit sha1_base64="5cgi+el9iYvpoqnuhX7i8hRirKU=">AAACAnicbVDNS8MwHE3n15xfVU/iJTgET6MdMj0O58GDhw3cB6y1pGm6haVpSVJhlOHFf8WLB0W8+ld4878x23rQzQeBl/d+j+T3/IRRqSzr2yisrK6tbxQ3S1vbO7t75v5BR8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr+qDH1uw9ESBrzOzVOiBuhAachxUhpyTOPWvdVT0JnMIDOrY4FSN+zVuN64pllq2LNAJeJnZMyyNH0zC8niHEaEa4wQ1L2bStRboaEopiRSclJJUkQHqEB6WvKUUSkm81WmMBTrQQwjIU+XMGZ+juRoUjKceTryQipoVz0puJ/Xj9V4aWbUZ6kinA8fyhMGVQxnPYBAyoIVmysCcKC6r9CPEQCYaVbK+kS7MWVl0mnWrFrlVrrvFy/yusogmNwAs6ADS5AHdyAJmgDDB7BM3gFb8aT8WK8Gx/z0YKRZw7BHxifP1+elik=</latexit>

Q2
s → !2

QCD

BFKL pomeron loop
start to contribute at 
relatively “large” x?

Balitsky (1996), Kovchegov (1999)

Levin (2025), Braun, Tarasov (2012)

<latexit sha1_base64="m+LX8ogLzF0gzUz85dyOafi9W34=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpQZkepGKLpxJRXsAzrDkEnTNjSZCUlGWoYu3fgrblwo4tZPcOffmLaz0OqBwOGce7k5JxSMKu04X1ZuYXFpeSW/Wlhb39jcsrd3GipOJCZ1HLNYtkKkCKMRqWuqGWkJSRAPGWmGg6uJ37wnUtE4utMjQXyOehHtUoy0kQJ732OUB+nQ0zF0xvCmNDyGg8ATRIojeAHdwC46ZWcK+Je4GSmCDLXA/vQ6MU44iTRmSKm26wjtp0hqihkZF7xEEYHwAPVI29AIcaL8dBpkDA+N0oHdWJoXaThVf26kiCs14qGZ5Ej31bw3Ef/z2onunvspjUSiSYRnh7oJgyb1pBXYoZJgzUaGICyp+SvEfSQR1qa7ginBnY/8lzROym6lXLk9LVYvszryYA8cgBJwwRmogmtQA3WAwQN4Ai/g1Xq0nq036302mrOynV3wC9bHN+EHl/Y=</latexit>

lim
x→0

N(x, k↑) = 1
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• Kinematics of the saturation: strict ordering in 
longitudinal momenta  shock-wave approximation⇒

<latexit sha1_base64="ehe2mgZLSUgkagspcIRvUltyjkM=">AAAB/nicbVDLSgMxFL3js9bXqLhyEyyCG8uMSHVZdOOygn1AW0smzUxDMw+SO0IZCv6KGxeKuPU73Pk3pu0stPVAyOGce8jN8RIpNDrOt7W0vLK6tl7YKG5ube/s2nv7DR2nivE6i2WsWh7VXIqI11Gg5K1EcRp6kje94c3Ebz5ypUUc3eMo4d2QBpHwBaNopJ59OHw4I50gIEl+d/ox6p5dcsrOFGSRuDkpQY5az/4yOZaGPEImqdZt10mwm1GFgkk+LnZSzRPKhjTgbUMjGnLdzabrj8mJUfrEj5U5EZKp+juR0VDrUeiZyZDiQM97E/E/r52if9XNRJSkyCM2e8hPJcGYTLogfaE4QzkyhDIlzK6EDaiiDE1jRVOCO//lRdI4L7uVcuXuolS9zusowBEcwym4cAlVuIUa1IFBBs/wCm/Wk/VivVsfs9ElK88cwB9Ynz805JRj</latexit>

k→ → p→ → . . .
<latexit sha1_base64="ilcO3GXexl9SUPexxfOtJ6NO2GM=">AAAB/nicbVDLSgMxFL3js9bXqLhyEyyCIJQZkeqy6MZlBfuAdiyZNNOGZh4kd4QyFPwVNy4Ucet3uPNvTNtZaOuBkMM595Cb4ydSaHScb2tpeWV1bb2wUdzc2t7Ztff2GzpOFeN1FstYtXyquRQRr6NAyVuJ4jT0JW/6w5uJ33zkSos4usdRwr2Q9iMRCEbRSF37cPhwRjpSkiS/O70YddcuOWVnCrJI3JyUIEeta3+ZHEtDHiGTVOu26yToZVShYJKPi51U84SyIe3ztqERDbn2sun6Y3JilB4JYmVOhGSq/k5kNNR6FPpmMqQ40PPeRPzPa6cYXHmZiJIUecRmDwWpJBiTSRekJxRnKEeGUKaE2ZWwAVWUoWmsaEpw57+8SBrnZbdSrtxdlKrXeR0FOIJjOAUXLqEKt1CDOjDI4Ble4c16sl6sd+tjNrpk5ZkD+APr8wdNvpRz</latexit>

k+ → p+ → . . .
<latexit sha1_base64="9WmmCsWWjYbOxRwGGV4VWty8XxA=">AAACCHicbVBLSwMxGMzWV62vVY8eDBbBU9kVqR6LXjxWsA/oLks2zbahSTYkWaEsPXrxr3jxoIhXf4I3/41puwdtHQhMZr4h+SaWjGrjed9OaWV1bX2jvFnZ2t7Z3XP3D9o6zRQmLZyyVHVjpAmjgrQMNYx0pSKIx4x04tHN1O88EKVpKu7NWJKQo4GgCcXIWClyj0dRIImSMNCUQ/n7EvRToyO36tW8GeAy8QtSBQWakftlczjjRBjMkNY935MmzJEyFDMyqQSZJhLhERqQnqUCcaLDfLbIBJ5apQ+TVNkjDJypvxM54lqPeWwnOTJDvehNxf+8XmaSqzCnQmaGCDx/KMkYNCmctgL7VBFs2NgShBW1f4V4iBTCxnZXsSX4iysvk/Z5za/X6ncX1cZ1UUcZHIETcAZ8cAka4BY0QQtg8AiewSt4c56cF+fd+ZiPlpwicwj+wPn8AVASmYs=</latexit>

k→ → p→ → . . .

<latexit sha1_base64="FUgAnmPBHKHl1OWE70FTMReWyy8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/W8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AESTo2t</latexit>z1
<latexit sha1_base64="xVKKLweo+it/DSly4e0EzZ+YTGQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtYECZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AE9KNrg==</latexit>z2

<latexit sha1_base64="crVltctDhWbT1qPOv19UU/kE6Zo=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzFxA5khBl0S3bjERB4JjKRTOtDQ6YxthwQnfIcbFxrj1o9x59/YgVkoeJKbe3LOvent8SLOlLbtbyu3tr6xuZXfLuzs7u0fFA+PWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xjep355QqVgo7vU0om6Ah4L5jGBtJPfpodx3UBmlvdovluyKPQdaJU5GSpCh0S9+9QYhiQMqNOFYqa5jR9pNsNSMcDor9GJFI0zGeEi7hgocUOUm86Nn6MwoA+SH0pTQaK7+3khwoNQ08MxkgPVILXup+J/XjbV/5SZMRLGmgiwe8mOOdIjSBNCASUo0nxqCiWTmVkRGWGKiTU4FE4Kz/OVV0qpWnFqldndRql9nceThBE7hHBy4hDrcQgOaQOARnuEV3qyJ9WK9Wx+L0ZyV7RzDH1ifP3iUkJ8=</latexit>

z→1 → z→2

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k

<latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p

<latexit sha1_base64="bmeY64VGP6iaDwluJrFGSMIJ1Bg=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzFxA5khBl0S3bjERB4JjKRTOtDQ6Yxth0gmfIcbFxrj1o9x59/YgVkoeJKbe3LOvent8SLOlLbtbyu3tr6xuZXfLuzs7u0fFA+PWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xjep355QqVgo7vU0om6Ah4L5jGBtJPfpodx3UBmlvdovluyKPQdaJU5GSpCh0S9+9QYhiQMqNOFYqa5jR9pNsNSMcDor9GJFI0zGeEi7hgocUOUm86Nn6MwoA+SH0pTQaK7+3khwoNQ08MxkgPVILXup+J/XjbV/5SZMRLGmgiwe8mOOdIjSBNCASUo0nxqCiWTmVkRGWGKiTU4FE4Kz/OVV0qpWnFqldndRql9nceThBE7hHBy4hDrcQgOaQOARnuEV3qyJ9WK9Wx+L0ZyV7RzDH1ifP3JkkJs=</latexit>

x→
1 → x→

2

<latexit sha1_base64="llFgFjGoHMaXA7KGxsxgeOSzYzs=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJpVVSocJYwcJYJPqQ2hA5rpNadZzIdhAl6sjCr7AwgBArn8DG3+C0GaDlSNY9OudeXd/jxYxKZVnfRmFpeWV1rbhe2tjc2t4xd/faMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vFGl5nfuSNC0ojfqHFMnBAFnPoUI6Ul1zy8v624NqzArNZgPwjgQ65kteaaZatqTQEXiZ2TMsjRdM2v/iDCSUi4wgxJ2bOtWDkpEopiRialfiJJjPAIBaSnKUchkU46PWQCj7UygH4k9OMKTtXfEykKpRyHnu4MkRrKeS8T//N6ifLPnZTyOFGE49kiP2FQRTBLBQ6oIFixsSYIC6r/CvEQCYSVzq6kQ7DnT14k7VrVrlfr16flxkUeRxEcgCNwAmxwBhrgCjRBC2DwCJ7BK3gznowX4934mLUWjHxmH/yB8fkDit+Wgg==</latexit>

x→
1 → x→

2 ↑ z→1 → z→2

instantaneous interaction 
with the CGC background

separation in 
transverse position

The proton acquires a 
scalar phase: Wilson line

<latexit sha1_base64="4IMbYP/jJUJay527KKc9GDILUY0="></latexit>

U(z→) = exp
(
ig

∫ ↑

↓↑
dz↓A↓(z

↓, z→)
)

• Interaction of the probe with the CGC background is defined by a product of 
Wilson line separated in the transverse position  dipole operators →

<latexit sha1_base64="DaY1oaZVa13m6EPYt/zNukwI/Tw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhDiJeyKRI9BLx4jmAcmIcxOepMhs7PDzKwYlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXIDnTxvO+nZXVtfWNzdxWfntnd2+/cHDY0HGiKNZpzGPVCohGzgTWDTMcW1IhiQKOzWB0M/Wbj6g0i8W9GUvsRmQgWMgoMVZ6aJSeeh2JSp71CkWv7M3gLhM/I0XIUOsVvjr9mCYRCkM50brte9J0U6IMoxwn+U6iURI6IgNsWypIhLqbzi6euKdW6bthrGwJ487U3xMpibQeR4HtjIgZ6kVvKv7ntRMTXnVTJmRiUND5ojDhrond6ftunymkho8tIVQxe6tLh0QRamxIeRuCv/jyMmmcl/1KuXJ3UaxeZ3Hk4BhOoAQ+XEIVbqEGdaAg4Ble4c3Rzovz7nzMW1ecbOYI/sD5/AH4LJB6</latexit>

V (x→)

<latexit sha1_base64="4VfpgprqVJfqLNGBQsP733XXXz4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv3AdinZNNuGZrMhyQrL0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys9NiupoO+pEqeD8oVt+bOgVaJl5MK5GgOyl/9YUySiApDONa657nS+BlWhhFOp6V+oqnEZIJHtGepwBHVfja/eIrOrDJEYaxsCYPm6u+JDEdap1FgOyNsxnrZm4n/eb3EhNd+xoRMDBVksShMODIxmr2PhkxRYnhqCSaK2VsRGWOFibEhlWwI3vLLq6R9UfPqtfr9ZaVxk8dRhBM4hSp4cAUNuIMmtICAgGd4hTdHOy/Ou/OxaC04+cwx/IHz+QP5t5B7</latexit>

V (y→)

<latexit sha1_base64="NRoKV2u08SbxKntT7qY85J8lY4Q=">AAAB8XicbVBNTwIxEO36ifiFevTSSEzwQnaNQY9ELx4xcYEIG9Its9DQ7TZt1wQ3/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5oeRMG9f9dlZW19Y3Ngtbxe2d3b390sFhUyepouDThCeqHRINnAnwDTMc2lIBiUMOrXB0M/Vbj6A0S8S9GUsIYjIQLGKUGCs9+JWnXleCkme9UtmtujPgZeLlpIxyNHqlr24/oWkMwlBOtO54rjRBRpRhlMOk2E01SEJHZAAdSwWJQQfZ7OIJPrVKH0eJsiUMnqm/JzISaz2OQ9sZEzPUi95U/M/rpCa6CjImZGpA0PmiKOXYJHj6Pu4zBdTwsSWEKmZvxXRIFKHGhlS0IXiLLy+T5nnVq1Vrdxfl+nUeRwEdoxNUQR66RHV0ixrIRxQJ9Ixe0ZujnRfn3fmYt644+cwR+gPn8wf5tZB7</latexit>

