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ABSTRACT

The 21-cm line of neutral hydrogen offers an excellent probe to the Cosmic Dawn and the Epoch of
Reionization. In a 21-cm global spectrum experiment, a single wide beam antenna is used to make a
high precision measurement of the all-sky averaged signal. However, the relative frequency range of
such a system is often limited to one octave, as it is difficult to design an antenna with a nearly constant
impedance matched to the receiver (usually 50-Ohm) over wider range. This limits its sensitivity to
models where the 2lcm feature is broad. In this paper, we investigate a high-impedance design,
where an operational amplifier is employed as the first stage of the receiver, with impedance much
higher than the antenna. Such a receiver does not rely on the impedance-matching of the antenna
over wide frequency range to achieve uniform power transfer, instead it measures the voltage of the
input signal, thereby circumvents the limitations imposed by impedance matching. We focus on the
high-precision calibration method of this receiver design. Building on the classical signal model of the
operational amplifier, we develop a model that improves accuracy by at least two orders of magnitude.
Using this model, we designed a high precision calibration method with multiple resistance calibrators,
and built a prototype for validation. Laboratory experiments demonstrate that after calibration, the
measurement accuracy of this system reaches approximately 30 mK, sufficient for application in the
21cm global spectrum experiments.

Keywords: ~ Neutral Hydrogen — Cosmic Dawn — Operational Amplifier

1. INTRODUCTION

The hyperfine transition of neutral hydrogen (HI) from the high-energy state to the low-energy state releases a
photon with wavelength of 21-cm. Although the probability of this transversion is extremely low, a large number
of diffused neutral hydrogen atoms made it possible to detect the 21-cm signal from the early universe[l; 2]. One
way to detect this signal from the high redshift Universe is to employ large radio telescope arrays to detect the
fluctuating signal, either by direct tomographic observation, for example by the upcoming Square Kilometer Array
(SKA, [3]), or by a statistical detection in the spatial fluctuation power spectrum, for example by the the ongoing
experiments such as the Hydrogen Epoch of Reionization Array (HERA, [4]), the Low-Frequency Array (LOFAR,
[5]), the Murchison Widefield Array (MWA, [6]) and the Giant Metrewave Radio Telescope (GMRT, [7]), and the
21 Centimeter Array (21CMA, [8]). However, so far positive detection has not been achieved. Another approach
is to detect the 21-cm global spectrum. This sky-average 21-cm spectrum exhibits the net emission or absorption
features, contingent on whether the spin temperature of HI atoms exceeds or is below that of the cosmic microwave
background temperature at that epoch. These spectral signatures from the primordial universe serve as a powerful
tool for probing the Cosmic Dawn (CD) and the Epoch of Reionization (EoR)[9; 10; 11; 12; 13]. Compared to the
telescope arrays, this approach requires only a single antenna, offering notable advantages in its simplicity. Many
ground-based global spectrum experiments have been deployed currently, such as the Experiment to Detect the Global
Epoch-of-Reionization Signature (EDGES,[14]), the Shaped Antenna measurement of the background RAdio Spectrum
(SARAS, [15]), the Sonda Cosmolégica de las Islas para la Deteccionde Hidrogeno Neutro (SCI-HI, [16]), the Probing
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Amplifier

— Attenuator 100 meters
Op Amp RF cable
\
Antenna _ _ Control line ;
RF switch matrix E
Front-End receiver 100 meters |
control line |
Control line '
Amplifier I
Microcomputer
[“| Digital acquisition
t VNA |«

Back-End receiver
Figure 1. Block diagram of high-impedance global spectrum system.

Radio Intensity at high-z from Marion (PRIzM, [17]), the Large-Aperture Experiment to Detect the Dark Age (LEDA,
[18]) and the Radio Experiment for the Analysis of Cosmic Hydrogen (REACH, [19; 20]), the Broadband Instrument
for Global HydrOgen ReioNization Signal (BIGHORNS, [21]), the Large-aperture Experiment to Detect the Dark Age
(LEDA, [22]), Cosmic Twilight Polarimeter (CTP, [23]), and Mapper of the IGM Spin Temperature (MIST, [24]).
Besides conducting such experiments on the ground, there are a number of experiments have been proposed on the far
side of the Moon, including the Discovering the Sky at the Longest wavelength (DSL, also know as “Hongmeng Project",
[25; 265 27]), the Dark Ages Radio Explorer (DARE, [28]), the Dark Ages Polarimeter PathfindER (DAPPER, [29]), the
Probing ReionizATion of the Universe using Signal from Hydrogen (PRATUSH, [30]) and CosmoCube[31; 32]. These
lunar-based experiments, which circumvent problems associated with ionospheric effects, can capture lower-frequency
signals below 30 MHz from the cosmic dark ages. More importantly, by leveraging the Moon’s shield against artificial
radio frequency interference (RFI), these experiments will produce cleaner 21-cm spectra.

Most global spectrum experiments need to maintain impedance matching between the antenna and receiver to ensure
maximum power transfer. However, as the frequency changes, the impedance of the antenna changes, and impedance
matching in a frequency band beyond one octave is very challenging. The cosmic dawn 21-cm spectral feature in the
global spectrum is typically not very narrow, in some cases the breadth of the feature may approach or even exceed one
octave in frequency range, and can only be detected with systems that works on broader bandwidth [11]. One possible
solution is to give up on impedance matching, instead employing a high-impedance system to achieve a smooth and
nearly flat response, e.g. by using an operational amplifier as the first stage of the receiver. Over recent decades,
the gain bandwidth product (GBP) of operational amplifiers have increased, extending their usable frequency range
substantially. Leveraging on the extremely high input impedance of the operational amplifier, we can measure the
voltage signals instead of the power signal,thus avoiding the bandwidth limitations imposed by impedance matching.
Both the broader frequency range and the smooth response enable better fitting to the smooth Galactic foreground
spectrum, thereby enhancing the precision of foreground subtraction.

The high-impedance global spectrum system comprises an antenna, a front-end analog receiver, and a back-end
digital receiver, as illustrated schematically in Figure 1. For the antenna, we have tested several variants, for the
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results presented in this work, a disc-cone design has been used. The antenna is placed on a conducting grounding
plane, to simplify the radiation pattern and to mitigate the complications arising from the complicated reflections by
different layers of the ground soil. To realize this conducting ground plane, radial grounding wires are laid beneath
the antenna. The front-end analog receiver uses a first-stage operational amplifier, with the calibration system placed
between the antenna and amplifier, which is the primary focus of this paper. The back-end digital receiver employs an
analog-to-digital converter (ADC) to digitize the analog signals, which are subsequently stored in a microcomputer.
For global spectrum measurements, a 100-meter radio frequency (RF) cable separates the front-end from the back-end,
reducing digital interference in the received signals.

Before extracting the 21-cm signal, a global sky temperature spectrum must be obtained. To accurately recover
the sky temperature, it is essential to calibrate the system during the measurement process. However, the extremely
high-input-impedance of the operational amplifier renders existing power transmission signal models ineffective. For
instance, the noise wave theory used in the EDGES experiment decomposes amplifier noise into forward and backward
propagating power components [33; 34]. This theory fully accounts for mismatch effects in power transfer structures,
providing an accurate signal model for matched or partially mismatched systems. But in our system, which is the
cases of nearly