U(z→)

<latexit sha1_base64="bSZXsPmM9zicTh+CReUuksCOr0I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpHh9pr1R2K+4MZJl4OSlDjnqv9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9mpE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZ/k36QnOGcmwJZVrYWwkbUk0Z2nSKNgRv8eVl0jyveNVK9e6iXLvO4yjAMZzAGXhwCTW4hTo0gMEAnuEV3hzpvDjvzse8dcXJZ47gD5zPH1BljdY=</latexit>

ta

<latexit sha1_base64="0JB6gvsD5StjNKRCSW2m0Acty4s=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpHh+DXqnsVtwZyDLxclKGHPVe6avbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7NTJ+TUKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOkUbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAIMBPMMrvDnSeXHenY9564qTzxzBHzifP1Hpjdc=</latexit>

tb

<latexit sha1_base64="osFODU5d9+r7pjZR5Jm9r7OpVXI=">AAACIXicbVDLTgIxFO3gC/GFunTTSExwQ2aMQZZENy4xcYCEGUinFGjoPNLeMeJkfsWNv+LGhcawM/6MBWah4EmanHvOvbm9x4sEV2CaX0ZubX1jcyu/XdjZ3ds/KB4eNVUYS8psGopQtj2imOABs4GDYO1IMuJ7grW88c3Mbz0wqXgY3MMkYq5PhgEfcEpAS71iLXGkj0GmTgJdgpvlx54TMRmdY+h6upxkpZPa3YR4afkpE3rFklkx58CrxMpICWVo9IpTpx/S2GcBUEGU6lhmBG5CJHAqWFpwYsUiQsdkyDqaBsRnyk3mF6b4TCt9PAilfgHgufp7IiG+UhPf050+gZFa9mbif14nhkHNTXgQxcACulg0iAWGEM/iwn0uGQUx0YRQyfVfMR0RSSjoUAs6BGv55FXSvKhY1Ur17rJUv87iyKMTdIrKyEJXqI5uUQPZiKJn9Ire0YfxYrwZn8Z00Zozsplj9AfG9w/vwaNk</latexit>

tr{taV (x→)t
bV (y→)}Uab(z→)
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• Separation between the hard mode and the background field (CGC) 
is formalized in the high-energy rapidity factorization approach

Alternative formulation in 
the JIMWLK framework

<latexit sha1_base64="ejqkRSD+OXyaL7E4FDevxx+mqH0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPsZJIMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zSeujYjUA45j7od0oERfMIpWuh89nnWLJbfszkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv0rPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpnJe9Srlyd1GqXmdx5OEIjuEUPLiEKtxCDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MH8MiNlw==</latexit>

k+

<latexit sha1_base64="gm7hKIOut+8MBJOeG3G8I2lFlOU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3Uz95hPXRkTqAccx90M6UKIvGEUr3Y8ez7rFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6VnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0zstepVy5uyhVr7M48nAEx3AKHlxCFW6hBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kD89CNmQ==</latexit>

k→

<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>ω factorization 
scale

<latexit sha1_base64="n/rgjP1iLKjPqI/4lEmhaNafpBI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cK9gOaWDbbTbp0dxN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemHKmjet+Oyura+sbm6Wt8vbO7t5+5eCwrZNMEdoiCU9UN8SaciZpyzDDaTdVFIuQ0044up36nSeqNEvkgxmnNBA4lixiBBsr+aPHcz+Ofc1igfuVqltzZ0DLxCtIFQo0+5Uvf5CQTFBpCMda9zw3NUGOlWGE00nZzzRNMRnhmPYslVhQHeSzmyfo1CoDFCXKljRopv6eyLHQeixC2ymwGepFbyr+5/UyE10HOZNpZqgk80VRxpFJ0DQANGCKEsPHlmCimL0VkSFWmBgbU9mG4C2+vEzaFzWvXqvfX1YbN0UcJTiGEzgDD66gAXfQhBYQSOEZXuHNyZwX5935mLeuOMXMEfyB8/kDyFSRig==</latexit>

k→ → ω

<latexit sha1_base64="HlIz3teZjxjhmUFXejWFZt8Dpo4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvVY9OKxgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3M7zxRpVksH8wkoYHAQ8kiRrCxkj9+vPA59zUbCtwvV9yqOwdaJV5OKpCj2S9/+YOYpIJKQzjWuue5iQkyrAwjnE5LfqppgskYD2nPUokF1UE2v3mKzqwyQFGsbEmD5urviQwLrScitJ0Cm5Fe9mbif14vNdF1kDGZpIZKslgUpRyZGM0CQAOmKDF8YgkmitlbERlhhYmxMZVsCN7yy6ukfVn16tX6fa3SuMnjKMIJnMI5eHAFDbiDJrSAQALP8ApvTuq8OO/Ox6K14OQzx/AHzucP172RlA==</latexit>

k→ → ω

impact factor

dipole operator describes interaction 
with a target. Can be calculated in the 
MV model

<latexit sha1_base64="6KHcpl9t9/SjeIRAW5CK8lBZaq8="></latexit>

� /
Z

d2p?
4⇡2

I(p?, q?)hP |tr V (p?)V
†(q? � p?)|P i

• Loop corrections to dipole operators 
 evolution properties (BFKL/BK)⇒

• The matrix elements of the dipole operators at initial scale 
can be calculated using MV model for the classical 
background

• In the small-x framework one can calculate predictions 
for experimental observables

leads to hierarchy of 
dipole operators

Wilson lines

<latexit sha1_base64="Y1bSEkSEJalZoQ5LzEQhKUYz//U=">AAACEXicbZC7TsMwFIadcivlFmBksagQXagShApjBQtjkehFatLIcZ3WquNEtoNURXkFFl6FhQGEWNnYeBucNgO0HMnWp/8/R/b5/ZhRqSzr2yitrK6tb5Q3K1vbO7t75v5BR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr+5Cb3uw9ESBrxezWNiRuiEacBxUhpyTNrDuVqkDqSjkKUeQWcZtAJBMLpcDI4y9L88syqVbdmBZfBLqAKimp55pczjHASEq4wQ1L2bStWboqEopiRrOIkksQIT9CI9DVyFBLpprONMniilSEMIqEPV3Cm/p5IUSjlNPR1Z4jUWC56ufif109UcOWmlMeJIhzPHwoSBlUE83jgkAqCFZtqQFhQ/VeIx0hHoXSIFR2CvbjyMnTO63aj3ri7qDavizjK4AgcgxqwwSVoglvQAm2AwSN4Bq/gzXgyXox342PeWjKKmUPwp4zPH0+UnfM=</latexit>∫ ω

ω→

dk→

k→

rapidity divergence 
 small-x evolution⇒

semi-classical 
fields

Jalilian-Marian-Iancu-McLerran-
Weigert-Leonidov-Kovner (1997-2002)

Balitsky (1996)
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Figure 6: Accessible values of the saturation scale Q2
s at an EIC in e+A collisions assuming two di↵erent maximal

center-of-mass energies. The reach in Q2
s for e+p collisions at HERA is shown for comparison.

pared to
p
smax = 40GeV. The di↵erence in Q2

s

may appear relatively mild but we will demon-
strate in the following that this di↵erence is su�-
cient to generate a dramatic change in DIS observ-
ables with increased center-of-mass energy. This
is analogous to the message from Fig. 5 where we
clearly observe the dramatic e↵ect of jet quench-
ing once

p
sNN is increased from 39 GeV to 62.4

GeV and beyond.

To compute observables in DIS events at high
energy, it is advantageous to study the scattering
process in the rest frame of the target proton or
nucleus. In this frame, the scattering process has
two stages. The virtual photon first splits into
a quark-antiquark pair (the color dipole), which
subsequently interacts with the target. This is il-
lustrated in Fig. 7. Another simplification in the
high energy limit is that the dipole does not change
its size r? (transverse distance between the quark
and antiquark) over the course of the interaction
with the target.

Multiple interactions of the dipole with the tar-
get become important when the dipole size is of the
order |~r?| ⇠ 1/Qs. In this regime, the imaginary
part of the dipole forward scattering amplitude
N(~r?,~b?, x), where ~b? is the impact parameter,
takes on a characteristic exponentiated form [16]:

N = 1� exp

 
�
r2?Q

2
s(x,~b?)

4
ln

1

r?⇤

!
, (1)

where ⇤ is a soft QCD scale.

At high energies, this dipole scattering ampli-
tude enters all relevant observables such as the to-
tal and di↵ractive cross-sections. It is thus highly
relevant how much it can vary given a certain col-
lision energy. If a higher collision energy can pro-
vide access to a significantly wider range of values
for the dipole amplitude, in particular at small x,
it would allow for a more robust test of the satu-
ration picture.

Figure 7: The forward scattering amplitude for DIS
on a nuclear target. The virtual photon splits into a
qq̄ pair of fixed size r?, which then interacts with the
target at impact parameter b?.

To study the e↵ect of a varying reach in
Q2, one may, to good approximation, replace r?
in (1) by the typical transverse resolution scale
2/Q to obtain the simpler expression N ⇠ 1 �
exp

�
�Q2

s/Q
2
 
. The appearance of both Q2

s and
Q2 in the exponential is crucial. Its e↵ect is
demonstrated in Fig. 8, where the dipole ampli-
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• Search of the signatures of saturation: comparing predictions 
of the small-x calculations with experimental observables

EIC will be instrumental in understanding “how the 
characteristic properties of the proton, such as mass and 
spin, arise from the interactions between quarks and 
gluons, and how new phenomena and properties emerge in 
extremely dense gluonic, nuclear environments.”

The 2023 Long Range Plan for Nuclear Sciencetude N is plotted as a function of Q2 for fixed
x = 10�3. While the variation of this quantity
within the Q2 reach at

p
s = 40 GeV is only ap-

proximately 20%, it reaches up to a factor of 6
within the Q2 reach at

p
s = 90 GeV. To fur-

ther draw on the analogy we raised previously
with RHIC, the 20% suppression in RCP seen atp
sNN = 39 GeV is not robust given the system-

atic uncertainties shown in Fig. 5. In contrast, the
factor 5 suppression seen at

p
sNN = 200 GeV, is

an unambiguous signature of discovery.
As also shown in Fig. 8, this e↵ect is further

enhanced for di↵ractive events. In that case, the
square of the dipole amplitude enters the cross-
section. This quantity changes by a factor 25 over
the Q2 range at

p
s = 90GeV, but only by 1.7 for

the lower center-of-mass energy. See Section 3.6.2
for further discussion.

In addition to the wider range in Q2, the wider
reach in Q2

s (see Fig. 6) will allow for measure-
ments with a similar lever arm in Q2 also at lower
values of x. Therefore in this simple dipole model
case study, we have demonstrated that because
the higher center-of-mass energies provide a sig-
nificantly broader reach in x and Q2, saturation
e↵ects can be large in DIS even if the Q2

s values

do not di↵er widely. This is crucial for probing the
physics of gluon saturation and for testing as well
as constraining existing models.

√s
 =

 9
0G

eV

√s
 =

 4
0G

eV

101

1

0.1

0.01

x=10-3, QS
2 = 1.2 GeV2 (Au)

Q2 (GeV2)

               1 − exp(-Q
S
2 /Q 2)

                  [1 − exp(-Q
S
2 /Q 2)] 2

Figure 8: The curve in blue depicts the variation in
the dipole scattering amplitude as a function of Q2.
Inclusive DIS cross-sections are sensitive to this quan-
tity. The shaded areas indicate the Q2 reach at two
di↵erent center-of-mass energies. The curve in red de-
picts the variation in the square of the dipole scatter-
ing amplitude with Q2. This quantity enters di↵ractive
cross-sections – see Section 3.6.2.

3 Impact of Collision Energy on Key Measurements

In the following, we will examine the energy requirements of key measurements within the range of
energies, and assuming the acceptance of a model detector, as outlined in the EIC White Paper. Sub-
sections 3.1 and 3.2 respectively present the case for precision studies of the spin of the proton and
the three dimensional imaging of parton distributions within. Subsections 3.4 and 3.3 focus on parton
distributions in the nuclear medium. Measurements that are sensitive to gluon saturation are discussed
in subsection 3.6. We conclude in subsection 3.7 by presenting a novel study of jets at an EIC.

3.1 Precision Measurement of the Proton Spin

Understanding how the spin of the proton
emerges from the properties and dynamic interac-
tions of its constituents is an outstanding puzzle
in hadronic physics and a key motivation for the
realization of a polarized EIC. This topic is ad-
dressed in Sec. 2 of the EIC White Paper [1]. The
extent to which quarks and gluons with a given
momentum fraction x have their spins aligned with
the spin direction of a nucleon is encoded in the

helicity dependent parton distribution functions.
Knowledge of these fundamental quantities, along
with estimates of their uncertainties, is gathered
from comprehensive QCD analyses [17,18,20] of all
available data taken in spin-dependent DIS and
proton-proton collisions, with and without addi-
tional identified hadrons in the final state. By in-
tegrating these polarised parton distributions over
the momentum fraction x from 0 to 1 at a fixed

12

dipole amplitude and its square 

DIS

Diffractive cross 
sections

• Up to ~ 140 GeV center of mass energy • Different from the large-x approach where the predictive 
power is usually estimated from the quality of the fit

E. Aschenauer et al. (2017)
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Geometric scaling 
with τ = Q2/Q2

s (x)

• Compare with structure functions at EIC
• Analysis of the scaling for different nuclei. 

Dependence on the nuclear size? 
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ωr(x, y,Q
2) = F2(x,Q

2)→ y2
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FL(x,Q

2)DIS structure functions

• CGC predictions at the NLO order: 10

FIG. 1: Total reduced cross section (black triangles) from
Ref. [1] and interpolated light quark pseudodata (red circles)
in a few Q2 bins. The solid and dashed lines show the calcu-
lated cross sections from the IPsat fit that are used to generate
the pseudodata.

The choice of a fit scheme consists of the version of the
BK evolution equation (discussed in Secs. III C, III D and
III E), the running coupling scheme (see Sec. III F), and
the starting point of the BK evolution, parametrized in
terms of Y0,BK or ⌘0,BK. The fit results in values for
the free parameters characterizing the initial condition
as discussed in Sec. IIIG: Q2

s0
, �0 and �, and in a value

for the parameter C2 in the scale of the running coupling,
see Sec. III F.

Our main fit results are presented in Tables I, II and III
classified by the BK equation used, with secondary and
tertiary grouping keys being the running coupling scheme
and Y0,BK (or ⌘0,BK) controlling the rapidity scale of the
BK initial condition used in the fits. The saturation scale
Q2

s defined as N(r2 = 2/Q2
s) = 1�e�1/2 is also shown at

fixed projectile rapidity Y = ln 1

0.01 . We will first discuss
in the next subsection the fits to the full HERA reduced
cross section data, and in the following subsection the
fits to the interpolated light quark pseudodata presented
in Sec. IV and labeled as light-q in the tables where the
fit results are shown. The two datasets di↵er enough to
to warrant their own discussion.

A. Fitting the HERA reduced cross section

Before we discuss the results and their systematic fea-
tures in more detail we show in Fig. 2 that all three BK
evolutions combined with next to leading order impact
factors are capable of describing the HERA data equally
well. The results shown are obtained using the Bal+SD
running coupling, and Y0,BK = ⌘0,BK = ln 1/0.01, but ex-
cellent fit results are obtained with other scheme choices,
too. Even though the resulting parametrizations for the
dipole at initial rapidity can di↵er significantly, the re-
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FIG. 2: Reduced cross section obtained using the fits with
di↵erent BK evolutions compared with the HERA data [1].
Balitsky + smallest dipole running coupling is used, with
Y0,BK = ln 1/0.01.

sulting reduced cross sections are mostly indistinguish-
able.

We first present in Table I the fit results obtained using
the kinematically constrained BK equation as discussed
in Sec. III C. We find a very good description (�2/N =
1.49) of the HERA data using our main setup with the
Bal+SD prescription and Y0,BK = 0. We consider this as
our preferred HERA data fit, with a BK equation derived
in the same framework as the impact factor, a theoret-
ically preferred running coupling scheme, and only one
starting scale Y0,if = Y0,BK = 0. We note that starting
the BK evolution at Y0,BK = ln 1

0.01 (and freezing the
dipole at smaller rapidities) results in an equally good
fit. This suggests that we are only weakly sensitive to
the details of extrapolation scheme used to describe the
dipole amplitude in the region Y0,if < Y < Y0,BK. The
parameter C2 controlling the evolution speed is not re-
quired to be large as it is in the case of leading order fits,
where one generally finds C2

⇠ 10 [8, 9]. Instead, we find
C2

⇡ 0.85, which is of the same ballpark as the general
estimate C2 = e�2�E ⇡ 0.3 [83, 84].

As seen in Table. I, larger values of C2 are required in
the parent dipole scheme fits. This is expected, as C2

maps the coordinate space scale x2

ij to momentum space
C2/x2

ij , and in the parent dipole scheme the coordinate
space scale is generically larger. Consequently a larger
C2 is needed to render the strong coupling values, and
the resulting evolution speeds, comparable between the
coupling constant scheme choices.

We generically find � > 1 at the initial condition, with
the exception � ⇡ 1 found in the case where the evolution
starts at Y0,BK = ln 1

0.01 and the parent dipole prescrip-
tion for the running coupling is used. We note that � > 1
is also required in the leading order fits to obtain a Q2

dependence at the initial condition compatible with the

Stasto, Golec-Biernat, Kwiecinski (2000)
Iancu, Itakura, McLerran (2002)

Beuf, Lappi, Hänninen, 
Mäntysaari (2020)
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Two particle correlations
• Signs of saturation emerge from 

particle collisions at RHIC
• Suppression of the correlation 

function for heavy nuclei can be 
explained as the growth of the 
saturation scale Q2

S

6

In Fig. 2(b), the Gaussian widths of the di-⇡0 cor-
relation peaks remain the same between p+p and p+A
collisions for the di↵erent passoT ranges, i.e., the broaden-
ing predicted in the CGC framework in Refs. [29, 30] is
not observed. This observation is in agreement with a
similar measurement in d+Au collisions by the PHENIX
experiment [5] and p+Pb collisions by the ATLAS exper-
iment [43]. In Fig. 2(c), the pedestal in p+A is slightly
lower than in p+p collisions at low passoT . At high passoT ,
the pedestals from p+p and p+A collisions are virtually
identical. Note that the measured pedestal in d+Au is
2�3 times higher than in p+p collisions [5]. This obser-
vation can provide insight in the contribution of multiple
parton interactions to di-hadron correlation in d+Au col-
lisions [20, 39].
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FIG. 3. (color online). Relative area of back-to-back di-⇡0

correlations at forward pseudorapidities (2.6 < ⌘ < 4.0) in

p+Au and p+Al respect to p+p collisions for ptrigT = 1.5�2

GeV/c and passoT = 1�1.5 GeV/c. The vertical bars for the

Al and Au ratios indicate the statistical uncertainties and

the vertical bands indicate the point-to-point systematic un-

certainties. The horizontal width of the bands is chosen for

visual clarity and does not reflect the uncertainty. The data

points are fitted by a linear function, whose slope (P ) is found

to be �0.09 ± 0.01.

The STAR experiment performed a unique measure-
ment of the A-dependence in back-to-back di-⇡0 corre-
lations at forward pseudorapidities. The relative area in
p+Au and p+Al with respect to p+p collisions is shown
in Fig. 3 as a function of A1/3; the systematic uncertainty
is around 3% at ptrigT = 1.5�2 GeV/c and passoT = 1�1.5
GeV/c. Nonlinear e↵ects are found largest in the lowest
pT range and no strong ptrigT dependence is observed. The
ratio for A = 1 has no uncertainty since the numerator
and denominator are fully correlated. A specific pT range
probes the suppression in p+Au and p+Al collisions in

the same x-Q2 phase space. Therefore, the suppression
is dominantly influenced by A according to the GBW
model [27]. A linear dependence of the suppression as a
function of A1/3 is observed within the uncertainties in
Fig. 3, the slope (P ) is found to be �0.09 ± 0.01.

In summary, the measurements of azimuthal correla-
tions of di-⇡0s at forward pseudorapidities are performed
using 2015 STAR 200 GeV p+p, p+Al, and p+Au data.
Results of the back-to-back correlations are given as a
function of pT , with the trigger ⇡0 in the range of 1.5
< ptrigT < 5 GeV/c and the associated ⇡0 in the range of
1 < passoT < 2.5 GeV/c. A clear suppression of back-to-
back yields is observed in p+A compared to p+p data for
pairs probing small x (and Q2) with low pT . The present
results are the first measurements of the A-dependence
of this nuclear e↵ect; the suppression is enhanced with
higher A and scales with A1/3. No increase in the width
of the azimuthal angular correlation is seen within exper-
imental uncertainties. The stable pedestal in p+A and
p+p collisions provides opportunities to understand the
contributions from multiple parton scatterings in d+A
collisions.
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and 2. Sudakov resummation has also been incorporated for e+Au. The solid lines represent a fit for the simulated pseudo-data
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V. SUMMARY

Through detailed analysis, we have shown the capabil-
ity of a proposed EIC to perform dihadron correlation
measurements. It is proven that the acceptance of the
dedicated detector is wide enough to collect all the trig-
ger particles as well as the associated particles used in
our studies. Moreover, the onset of the projected satura-
tion region is well covered by the eRHIC energy regime.
It will clearly be possible to do a high precision measure-
ment of the correlation function for dihadron production
with different nuclear beams at the proposed EIC.
In this study we also describe how this dihadron corre-

lation function is calculated in a saturation/CGC formal-
ism, and provide predictions for this measurement with
or without saturation effects taken into consideration. It
is straightforward to see that a strong suppression of the
away-side peak of the correlation function is expected
from saturation effects, and detector effects are negligi-
ble on this observable. Suppression effects due to leading-
twist shadowing are significantly smaller. Therefore, the
observation of such a suppression in the dihadron cor-
relation function measured at an EIC will be a strong
experimental evidence for the existence of gluon satura-
tion.
Dihadron measurements at an EIC are also vital and

intriguing in that they will directly measure for the first
time the behavior of the Weizsäcker-Williams gluon dis-
tribution, about which we still know very little, and
which we can hardly extract from other measurements.
The knowledge of how parton showers behave in a nu-

clear medium is indispensable in obtaining a valid con-
clusion for the above discussions. With the Sudakov re-
summation performed in the saturation formalism, this
nuclear modification of parton showers in DIS dijet pro-
cess is found to be very small at leading order. Neverthe-
less, there might be some nuclear dependence in the Su-
dakov factor at higher orders or in the non-perturbative
part [47]. An EIC will also permit unique measurements
that will give a definite answer to this question. With
the wide kinematic reach and different nuclear beams, an
EIC is capable of measuring the A dependence of parton
showers. This would require quantitative measurements
of the modification of the near-side peak of the correla-
tion functions in a nucleus environment and in kinematic
regions where parton showers dominate.
In conclusion, the proposed high-luminosity, high-

energy Electron-Ion Collider, together with the designed
detector, can provide an ideal apparatus to study gluon
saturation with high precision through the measurement
of the dihadron correlation function.
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• PYTHIA simulations with a 
saturation based model
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Diffractive vector meson production
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• The process is defined by scattering 
of a color dipole on a target
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is timely to exploit to the fullest the available data. In
this path this work bring us one step forward, by deter-
mining not only the IPsat model with the modern data
sets but also for the first time the linearized IPnonsat
parametrization is determined from the same data in a
fully consistent way.

The main di↵erences to previous works are the inclu-
sion of the charm data to the global fit, which allows us to
constrain the quark masses, and the use of a variable fla-
vor number scheme. Also, for the first time, the combined
HERA I+II datasets are used in dipole model fits with
a similar outcome than in case of the HERA I combined
results. We find that both models, with and without sat-
uration, result in almost identical cross sections at HERA
kinematics, and that the di↵erences in e + p scattering
are expected to be small even in the LHeC or FCC-eh
kinematics. The nonlinear e↵ects, however, become sig-
nificant if a nuclear target/beam is used and should be
easily observed in the future Electron-Ion Collider.

Despite some di↵erences in the setup with the previous
literature, the resulting dipole amplitude and calculated
cross sections are similar than in the previous work [8].
This is a consequence of performing the fits using compa-
rable data sets, which extrapolates to similar dipole am-
plitudes. Therefore for the IPsat case the models found
in the literature will provide reasonable numerical results
in the kinematical range accessible in current and future
colliders. We emphasize that having a linearized “IP-
nonsat” model independently constrained by the HERA
data is necessary for estimating the size of the saturation
e↵ects in these experiments.

The similar cross sections obtained from both IP-
sat and IPnonsat parametrizations are understood in

terms of the e↵ective description of the confinement scale
physics. The linearized dipole cross section violates uni-
tarity at large dipoles, and the fit compensates that by
imposing an e↵ective confinement e↵ect damping dipoles
larger than ⇠ 1/mlight. In the IPsat model, the unitar-
ity requirement limits the contribution from unphysically
large dipoles and a large light quark mass is not required
in order to obtain a good description of the HERA data.

The inclusive structure function F2 (and thus the re-
duced cross section �r) is especially sensitive to the
dipoles expected to be heavily influenced by confinement
e↵ects not completely included in this work. On the other
hand, FL and F2,charm are not sensitive at all to dipoles
larger than ⇠ 1/⇤QCD. Thus, the future more precise
FL and F2,charm data, together with inclusive structure
function measurements, will allow us to perform a much
more precise test of the saturation picture.

Both IPsat and IPnonsat parametrizations give com-
parable predictions for structure functions at the ener-
gies available in future DIS experiments such as LHeC
and FCC-eh. Slightly larger di↵erences are seen when
calculating predictions for exclusive vector meson pro-
duction, but in order to really see the onset of non-linear
nature of QCD, we find that it is crucial to perform DIS
with nuclear targets. These e↵ects should become clearly
visible already at the EIC energies. Additionally, the po-
tential for inclusive di↵raction to separate between the
linear and non-linear parametrizations could be studied
in future work.
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Appendix A: Contribution from the bottom quark

Recently the H1 and ZEUS collaborations have re-
leased the first combined bottom quark contribution to
the reduced cross section [14]. Due to the relatively large
uncertainties and limited number of datapoints, we did
not include this unpublished dataset in our fit. Instead,
we can use it to check that the bottom quark contribution
included in the calculation of the inclusive cross section
is compatible with the current measurements.

The predicted bottom quark reduced cross section
compared with the HERA data is shown in Fig. 21. As
noted for the inclusive and charm reduced cross sections,
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FIG. 1: Exclusive J/ω photoproduction as a function of the center-of-mass energy W , using BFKL and BK
evolution for the dipole amplitude. For proton targets, we compare to the experimental data from ZEUS [51],
H1 [52, 53], ALICE [21, 22], and LHCb [23, 24]. For Pb targets and the nuclear suppression factor, the results are
compared to the experimental data from ALICE [25] and CMS [26].

computations done using the JIMWLK evolution, such
as [57], where many other running-coupling prescriptions,
e.g. [58], are not possible. We have also introduced the
infrared regulator mIR = 0.4GeV following [42, 59, 60]
to suppress nonperturbative e!ects in the evolution [61–
63]. This is required in the impact-parameter-dependent
BK evolution to suppress so-called Coulomb tails, but it
also makes the BFKL evolution more stable and allows
for a more direct comparison of the two evolutions. The
coordinate-space running coupling constant in Eq. (8) is
given as [42]

εs(r
2) =

4ϑ

ϖ0 log

[(
µ
2
0

!
2
QCD

)1/ω

+

(
4

r
2
!

2
QCD

)1/ω
]ω

(10)

where ϖ0 = (11Nc → 2Nf )/3, Nf = 3, and the pa-
rameters regulating the infrared region are chosen as
µ0 = 0.28GeV and ϱ = 0.2 [42, 54, 57, 60]. Our
results are not sensitive to the infrared regulators µ0

and ϱ, but the parameter ”QCD controls the evolution
speed. As our standard setup, we follow [42] and choose
”QCD = 0.025GeV that has been found to match the
energy dependence of the data for BK evolution, and we
note that this choice e!ectively takes into account the un-
certainty from evaluating the strong coupling constant in
the coordinate space instead of the momentum space [57].

To compare the e!ects of saturation in the evolu-
tion, we use the same initial condition for both the BK
and BFKL equations. The initial condition for protons
and nuclear targets is chosen as the impact-parameter-
dependent McLerran–Venugopalan model from [42] that
already incorporates some saturation e!ects in the sense
that the dipole amplitude in the initial condition can-
not exceed unity. The di!erence between protons and
nuclei is in the thickness function describing the trans-
verse density of the color charge, and we choose the same
parametrizations as in [42]. The motivation for using this

initial condition is that the results from BK and BFKL
equations are expected to agree at large x, and using the
same initial condition allows us to focus on the e!ects
arising from the evolution where the saturation e!ects are
taken into account. Thus, any di!erences in the results
for dipole amplitudes evolved with the BK and BFKL
evolutions can be taken as coming from gluon saturation.
Numerical results. In Fig 1, we show the predictions

for exclusive J/ω photoproduction with proton and Pb
targets along with the nuclear suppression factor, com-
pared to the experimental data. The nuclear suppression

factor is defined as RA =
√
ςA/ςA

IA where ςA is the t-
integrated cross section for φ +A ↑ V +A and

ςA
IA =

dςε+p→V+p

dt

∣∣∣∣∣
t=0

↓

∫
d|t| |FA(t)|

2 (11)

refers to the impulse approximation [40, 64]. The in-
tegrated form factor

∫
d|t| |FA(t)|

2 has been calculated
following the CMS collaboration [26] (see [65] for the de-
tailed explanation of the calculation).
In addition to the BFKL results evolved with the

same parameters as the BK setup, we also show adjusted
BFKL results where the evolution speed has been tuned
to the J/ω production data from proton targets by set-
ting ”QCD = 0.01GeV. This is done to give a more
fair comparison between the BK and BFKL results, as
although the nonlinear e!ects in the evolution are not
strong enough to alter the linear behavior of the energy
dependence for proton targets, they slightly reduce the
evolution speed. This same value of ”QCD is then used
for all adjusted BFKL results to be consistent with the
results of J/ω production. As studied in [42], when the
evolution speed is fixed to the proton data, the results
with nuclear targets are fairly robust under changes to
the evolution such as altering the value of the infrared
regulator mIR. Thus, the proton data gives strict con-

photoproduction data for Pb 
shows preference for the existence 
of gluon saturation
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quadrupole operators. Four 
Wilson lines at different locations! 

• New types of operators! Typical for small-x calculations beyond 
the leading order of for more complicated scattering reactions

• Direct access to multi-point correlators
• Some simplifications in the back-to-back configuration
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of this paper, the jet spectra would be corrected with sophisticated unfolding procedures

(see for example Refs. [60, 61]). Here, we simply correct the jet P? spectra by shifting it up

so that hP?ijet = hP?iparton for P? > 1.5 GeV/c. No corrections on q? were applied.
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FIG. 8: d�/d� distributions for parton pairs (blue points) generated with the MCDijet generator

and corresponding reconstructed dijets (red points) in
p
s=90 GeV e+A collisions for 1.25 <

q? < 1.75 GeV/c and 3.00 < P? < 3.50 GeV/c. The error bars reflect an integrated luminosity

of 10 fb�1/A. The left plot shows the azimuthal anisotropy for all virtual photon polarizations

while the middle and right plots correspond to transverse and longitudinal polarized photons,

respectively. For details, see text.

Figure 8 shows the resulting d�/d� distributions for the original parton pairs (blue solid

points) and the reconstructed dijets (red solid squares) in
p
s=90 GeV e+Au collisions

for 1.25 < q? < 1.75 GeV/c and 3.00 < P? < 3.50 GeV/c. The results are based on

10M generated events but the error bars were scaled to reflect an integrated luminosity of

10 fb�1/A. The left plot shows the azimuthal anisotropy for all virtual photon polarizations,

and the middle and right plot for transversal and longitudinal polarized photons, respectively.

The quantitative measure of the anisotropy, v2, is listed in the figures. The values shown

are those for parton pairs; the accompanying numbers in parenthesis denote the values

derived from the reconstructed dijets. Note the characteristic phase shift of ⇡/2 between

the anisotropy for longitudinal versus transversally polarized photons. Despite this shift, the

sum of both polarizations still adds up to nonzero net v2 due to the dominance of transversely

polarized photons, as depicted in the leftmost plot in Fig. 8.

The reconstructed dijets reflect the original anisotropy at the parton level remarkably

well despite the dijet spectra not being fully corrected. The loss in dijet yield, mostly due to

loss of low-pT particles, is on the order of ⇠ 25%. Since the key observable is the measured

• non-trivial angular dependence
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†(x2→)↑

↓ xGij
WW (x, q→) ↔

∫
d2x→
(2ω)2

∫
d2y→
(2ω)2

e↑iq→(x→↑y→)

↗ →U†(x→)εiU(x→)↑U†(y→)εjU(y→)↑

dipole operator related to the 
TMD gluon operator

Dominguez, Marquet, Xiao, Yuan (2011)
Metz, Zhou (2011)

Dumitru, Skokov, Ullrich (2019)
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Understanding the structure of operators at small-x
• Operators appearing in different types of factorizations are related to each other
• We can match operators appearing in different factorization scheme
• We want to understand these relations both from phenomenological (improve extraction of operators) and theoretical 

(what are universal properties describing the QCD medium) points of view. Is there universality of QCD operators?
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z, P→ TMD factorization approach for analysis of 
scattering with production of a final state of small 
transverse, e.g. semi-inclusive DIS

High-energy rapidity 
factorization

set of operators: 
dipole operators

set of operators: 
TMD operators

TMD factorization

set of operators: 
collinear operators

Collinear factorization

matching matching

• The matching can be efficiently done 
using the background field method

• In the small-x framework this 
corresponds to going beyond the 
eikonal picture of scattering and 
calculating the sub-eikonal 
corrections



Small-x physics at EIC: calculation of sub-ekonal corrections
• Sub-eikonal corrections describe corrections to the 

shock-wave picture of scattering

• But for some observables the sub-eikonal terms 

provide the leading order contribution

• This corrections corresponds to matching with TMD 

operators

 corrections1/s
8 2.1. INTRODUCTION

Existing Measurements with A ≥ 56 (Fe):
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Figure 2.1: Left: The x-Q2 range covered by the EIC (yellow) in comparison with past and
existing polarized e/µ+p experiments at CERN, DESY, JLab and SLAC, and p+p experiments
at RHIC. Right: The x-Q2 range for e+A collisions for ions larger than iron (yellow) compared
to existing world data.

The EIC covers a center-of-mass energy range for e+p collisions of
p

s of 20 to
140 GeV. The kinematic reach in x and Q2 is shown in Figure 2.1. The quanti-
ties x, y, and Q2 are obtained from measurements of energies and angles of final
state objects, i.e. the scattered electron, the hadronic final-state or a combination of
both. The quantity x is a measure of the momentum fraction of the struck parton
inside the parent-proton. Q2 refers to the square of the momentum transfer be-
tween the electron and proton and is inversely proportional to the resolution. The
diagonal lines in each plot represent lines of constant inelasticity y, which is the
ratio of the virtual photon’s energy to the electron’s energy in the target rest frame.
The variables x, Q2, y and s are related through the equation Q2 ' sxy. The left
figure shows the kinematic coverage for polarized and unpolarized e+p collisions,
and the right figure shows the coverage for e+A collisions. The EIC will allow in
both collider modes an important overlap with present and past experiments. In
addition, the EIC will provide access to entirely new regions in both x and Q2 in a
polarized e+p collider and e+A collider mode, such as the low-x region, providing
critical information about the gluon-dominated regime.

Volume 2 of this Yellow Report provides a detailed overview of the EIC physics
program, including several recent developments not addressed in the EIC White
Paper. In what follows, we focus on the most critical aspects of the scientific ques-
tions outlined above and motivate the machine and detector parameters needed to
address these questions.

• Sub-eikonal effects dominate the region of 
moderate x (decay of the shock-wave)

• Sub-eikonal corrections are crucial for the 
search of saturation at EIC

Altinoluk, Armesto, Beuf, Martínez, Salgado, 2014; Balitsky, Tarasov, 2015; 
Chirilli, 2019; Jalilian-Marian, 2019; Altinoluk and Beuf, 2022

In the leading order (LO) shock-wave picture of scattering 
the interaction between factorized modes is instantaneous
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k�
non-perturbative mode 
CGC background

perturbative mode

quark instantaneously interacts 
with the background, which is 
described by a scalar phase 
(Wilson line)

shock-wave 
background 
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• How does the shock-wave 
decay?  large-x effects⇒

sub-eikonal corrections: 
internal structure of the 
shock-wave!
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The scattering at the sub-eikonal order

2.1.1 Leading order cross-section in the CGC EFT

As discussed at length in previous work [32, 37, 81, 88], weak coupling computations in the

CGC EFT can be performed using standard Feynman diagrams techniques in the light cone

gauge A
� = 0, supplemented by dressed vertices corresponding to the coherent multiple

scattering of a quark or a gluon inside the classical (over occupied) gauge fields of the

target. These vertices are denoted, respectively, by cross and bullet symbols in Fig. 1 and

Fig. 2.

�
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q

Figure 1. Leading order contribution to the amplitude for dijet production. The cross symbol
on the quark and antiquark legs refers to the CGC quark e↵ective vertex. The four-momenta of
the quark and antiquark read k1 =

�
k2
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respectively.

For the leading order production of a quark-antiquark pair in DIS at small xBj, the only

relevant Feynman diagram is the one shown in Fig. 1. After evaluating and squaring the

Feynman amplitude associated with diagram 1, the fully di↵erential leading order cross-

section for inclusive production of two jets in the CGC can be written in the compact

form2
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In this expression, e
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f is the sum of the squares of the light quark fractional charges, and
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z = �(1 � z1 � z2) is an overall longitudinal momentum conserving delta function. The

di↵erential measure d8X? comes from the transverse coordinate integration contained in

the CGC vertices and reads

d8X? = d2x?d2x0
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? , (2.6)

with x? (y?) the transverse coordinate at which the quark (antiquark) crosses the shock-

wave in the amplitude (and similarly with prime coordinates for the complex conjugate

2For a detailed derivation see e.g. Sec. 2 in [37].
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at LO the interaction 
is defined by scalar 
phases, i.e. Wilson 
line operators
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the CGC vertices and reads
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at the sub-eikonal order the 
corrections to the shock-wave 
are described by the sub-
eikonal operators 
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U(x→)
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U sub→eik.(y↑) = ig

∫ ↓

→↓
dz→U[↓,z→](y↑)F12(z

→, y↑)U[z→,→↓](y↑)
<latexit sha1_base64="WBHJCm3gcrgbBYmtYn1DtJOnZN0="></latexit>

U(y→) → exp
{
ig

∫ ↑

↓↑
dz↓A+

s.w.(z
↓, y→)

}

• The scalar phase at LO cannot 
describe spin effects  spin effects at 
small-x appear at sub-eikonal order


• Evolution properties of sub-eikonal 
operators are known  can construct 
predictions for observables

⇒

⇒
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FIG. 3: Diagrams representing the evolution of the fundamental polarized dipole amplitude Q10. The vertical shaded
rectangle represents the shock wave. The square box on the gluon and quark lines represents the sub-eikonal interaction
with the target given by Eq. (14) for gluons and Eq. (9) for quarks. The same square box, but with number 1 in it, on

the quark line denotes the interaction described by V pol[1]
1 only. The black circle denotes the sub-eikonal quark-gluon

vertex generated by the F 12 operator in Eq. (11a), that is, by the F 12 part of V pol[1]
1 , which, in turn, contributes to

Q10 through Eq. (81). All momenta flow to the right.

Substituting Eq. (14) into Eq. (83), summing over polarizations and integrating over k2 and k2′ (except for k− =
k−2 = k−2′) yields

0∫

−∞

dx−
2′

∞∫

0

dx−
2 ai a⊥ (x−

2′ , x1) a
+ b(x−

2 , x0) = (84)

= →
1

4π3

p−

2∫

0

dk−
[∫

d2x2 ln

(
1

x21Λ

)
εijxj

20

x2
20

(Upol[1]
2 )ba → i

∫
d2x2 d

2x2′ ln

(
1

x2′1Λ

)
xi
20

x2
20

(Upol[2]
2,2′ )ba

]

.

The first term on the right of Eq. (84) was obtained before in [33].
As can be seen from the diagrams I and I→, or II and II→ in Fig. 3, the propagator (84) enters the evolution of

Q10(zs) together with the similar propagator, with the x−-ordering of the endpoints reversed, along with the color
indices a, b of the gluon fields interchanged,

0∫

−∞

dx−
2′

∞∫

0

dx−
2 ai b⊥ (x−

2 , x1) a
+ a(x−

2′ , x0) = (85)

= →
1

4π3

p−

2∫

0

dk−
[∫

d2x2 ln

(
1

x21Λ

)
εijxj

20

x2
20

(Upol[1]
2 )ba + i

∫
d2x2 d

2x2′ ln

(
1

x21Λ

)
xi
2′0

x2
2′0

(Upol[2]
2,2′ )ba

]

.

One can clearly see that the eikonal Wilson line contribution (U2)ba δ2(x22′) from Eq. (13), which is neglected here

as a non-DLA contribution, would have entered Eqs. (84) and (85) in the same way as (Upol[2]
2,2′ )ba does: this eikonal

contribution would exactly vanish in the sum of Eqs. (84) and (85), justifying our neglecting of this contribution.
Adding Eqs. (84) and (85), and employing Eq. (15), after some algebra we arrive at

0∫

−∞

dx−
2′

∞∫

0

dx−
2

[
ai a⊥ (x−

2′ , x1) a
+ b(x−

2 , x0) + ai b⊥ (x−
2 , x1) a

+ a(x−
2′ , x0)

]
(86)

Kovchegov, Pitonyak, Sievert, 2016; Cougoulic, Kovchegov, 
Tarasov, Tawabutr, 2022; Borden, Kovchegov, Li, 2023

KPS-CTT evolution



How does the spin of the nucleon arise?

• In the small x region that cannot be probed experimentally, DGLAP-
based predictions acquire a broad uncertainty band


• The benefit of small-x evolution is that it makes a genuine prediction 
for PDFs at small x given some initial conditions at a higher values of x
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FIG. 5: 90% C.L. areas in the plane spanned by the truncated
moments of ∆g computed for 0.05 ≤ x ≤ 1 and 0.001 ≤ x ≤
0.05 at Q2 = 10GeV2. Results for DSSV, DSSV*, and our
new analysis, with the symbols corresponding the respective
values of each central fit, are shown.

very limited information on ∆g is also available from
scaling violations of the DIS structure function g1 which
is, of course, fully included in our global QCD analy-
sis. Overall, the constraints on ∆g(x) in, say, the regime
0.001 ≤ x ≤ 0.05 are much weaker than those in the
RHIC region, as can be inferred from Fig. 1. Very little
contribution to ∆G is expected to come from x > 0.2.

Figure 5 shows our estimates for the 90% C.L. area
in the plane spanned by the truncated moments of ∆g
calculated in 0.05 ≤ x ≤ 1 and 0.001 ≤ x ≤ 0.05
for Q2 = 10GeV2. Results are presented both for the
DSSV* and our new fit. The symbols in Fig. 5 denote
the actual values for the best fits in the DSSV, DSSV*,
and the present analyses. We note that for our new cen-
tral fit the combined integral

∫ 1

0.001
dx∆g(x,Q2) accounts

for over 90% of the full ∆G at Q2 = 10GeV2. Not sur-
prisingly, the main improvement in our new analysis is to
shrink the allowed area in the horizontal direction, corre-
sponding to the much better determination of ∆g(x) in
range 0.05 ≤ x ≤ 0.2 by the 2009 RHIC data. Evidently,
the uncertainty in the smaller-x range is still very signif-
icant, and better small-x probes are badly needed. Data
from the 2013 RHIC run at

√
s = 510GeV may help

here a bit. In the future, an Electron Ion Collider would
provide the missing information, thanks to its large kine-
matic reach in x and Q2 [19].

Conclusions and outlook.— We have presented a new
global analysis of helicity parton distributions, taking
into account new and updated experimental results. In
particular, we have investigated the impact of the new
data on ALL in jet and π0 production from RHIC’s 2009
run. For the first time, we find that the jet data clearly

imply a polarization of gluons in the proton at interme-
diate momentum scales, in the region of momentum frac-
tions accessible at RHIC. This constitutes a new ingre-
dient to our picture of the nucleon. While it is too early
to draw any reliable conclusions on the full gluon spin
contribution to the proton spin, our analysis clearly sug-
gests that gluons could contribute significantly after all.
This in turn also sheds a new light on the possible size of
orbital angular momenta of quarks and gluons. We hope
that future experimental studies, as well as lattice-QCD
computations that now appear feasible [20], will provide
further information on ∆g(x) and eventually clarify its
role for the proton spin. We plan to present a full new
global analysis with details on all polarized parton dis-
tributions once the 2009 RHIC data have become final
and additional information on the quark and antiquark
helicity distributions, in particular from final data on W
boson production at RHIC, has become available. Also,
on the theoretical side, a new study of pion and kaon
fragmentation functions should precede the next global
analysis of polarized parton distributions.
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Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]

1

2
=

1

2

Z 1

0
dx�⌃

�
x,Q2

�
+

Z 1

0
dx�g

�
x,Q2

�
+ L(Q2) , (2)

where 1
2�⌃(x,Q2) represents the quark helicity

contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P

q

⇥
Lq(Q2) + Lq̄(Q2)

⇤
+ Lg(Q2).

Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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Figure 10: Present knowledge of the evolution in x of
the structure function g1, based on the DSSV14 ex-
traction [19]. The dotted lines show the results for
alternative fits that are within the 90% C.L. limit.

The fraction of the spin from angular mo-
menta can be obtained by subtracting 1

2�⌃(Q2)
and �G(Q2) from the total spin of the proton, us-
ing the sum rule in Eq. 2. The right panel in Fig. 9

13

Initial condition at x0

Small-x 
helicity 
evolution

large uncertainties from 
the small-x region

Baldonado et al. (2025) 

All curves are defined by 
the same intercept
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g1(x,Q
2) →

( 1

x

)ωh

The uncertainties are 
driven by the initial 
conditions  TMD physics 
can provide appropriate 
initial condition at large-x 
for the small-x evolution 
matching with TMDPDFs

⇒

⇒



20

Initial conditions for the small-x evolution
q?
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<latexit sha1_base64="xM/AvgJi+KuoqTD9ytEwCBg+q+4=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0nEr2PRi8cKpi20oWy203bpZhN2J0IN/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omDjVHHwey1i3QmZACgU+CpTQSjSwKJTQDEe3U7/5CNqIWD3gOIEgYgMl+oIztJLfeQJk3XLFrboz0GXi5aRCctS75a9OL+ZpBAq5ZMa0PTfBIGMaBZcwKXVSAwnjIzaAtqWKRWCCbHbshJ5YpUf7sbalkM7U3xMZi4wZR6HtjBgOzaI3Ff/z2in2r4NMqCRFUHy+qJ9KijGdfk57QgNHObaEcS3srZQPmWYcbT4lG4K3+PIyaZxVvcvqxf15pXaTx1EkR+SYnBKPXJEauSN14hNOBHkmr+TNUc6L8+58zFsLTj5zSP7A+fwB676Oxg==</latexit>

⇣

<latexit sha1_base64="FQfguz1Q9O4EYjdQjkIgF8Tik18=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp/qbv9csVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwks/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvVq1drdeaV+lcdRhCM4hlPw4ALqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj2+/+413</latexit>

D1

<latexit sha1_base64="RFwcmGec6aJcJ2e3yHH3RHXH9eU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDzx42Z</latexit>

f1

<latexit sha1_base64="5d+/oklcOQ9tg7EmSSQNzmEOF+A=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoiUl0WddHuWmof0NQymU7boTNJmJkIJWTnxl9x40IRt/6CO//GSZuFVg9cOJxzL/fe4waMSmVZX0ZmaXlldS27ntvY3NreMXf3WtIPBSZN7DNfdFwkCaMeaSqqGOkEgiDuMtJ2J9eJ374nQlLfu1XTgPQ4Gnl0SDFSWuqbhw5HaowRiyrxXeQIDhvVm2ojLtRPHR6e9M28VbRmgH+JnZI8SFHrm5/OwMchJ57CDEnZta1A9SIkFMWMxDknlCRAeIJGpKuphziRvWj2RwyPtTKAQ1/o8hScqT8nIsSlnHJXdyZXy0UvEf/zuqEaXvYi6gWhIh6eLxqGDCofJqHAARUEKzbVBGFB9a0Qj5FAWOnocjoEe/Hlv6R1VrRLxVL9PF++SuPIggNwBArABhegDCqgBpoAgwfwBF7Aq/FoPBtvxvu8NWOkM/vgF4yPb7ZWmJE=</latexit>

H
SIDIS(Q,µ)

<latexit sha1_base64="T8vQ3rBQXOXCocuhejHi7xQCwS8=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxgnlgEsLspDcZMju7zMyKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqZ+8xGV5pG8N+MYuyEdSB5wRo2VHp7OyKjXiVHFvWLJLbszkGXiZaQEGWq94lenH7EkRGmYoFq3PTc23ZQqw5nASaGTaIwpG9EBti2VNETdTWcXT8iJVfokiJQtachM/T2R0lDrcejbzpCaoV70puJ/XjsxwVU35TJODEo2XxQkgpiITN8nfa6QGTG2hDLF7a2EDamizNiQCjYEb/HlZdI4L3uVcuXuolS9zuLIwxEcwyl4cAlVuIUa1IGBhGd4hTdHOy/Ou/Mxb8052cwh/IHz+QMPdZCK</latexit>

x, k→

<latexit sha1_base64="knYOmJ4UkPMVkpMrNjH/ngQFpLw=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxgnlgsoTZSScZMju7zMwKcclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8xGV5pG8N+MY/ZAOJO9zRo2VHp7OSK3biVHF3WLJLbszkGXiZaQEGWrd4lenF7EkRGmYoFq3PTc2fkqV4UzgpNBJNMaUjegA25ZKGqL209nFE3JilR7pR8qWNGSm/p5Iaaj1OAxsZ0jNUC96U/E/r52Y/pWfchknBiWbL+ongpiITN8nPa6QGTG2hDLF7a2EDamizNiQCjYEb/HlZdI4L3uVcuXuolS9zuLIwxEcwyl4cAlVuIUa1IGBhGd4hTdHOy/Ou/Mxb8052cwh/IHz+QPo8pBx</latexit>

z, P→

• Can we reconstruct initial 
conditions for the small-x 
evolution through matching with 
TMDPDFs extracted at large-x

<latexit sha1_base64="5zdFgxXCRnmGfq+JxpmjLfmGZv0="></latexit>

f̂a
1 (x, b

2
→;µf , ωf )

= [C → f1](x, b↑;µb→ , µ
2
b→) exp

{∫ µf

µb→

dµ

µ
ε(µ, ωf )

}( ωf
µ2
b→

)K(b→,µb→ )/2
f1NP(x, b

2
→; ωf , Q0)

• Currently in the TMD phenomenology the TMDPDFs are reconstructed through the matching with 
the collinear PDFs:

TMD distribution for the small   regionq⊥

CSS evolutionCollinear PDFs with DGLAP 
logarithms

Phenomenological function 
encompassing all-collinear twist 

content of the distribution

• We need to extract TMD in a way that is consistent with the small-x evolution

• Lattice calculations of 
quasi-TMDPDFs 

<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="cyT0vERa6EBsVy4RNqXaAiWwAVk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5id9CZDZmeHmVkhhHyEFw+KePV7vPk3TpI9aLSgoajqprsrUoIb6/tfXmFtfWNzq7hd2tnd2z8oHx61TJpphk2WilR3ImpQcIlNy63AjtJIk0hgOxrfzv32I2rDU/lgJwrDhA4ljzmj1kntqN9TqFW/XPGr/gLkLwlyUoEcjX75szdIWZagtExQY7qBr2w4pdpyJnBW6mUGFWVjOsSuo5ImaMLp4twZOXPKgMSpdiUtWag/J6Y0MWaSRK4zoXZkVr25+J/XzWx8HU65VJlFyZaL4kwQm5L572TANTIrJo5Qprm7lbAR1ZRZl1DJhRCsvvyXtC6qQa1au7+s1G/yOIpwAqdwDgFcQR3uoAFNYDCGJ3iBV095z96b975sLXj5zDH8gvfxDWMfj58=</latexit>

b?

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

Collins (2011)
TMD Handbook (2024)
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High-energy rapidity 
factorization

set of operators: 
dipole operators

set of operators: 
TMD operators

TMD factorization

set of operators: 
collinear operators

Collinear factorization

matching matching

• We want to understand how different factorization 
schemes are related to each other

<latexit sha1_base64="ejqkRSD+OXyaL7E4FDevxx+mqH0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPsZJIMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zSeujYjUA45j7od0oERfMIpWuh89nnWLJbfszkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv0rPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpnJe9Srlyd1GqXmdx5OEIjuEUPLiEKtxCDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MH8MiNlw==</latexit>

k+

<latexit sha1_base64="gm7hKIOut+8MBJOeG3G8I2lFlOU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3Uz95hPXRkTqAccx90M6UKIvGEUr3Y8ez7rFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6VnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0zstepVy5uyhVr7M48nAEx3AKHlxCFW6hBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kD89CNmQ==</latexit>

k→

<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>ω

<latexit sha1_base64="n/rgjP1iLKjPqI/4lEmhaNafpBI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cK9gOaWDbbTbp0dxN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemHKmjet+Oyura+sbm6Wt8vbO7t5+5eCwrZNMEdoiCU9UN8SaciZpyzDDaTdVFIuQ0044up36nSeqNEvkgxmnNBA4lixiBBsr+aPHcz+Ofc1igfuVqltzZ0DLxCtIFQo0+5Uvf5CQTFBpCMda9zw3NUGOlWGE00nZzzRNMRnhmPYslVhQHeSzmyfo1CoDFCXKljRopv6eyLHQeixC2ymwGepFbyr+5/UyE10HOZNpZqgk80VRxpFJ0DQANGCKEsPHlmCimL0VkSFWmBgbU9mG4C2+vEzaFzWvXqvfX1YbN0UcJTiGEzgDD66gAXfQhBYQSOEZXuHNyZwX5935mLeuOMXMEfyB8/kDyFSRig==</latexit>

k→ → ω

<latexit sha1_base64="HlIz3teZjxjhmUFXejWFZt8Dpo4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvVY9OKxgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3M7zxRpVksH8wkoYHAQ8kiRrCxkj9+vPA59zUbCtwvV9yqOwdaJV5OKpCj2S9/+YOYpIJKQzjWuue5iQkyrAwjnE5LfqppgskYD2nPUokF1UE2v3mKzqwyQFGsbEmD5urviQwLrScitJ0Cm5Fe9mbif14vNdF1kDGZpIZKslgUpRyZGM0CQAOmKDF8YgkmitlbERlhhYmxMZVsCN7yy6ukfVn16tX6fa3SuMnjKMIJnMI5eHAFDbiDJrSAQALP8ApvTuq8OO/Ox6K14OQzx/AHzucP172RlA==</latexit>

k→ → ω

Separation of modes 
in the high-energy 
rapidity factorization

Separation of modes in the 
TMD factorization<latexit sha1_base64="aCPgLDuRc65hKHCT+gKGvOzFVpw=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4McyI2zHoxWNEs0Ayhp5OT9Kkp2forhHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJFIYdN1vJ7e0vLK6ll8vbGxube8Ud/fqJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHFtRKwecJhwP6I9JULBKFrpfvB40imW3LI7AVkk3oyUYIZqp/jV7sYsjbhCJqkxLc9N0M+oRsEkHxXaqeEJZQPa4y1LFY248bPJqSNyZJUuCWNtSyGZqL8nMhoZM4wC2xlR7Jt5byz+57VSDK/8TKgkRa7YdFGYSoIxGf9NukJzhnJoCWVa2FsJ61NNGdp0CjYEb/7lRVI/LXsX5fO7s1LlehZHHg7gEI7Bg0uowC1UoQYMevAMr/DmSOfFeXc+pq05ZzazD3/gfP4A836NmA==</latexit>

k�

<latexit sha1_base64="b2TuNOEnZy2e2IvSWvXVj1wGQUg=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiAIQpgRt2PQi8eIZoFkDD2dnqRJT8/QXSOEIZ/gxYMiXv0ib/6NneWgiQ8KHu9VUVUvSKQw6LrfTm5peWV1Lb9e2Njc2t4p7u7VTZxqxmsslrFuBtRwKRSvoUDJm4nmNAokbwSDm7HfeOLaiFg94DDhfkR7SoSCUbTS/eDxpFMsuWV3ArJIvBkpwQzVTvGr3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTU0fkyCpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF75mVBJilyx6aIwlQRjMv6bdIXmDOXQEsq0sLcS1qeaMrTpFGwI3vzLi6R+WvYuyud3Z6XK9SyOPBzAIRyDB5dQgVuoQg0Y9OAZXuHNkc6L8+58TFtzzmxmH/7A+fwB8HaNlg==</latexit>

k+

<latexit sha1_base64="OfQFGPcvzk6cVUgF8m17FCriagU=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzJTfG2EohuXFZy20BmHTJppQ5OZkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4Oedecu+JBKNKO863tbC4tLyyWlorr29sbm3bO7tNlWYSEw+nLJXtCCnCaEI8TTUjbSEJ4hEjrWhwPfZbD0QqmiZ3eihIwFEvoTHFSBsptPcH97XQF0QKeAl9nplX7jVHoV1xqs4EcJ64BamAAo3Q/vK7Kc44STRmSKmO6wgd5EhqihkZlf1MEYHwAPVIx9AEcaKCfLL/CB4ZpQvjVJpKNJyovydyxJUa8sh0cqT7atYbi/95nUzHF0FOE5FpkuDpR3HGoE7hOAzYpZJgzYaGICyp2RXiPpIIaxNZ2YTgzp48T5q1qntWPb09qdSvijhK4AAcgmPggnNQBzegATyAwSN4Bq/gzXqyXqx362PaumAVM3vgD6zPH7sPlUs=</latexit>

k2? = µ2
UV

<latexit sha1_base64="k11aXVxtue3ceF+8Q+UD3RSospI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRmWa0BZRXOlOhA3lTNKWZZbTTqopFhGn7Wh0m/vtJ6oNU/LBjlMaCjyULGYE21zq6UT1qzW/7s+AlklQkBoUaParX72BIpmg0hKOjekGfmrDCdaWEU6nlV5maIrJCA9p11GJBTXhZHbrFJ04ZYBipV1Ji2bq74kJFsaMReQ6BbaJWfRy8T+vm9n4OpwwmWaWSjJfFGccWYXyx9GAaUosHzuCiWbuVkQSrDGxLp6KCyFYfHmZPJ7Vg8v6xf15rXFTxFGGIziGUwjgChpwB01oAYEEnuEV3jzhvXjv3se8teQVM4fwB97nDyLsjlE=</latexit>⇢

<latexit sha1_base64="k11aXVxtue3ceF+8Q+UD3RSospI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRmWa0BZRXOlOhA3lTNKWZZbTTqopFhGn7Wh0m/vtJ6oNU/LBjlMaCjyULGYE21zq6UT1qzW/7s+AlklQkBoUaParX72BIpmg0hKOjekGfmrDCdaWEU6nlV5maIrJCA9p11GJBTXhZHbrFJ04ZYBipV1Ji2bq74kJFsaMReQ6BbaJWfRy8T+vm9n4OpwwmWaWSjJfFGccWYXyx9GAaUosHzuCiWbuVkQSrDGxLp6KCyFYfHmZPJ7Vg8v6xf15rXFTxFGGIziGUwjgChpwB01oAYEEnuEV3jzhvXjv3se8teQVM4fwB97nDyLsjlE=</latexit>⇢

<latexit sha1_base64="UsYEsTGUtik7mjDWgUx3oZir6Vs=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzJTfG2EohvdVbEP6IxDJs20oclMSDJCGbvwV9y4UMStv+HOvzFtZ6GtBy6cnHMvufeEglGlHefbmptfWFxaLqwUV9fWNzbtre2GSlKJSR0nLJGtECnCaEzqmmpGWkISxENGmmH/cuQ3H4hUNInv9EAQn6NuTCOKkTZSYO/27yuBJ4gU8Bx6PDWv7Pp2GNglp+yMAWeJm5MSyFEL7C+vk+CUk1hjhpRqu47QfoakppiRYdFLFREI91GXtA2NESfKz8b7D+GBUTowSqSpWMOx+nsiQ1ypAQ9NJ0e6p6a9kfif1051dOZnNBapJjGefBSlDOoEjsKAHSoJ1mxgCMKSml0h7iGJsDaRFU0I7vTJs6RRKbsn5eObo1L1Io+jAPbAPjgELjgFVXAFaqAOMHgEz+AVvFlP1ov1bn1MWuesfGYH/IH1+QOis5U7</latexit>

k2? = µ2
IR

<latexit sha1_base64="xM/AvgJi+KuoqTD9ytEwCBg+q+4=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0nEr2PRi8cKpi20oWy203bpZhN2J0IN/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omDjVHHwey1i3QmZACgU+CpTQSjSwKJTQDEe3U7/5CNqIWD3gOIEgYgMl+oIztJLfeQJk3XLFrboz0GXi5aRCctS75a9OL+ZpBAq5ZMa0PTfBIGMaBZcwKXVSAwnjIzaAtqWKRWCCbHbshJ5YpUf7sbalkM7U3xMZi4wZR6HtjBgOzaI3Ff/z2in2r4NMqCRFUHy+qJ9KijGdfk57QgNHObaEcS3srZQPmWYcbT4lG4K3+PIyaZxVvcvqxf15pXaTx1EkR+SYnBKPXJEauSN14hNOBHkmr+TNUc6L8+58zFsLTj5zSP7A+fwB676Oxg==</latexit>

⇣

• The set of operators in only 
defined within a particular 
factorization scheme 
Mukherjee, Skokov, Tarasov, Tiwari (2023)
Duan, Kovner, Lublinsky (2024)
Caucal, Iancu (2024)



<latexit sha1_base64="CDivuv+Gryivh7MqSXMFKdDUKQ8=">AAAB7nicbVDJSgNBEK1xjXGLevTSGARBCDPidgzx4jGCWSAZQ0+nJ2nS0zN014hhyEd48aCIV7/Hm39jZzlo4oOCx3tVVNULEikMuu63s7S8srq2ntvIb25t7+wW9vbrJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHJtRKzucZhwP6I9JULBKFqp8dSpkOrDaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8m547IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw76QrNGcqhJZRpYW8lrE81ZWgTytsQvPmXF0n9rORdli7uzovlyiyOHBzCEZyAB1dQhluoQg0YDOAZXuHNSZwX5935mLYuObOZA/gD5/MHO6SO3A==</latexit>

xBP
+

<latexit sha1_base64="5F3jRLCn16NYRSY84MEmEv9ekHw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOafrejUKtuueJX/RnIMglyUoEc9W75q9NLWZagtExQY9qBr2w4ptpyJnBS6mQGFWVD2se2o5ImaMLx7NwJOXFKj8SpdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8HY65VJlFyeaL4kwQm5Lp76THNTIrRo5Qprm7lbAB1ZRZl1DJhRAsvrxMHs+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMEQnuEV3jzlvXjv3se8teDlM4fwB97nDxXZj2w=</latexit>

0?

<latexit sha1_base64="wGKArQJVX3ERuBUc3NGWPcCxP7g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOaUbejUKtuueJX/RnIMglyUoEc9W75q9NLWZagtExQY9qBr2w4ptpyJnBS6mQGFWVD2se2o5ImaMLx7NwJOXFKj8SpdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8HY65VJlFyeaL4kwQm5Lp76THNTIrRo5Qprm7lbAB1ZRZl1DJhRAsvrxMHs+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMEQnuEV3jzlvXjv3se8teDlM4fwB97nD2LNj54=</latexit>

b?

<latexit sha1_base64="CDivuv+Gryivh7MqSXMFKdDUKQ8=">AAAB7nicbVDJSgNBEK1xjXGLevTSGARBCDPidgzx4jGCWSAZQ0+nJ2nS0zN014hhyEd48aCIV7/Hm39jZzlo4oOCx3tVVNULEikMuu63s7S8srq2ntvIb25t7+wW9vbrJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHJtRKzucZhwP6I9JULBKFqp8dSpkOrDaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8m547IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw76QrNGcqhJZRpYW8lrE81ZWgTytsQvPmXF0n9rORdli7uzovlyiyOHBzCEZyAB1dQhluoQg0YDOAZXuHNSZwX5935mLYuObOZA/gD5/MHO6SO3A==</latexit>

xBP
+

<latexit sha1_base64="qNO/TrR5G8HVqnx3y8X5AZoBync=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOaqttRqFW3XPGr/gxkmQQ5qUCOerf81emlLEtQWiaoMe3AVzYcU205EzgpdTKDirIh7WPbUUkTNOF4du6EnDilR+JUu5KWzNTfE2OaGDNKIteZUDswi95U/M9rZza+DsdcqsyiZPNFcSaITcn0d9LjGpkVI0co09zdStiAasqsS6jkQggWX14mj2fV4LJ6cX9eqd3kcRThCI7hFAK4ghrcQR0awGAIz/AKb57yXrx372PeWvDymUP4A+/zB3hZj6w=</latexit>p? <latexit sha1_base64="Ty43vnDNZR8eKm0Fcu3r3NUStgs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF2y2Sy7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvlJxp43nfTmlldW19o7xZ2dre2d2r7h886jRTFFs05anqhEQjZwJbhhmOHamQJCHHdhjfTv32EyrNUvFgxhKDhAwFixglxkrtuN+TqGS/WvPq3gzuMvELUoMCzX71qzdIaZagMJQTrbu+J02QE2UY5Tip9DKNktCYDLFrqSAJ6iCfnTtxT6wycKNU2RLGnam/J3KSaD1OQtuZEDPSi95U/M/rZia6DnImZGZQ0PmiKOOuSd3p7+6AKaSGjy0hVDF7q0tHRBFqbEIVG4K/+PIyeTyr+5f1i/vzWuOmiKMMR3AMp+DDFTTgDprQAgoxPMMrvDnSeXHenY95a8kpZg7hD5zPH3Cnj6c=</latexit>

k?
<latexit sha1_base64="PeCZG68bswfsTfg1ZEr3FW2efaA=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2AR3FhmxNuy6MZlBXuBdhgyaaYNzWRCklFK7aO4caGIW5/EnW9j2s5CW38IfPznHM7JH0nOtPG8b2dpeWV1bb2wUdzc2t7ZdUt7DZ1mitA6SXmqWhHWlDNB64YZTltSUZxEnDajwc2k3nygSrNU3JuhpEGCe4LFjGBjrdAtDcKOpEqiEyRnFLplr+JNhRbBz6EMuWqh+9XppiRLqDCEY63bvidNMMLKMMLpuNjJNJWYDHCPti0KnFAdjKanj9GRdbooTpV9wqCp+3tihBOth0lkOxNs+nq+NjH/q7UzE18FIyZkZqggs0VxxpFJ0SQH1GWKEsOHFjBRzN6KSB8rTIxNq2hD8Oe/vAiN04p/UTm/OytXr/M4CnAAh3AMPlxCFW6hBnUg8AjP8ApvzpPz4rw7H7PWJSef2Yc/cj5/AIb6k4s=</latexit>

k? � p?

<latexit sha1_base64="UdLwgU6k/qOjEklxUrDE12Fd3iE=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaUY8ELx4xkQ8DK+mWLjS03bXtmpANv8KLB43x6s/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsYXU/91hNVmkXyzoxj6gs8kCxkBBsr3dce0q4S6HHSK5bcsjsDWiZeRkqQod4rfnX7EUkElYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUslFlT76ezgCTqxSh+FkbIlDZqpvydSLLQei8B2CmyGetGbiv95ncSEV37KZJwYKsl8UZhwZCI0/R71maLE8LElmChmb0VkiBUmxmZUsCF4iy8vk+ZZ2bsoV27PS9VaFkcejuAYTsGDS6jCDdShAQQEPMMrvDnKeXHenY95a87JZg7hD5zPH4vrkEI=</latexit>

Bq

<latexit sha1_base64="6AwsLHNdlA/ffKlEAxVGSVHhjeo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF48RzAOTNcxOZpMhM7PLzKwQlvyFFw+KePVvvPk3ziZ70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsn89hNVmkXy3kxi6gs8lCxkBBsrPdQf054SKBhO++WKW3VnQMvEy0kFcjT65a/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP51dPEUnVhmgMFK2pEEz9fdEioXWExHYToHNSC96mfif101MeO2nTMaJoZLMF4UJRyZC2ftowBQlhk8swUQxeysiI6wwMTakkg3BW3x5mbTOqt5l9eLuvFKr53EU4QiO4RQ8uIIa3EIDmkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AE5fpCk</latexit>

Bbg

<latexit sha1_base64="6AwsLHNdlA/ffKlEAxVGSVHhjeo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF48RzAOTNcxOZpMhM7PLzKwQlvyFFw+KePVvvPk3ziZ70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsn89hNVmkXy3kxi6gs8lCxkBBsrPdQf054SKBhO++WKW3VnQMvEy0kFcjT65a/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP51dPEUnVhmgMFK2pEEz9fdEioXWExHYToHNSC96mfif101MeO2nTMaJoZLMF4UJRyZC2ftowBQlhk8swUQxeysiI6wwMTakkg3BW3x5mbTOqt5l9eLuvFKr53EU4QiO4RQ8uIIa3EIDmkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AE5fpCk</latexit>

Bbg

<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a
<latexit sha1_base64="adOIQCTI0OqwoYiop2oX+Oy/oE0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVg16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDyCGM8A==</latexit>

b <latexit sha1_base64="CpuGTudZT3v+ouFHRmGxxqyJ/Cc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVWa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwByaWM8Q==</latexit>c

<latexit sha1_base64="pbrTBi+I5TdMb2KRSYVNYXSeyj4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnZ3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KUsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8m/qtJ1SaJ/LBjFL0Y9qXPOKMGivVw16p7FbcGcgy8XJShhy1XumrGyYsi1EaJqjWHc9NjT+mynAmcFLsZhpTyoa0jx1LJY1R++PZoRNyapWQRImyJQ2Zqb8nxjTWehQHtjOmZqAXvan4n9fJTHTjj7lMM4OSzRdFmSAmIdOvScgVMiNGllCmuL2VsAFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHyymM8g==</latexit>

d
<latexit sha1_base64="a0LNiNj9XuoHPJay2BWGHqBh+mg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVsVcquxV3BrJMvJyUIUetV/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dEJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCW/8jMskNSjZfFGYCmJiMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMEJ7hFd6cR+fFeXc+5q0rTj5zBH/gfP4AzK2M8w==</latexit>e

<latexit sha1_base64="XfwCK5zZDdPU0ydowFOpTzy/11w=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzjGM9A==</latexit>

f

Virtual diagrams for the gluon TMD operator

The result doesn’t depend 
on the value of x

<latexit sha1_base64="V3yVCHXHzRq9hLhnvKDZOscYJgY="></latexit>
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logarithmic dependence on ; “virtual” 
part of the BFKL evolution kernel

ρ

• Virtual emission in the gluon TMDPDFs

• The gluon TMDPDFs at large  contain 
logarithms of the BFKL type!


• Deep relation between the small-x 
formalism and the TMD factorization 
approach

xB

<latexit sha1_base64="aCPgLDuRc65hKHCT+gKGvOzFVpw=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4McyI2zHoxWNEs0Ayhp5OT9Kkp2forhHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJFIYdN1vJ7e0vLK6ll8vbGxube8Ud/fqJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHFtRKwecJhwP6I9JULBKFrpfvB40imW3LI7AVkk3oyUYIZqp/jV7sYsjbhCJqkxLc9N0M+oRsEkHxXaqeEJZQPa4y1LFY248bPJqSNyZJUuCWNtSyGZqL8nMhoZM4wC2xlR7Jt5byz+57VSDK/8TKgkRa7YdFGYSoIxGf9NukJzhnJoCWVa2FsJ61NNGdp0CjYEb/7lRVI/LXsX5fO7s1LlehZHHg7gEI7Bg0uowC1UoQYMevAMr/DmSOfFeXc+pq05ZzazD3/gfP4A836NmA==</latexit>

k�

<latexit sha1_base64="b2TuNOEnZy2e2IvSWvXVj1wGQUg=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiAIQpgRt2PQi8eIZoFkDD2dnqRJT8/QXSOEIZ/gxYMiXv0ib/6NneWgiQ8KHu9VUVUvSKQw6LrfTm5peWV1Lb9e2Njc2t4p7u7VTZxqxmsslrFuBtRwKRSvoUDJm4nmNAokbwSDm7HfeOLaiFg94DDhfkR7SoSCUbTS/eDxpFMsuWV3ArJIvBkpwQzVTvGr3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTU0fkyCpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF75mVBJilyx6aIwlQRjMv6bdIXmDOXQEsq0sLcS1qeaMrTpFGwI3vzLi6R+WvYuyud3Z6XK9SyOPBzAIRyDB5dQgVuoQg0Y9OAZXuHNkc6L8+58TFtzzmxmH/7A+fwB8HaNlg==</latexit>

k+

<latexit sha1_base64="OfQFGPcvzk6cVUgF8m17FCriagU=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzJTfG2EohuXFZy20BmHTJppQ5OZkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4Oedecu+JBKNKO863tbC4tLyyWlorr29sbm3bO7tNlWYSEw+nLJXtCCnCaEI8TTUjbSEJ4hEjrWhwPfZbD0QqmiZ3eihIwFEvoTHFSBsptPcH97XQF0QKeAl9nplX7jVHoV1xqs4EcJ64BamAAo3Q/vK7Kc44STRmSKmO6wgd5EhqihkZlf1MEYHwAPVIx9AEcaKCfLL/CB4ZpQvjVJpKNJyovydyxJUa8sh0cqT7atYbi/95nUzHF0FOE5FpkuDpR3HGoE7hOAzYpZJgzYaGICyp2RXiPpIIaxNZ2YTgzp48T5q1qntWPb09qdSvijhK4AAcgmPggnNQBzegATyAwSN4Bq/gzXqyXqx362PaumAVM3vgD6zPH7sPlUs=</latexit>

k2? = µ2
UV
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Small-x physics at EIC: calculation of NLO corrections
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dω = LO+NLO+ SubEik

Caucal, Salazar, Schenke, Stebel, Venugopalan (2023)

2.1.1 Leading order cross-section in the CGC EFT

As discussed at length in previous work [32, 37, 81, 88], weak coupling computations in the

CGC EFT can be performed using standard Feynman diagrams techniques in the light cone

gauge A
� = 0, supplemented by dressed vertices corresponding to the coherent multiple

scattering of a quark or a gluon inside the classical (over occupied) gauge fields of the

target. These vertices are denoted, respectively, by cross and bullet symbols in Fig. 1 and

Fig. 2.

�
⇤

k1

k2

LO

q

Figure 1. Leading order contribution to the amplitude for dijet production. The cross symbol
on the quark and antiquark legs refers to the CGC quark e↵ective vertex. The four-momenta of
the quark and antiquark read k1 =

�
k2
1?/(2z1q

�), z1q
�

,k1?
�

and k2 =
�
k2
2?/(2z2q

�), z2q
�

,k2?
�

respectively.

For the leading order production of a quark-antiquark pair in DIS at small xBj, the only

relevant Feynman diagram is the one shown in Fig. 1. After evaluating and squaring the

Feynman amplitude associated with diagram 1, the fully di↵erential leading order cross-

section for inclusive production of two jets in the CGC can be written in the compact

form2

d�
�⇤
�+A!qq̄+X

d2k1?d2k2?d⌘1d⌘2

����
LO

=
↵eme

2

fNc�
(2)

z

(2⇡)6

Z
d8X?e

�ik1?·rxx0e�ik2?·ryy0

⇥ ⌅LO(x?,y?;x0
?,y0

?)R�
LO(rxy, rx0y0) . (2.5)

In this expression, e
2

f is the sum of the squares of the light quark fractional charges, and

�
(2)

z = �(1 � z1 � z2) is an overall longitudinal momentum conserving delta function. The

di↵erential measure d8X? comes from the transverse coordinate integration contained in

the CGC vertices and reads

d8X? = d2x?d2x0
?d2y?d2y0

? , (2.6)

with x? (y?) the transverse coordinate at which the quark (antiquark) crosses the shock-

wave in the amplitude (and similarly with prime coordinates for the complex conjugate

2For a detailed derivation see e.g. Sec. 2 in [37].
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�
⇤
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⇤

R2

�
⇤

SE1

�
⇤

SE2

�
⇤

SE3

�
⇤

V1

�
⇤

V2

�
⇤

V3

Figure 2. Feynman diagrams that contribute to the inclusive dijet cross-section at NLO. Top:
Real gluon emission diagrams. Middle: Self energy diagrams. Bottom: Vertex correction diagrams.
Diagrams obtained from q $ q̄ interchange are not shown, and will be labeled with an additional
prime index. (For example, R2 ! R0

2.) Only diagrams in which the gluon does not scatter o↵ the
shockwave (represented by the red band) contribute to the Sudakov double and single logarithms.

In [1], we computed the back-to-back limit of our NLO results in [37] and expressed

the results in terms of the moments of the azimuthal angle � between between P? and q?.

For the zeroth moment of the distribution (the angle averaged cross-section), we obtained

the result (up to terms of order O(R2)),

d�
(0),�=L = ↵em↵se

2

f�
(2)

z H0,�=L

LO
(P?)

Z
d2rbb0

(2⇡)4
e
�iq?·rbb0 Ĝ0

Yf
(rbb0)S(P 2

?, r2bb0)

⇥
⇢

1 +
↵sCF

⇡


3

2
ln(c20) � 3 ln(R) +

1

2
ln2

✓
z1

z2

◆
+

17

2
� 5⇡

2

6

�

+
↵sNc

2⇡

"
ln

 
z
2

f

z1z2

!
ln(c20) � ln2

 
Q

2

fc
2
0

P 2

?

!#

+
↵sNc

2⇡

"
1

2
ln

 
z1z2

z2f

!
� 3CF

2Nc

#
H�=L,ii

NLO,1(P?)

2H0,�=L

LO
(P?)

� ↵s

2⇡Nc

H�=L,ii
NLO,2(P?)

2H0,�=L

LO
(P?)

)

+ ↵em↵se
2

f�
(2)

z H0,�=L

LO
(P?)

Z
d2rbb0

(2⇡)4
e
�iq?·rbb0 ĥ0

Yf
(rbb0)S(P 2

?, r2bb0)

⇥ ↵sNc

2⇡

⇢
1 +

2CF

Nc
ln(R2) � 1

N2
c

ln(z1z2)

�

+ d�
(0),�=L

other
. (2.33)
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Figure 7. Elliptic (left panel) and quadrangular (right panel) anisotropies as a function of q?.
Black line represents the leading order result. Blue line includes the contributions to the NLO
impact factor from Sudakov logarithms. Red curve is the full LO+NLO (Sudakov times coe�cient
function) result.

Next we study the elliptic and quadrangular anisotropies as a function of the mo-

mentum imbalance q? in Fig. 7. At LO, as seen from Eq. (2.30), the elliptic anisotropy

is proportional to the ratio between linearly polarized to unpolarized gluons which grows

with q?. The Sudakov factor significantly decreases the elliptic anisotropy. This e↵ect is

nontrivial since v2 is defined as a ratio and one expects therefore a partial cancellation

of the Sudakov suppression. However the unpolarized and linearly polarized WW gluon

TMDs are not identical and thus the Sudakov factor a↵ects them di↵erently. On the other

hand, the e↵ect of the NLO coe�cient function is to enhance the elliptic anisotropy, as

it now acquires a contribution from unpolarized gluons. This can be seen from the last

two lines of Eq. (5.38) and physically corresponds to the e↵ect of soft gluon emissions that

are near to but yet outside the jet cone. These emissions tend to preferentially align the

imbalance q? parallel (or anti-parallel) to the transverse jet direction P? [80] (see also

[121] for the case of lepton-jet correlations). The NLO finite pieces also produce a small

quadrangular anisotropy (5.40) which is completely absent in the leading order and in the

LO + “Sudakov only” result.
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 correctionsαs

leading order (LO) 
contribution to the 
dijet production

NLO corrections in 
the shock-wave 
picture of scattering

Balitsky, Chirilli, 2008; Caron-Huot, Herranen, 2016; Chirilli, Xiao, Yuan, 2012; 
Boussarie, Grabovsky, Ivanov, Szymanowski, Wallon 2016; Iancu, Mulian 2021,
Kovchegov, Weigert 2007; Kovner, Lublinsky, Zhao (2024)

Precision small-x 
physics at EIC

Still many open questions: different schemes 
of resummation of DGLAP and Sudakov logs, 
instability of solutions

• Understanding the matching between different 
factorization schemes is crucial for the NLO 
calculations at small-x which are sensitive to 
contribution of the collinear and Sudakov logarithms 

+ NLO evolution, 
running coupling 
corrections



Extension of the MV model
• The MV model provides a semi-classical 

solution for the dipole amplitudes  
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Acl
+ = Acl

→ = 0

shock-wave 
structure

• MV model for the background field 
(shock-wave)
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+, x→, x↑) → ωÃ→(ω

→1x+,ωx→, x↑)
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→1x+,ωx→, x↑)
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A+(x
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FIG. 2. Elliptic anisotropy of inclusive dijet cross sections for proton (upper), and gold (lower). Solid lines: full multiparticle
correlator result. Dashed lines: correlation limit approximation. Panels on the left show a vertical section of the contour plots
at fixed |�| = 1GeV. We emphasize the appearance of distinct minima in the v2T , which are not captured by the correlation
limit approximation.

and

v�
⇤A!qq̄X
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dy1dy2d2Pd2�

R
d✓P
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d✓�
2⇡

d��⇤A!qq̄X
L/T

dy1dy2d2Pd2�

. (12)

We study proton and gold targets and in the inclusive
case compare to the correlation limit approximation. Ad-
ditionally, we predict the ratio of di↵ractive to inclusive
events as a function of dijet momentum for di↵erent tar-
gets and Q2. All results are for fixed z1 = z2 = 0.5.

Inclusive dijets. In Fig. 1 we present results for the
angle averaged cross section Eq. (11) for proton (upper
panels) and gold (lower panels). The panels on the left
show the |P | dependence for fixed |�| = 1GeV, the con-
tour plots (center and right) show the dependence on
|P | and |�| for longitudinally and transversely polarized
photons.

We compare the cross sections using the full multi-
particle correlators Eqs. (1) and (2) (solid lines) and the
correlation limit approximation Eqs. (13) and (14) in the
appendix (dashed lines). The former are valid for any
value of �, while the latter are expected to be valid only

for |P | � |�|. The expected agreement between the cor-
relation limit and the more general result at |P | � |�|

is clearly confirmed in all cases. Deviations from the
correlation limit become large when extrapolated to the
regime |�| > |P |.
Importantly, we observe significant deviations from the

correlation limit at |�| < |P | < 1.5 GeV for the gold
target, and much milder deviations for the proton. This
di↵erence is explained by saturation e↵ects: The cross
sections beyond the correlation limit approximation re-
ceive genuine saturation corrections of order Q2

s/|P |
2

and Q2
s/Q

2, in addition to kinematic corrections of order
|�|

2/|P |
2 [20, 21]. This observation demonstrates that

inclusive dijet production in e+A collisions at a future
EIC can provide direct access to gluon saturation.
In Fig. 2 we present the elliptic modulation of the cross

section in the angle between P and � for proton (upper
panels) and gold (lower panels) targets. Again, the cor-
relation limit approximation provides a good estimate
in the region |P | � |�|, and deviations become large
for |�| & |P |. We predict a minimum v2T ⇠ �30%
for proton targets in the range |P | ⇠ |�| ⇠ 1.8GeV,
and v2T ⇠ �20% for gold for |P | ⇠ |�| ⇠ 2.2GeV.
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• In many problems 
more complicated 
operators appear

• Can we calculate more complicated operators, e.g. with 
subeikonal effects etc.  extension of the MV model⇒

• The general model should satisfy 
the high-energy scaling ( )λ → ∞

Mantysaari, Mueller, 
Salazar, Schenke (2020) 

Verlinde, Verlinde (1993) 

Li (2025), Kovchegov, Cougoulic (2020) 

• MV doesn’t work for 
sub-eikonal and spin



Sphaleron transitions in DIS structure 
functions at small-x

1.2.2 The Nucleus, a QCD Laboratory

The nucleus is a QCD “molecule”, with a complex structure corresponding to bound states
of nucleons. Understanding the formation of nuclei in QCD is an ultimate long-term goal of
nuclear physics. With its wide kinematic reach, as shown in Fig. 1.5 (Left), the capability
to probe a variety of nuclei in both inclusive and semi-inclusive DIS measurements, the
EIC will be the first experimental facility capable of exploring the internal 3-dimensional
sea quark and gluon structure of a fast-moving nucleus. Furthermore, the nucleus itself is
an unprecedented QCD laboratory for discovering the collective behavior of gluonic matter
at an unprecedented occupation number of gluons, and for studying the propagation of
fast-moving color charges in a nuclear medium.
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Figure 1.5: Left: The range in the square of the transferred momentum by the electron to the
nucleus, Q2, versus the parton momentum fraction x accessible to the EIC in e-A collisions at
two di↵erent center-of-mass energies, compared with the existing data. Right: The schematic
probe resolution vs. energy landscape, indicating regions of non-perturbative and perturbative
QCD, including in the latter, low to high saturated parton density, and the transition region
between them.

QCD at Extreme Parton Densities
In QCD, the large soft-gluon density enables
the non-linear process of gluon-gluon recom-
bination to limit the density growth. Such a
QCD self-regulation mechanism necessarily
generates a dynamic scale from the interac-
tion of high density massless gluons, known
as the saturation scale, Qs, at which gluon
splitting and recombination reach a balance.
At this scale, the density of gluons is ex-
pected to saturate, producing new and uni-
versal properties of hadronic matter. The
saturation scale Qs separates the condensed
and saturated soft gluonic matter from the
dilute, but confined, quarks and gluons in a
hadron, as shown in Fig. 1.5 (Right).

The existence of such a state of satu-
rated, soft gluon matter, often referred to as
the Color Glass Condensate (CGC), is a di-
rect consequence of gluon self-interactions in
QCD. It has been conjectured that the CGC
of QCD has universal properties common to
nucleons and all nuclei, which could be sys-
tematically computed if the dynamic satu-
ration scale Qs is su�ciently large. How-
ever, such a semi-hard Qs is di�cult to
reach unambiguously in electron-proton scat-
tering without a multi-TeV proton beam.
Heavy ion beams at the EIC could provide
precocious access to the saturation regime
and the properties of the CGC because the
virtual photon in forward lepton scattering

7

While at large  the gluon field is dominated by the instanton configurations, at 
small  the CGC background ( ) can induce over-the-barrier transitions. 
Over-the-barrier sphaleron transitions between different topological sectors of the 
QCD vacuum  can be detected in DIS at small x

xB
xB Q2

s > m2
η′￼

⇒

The sphaleron-like transitions induced by interactions with the small-x background 
fields introduce a “drag force” on  “axion” propagation proportional to sphaleron 
transition rate:

η̄
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A. ⌃(Q2) and the anomalous Goldberger-Treiman relation

We begin by examining closely how the cancellation of the infrared pole in the matrix element of the axial vector
current occurs. Our starting point is the general decomposition of the o↵-forward matrix element of the flavor singlet
axial vector current17; we will eventually take the forward limit. Introducing the spinor u(P, S) for the nucleon
target of mass MN with momentum P and spin S, we can write the matrix element of Jµ

5
in terms of the axial and

pseudoscalar form factors GA and GP defining the coupling of the current to the target at finite momentum transfer
as

hP 0, S|Jµ
5
|P, Si = ū(P 0, S)

h
�µ�5GA(l2) + lµ�5GP (l2)

i
u(P, S) . (40)

Here lµ = P 0µ � Pµ is the momentum transfer between the outgoing and incoming nucleon.
Fig. 2 shows the contributions to the form factors GA and GP and we will discuss each of these at length. We

first note that the diagrams in Figs. 2a and 2b representing the coupling of the isosinglet axial vector current to the
nucleon target are fully analogous to similar diagrams representing the couplings of the non-anomalous axial currents
to the nucleon. In contrast, the diagrams in Figs. 2c and 2d are generated by the triangle anomaly.

a b c d

FIG. 2. Diagrams representing the coupling of the axial vector current Jµ
5 to the nucleon target. See text for details.

The diagram in Fig. 2a represents the direct coupling of the isosinglet axial vector current to the nucleon target.
It is fundamentally di↵erent from other diagrams in Fig. 2 since it is the only diagram which contributes to the axial
form factor GA(l2):

hP 0, S|Jµ
5
|P, Si|Fig.2a = GA(l2) ū(P 0, S) �µ�5 u(P, S) , (41)

while the diagrams in Figs. 2b-d contribute to the pseudoscalar form factor GP (l2). With regard to the latter diagrams,
we first observe that as a consequence of the dynamical breaking of UA(1), no massless isosinglet pseudoscalar particle
can exist in the physical spectrum. The requirement that the form factor GP (l2) cannot have a pole at l2 = 0 can be
expressed as

lim
l!0

h
hP 0, S|Jµ

5
|P, Si|Fig.2b + hP 0, S|Jµ

5
|P, Si|Figs.2c+2d

i
= 0 . (42)

This of course implies that in the forward limit the matrix element in Eq. (40) is solely determined by the contribution
in Fig. 2a:

hP, S|Jµ
5
|P, Si = hP, S|Jµ

5
|P, Si|Fig.2a = 2MN GA(0) Sµ . (43)

17 We thank Elliot Leader for a discussion of o↵-forward matrix elements and for bringing [66] to our attention where the properties of
such matrix elements are discussed.
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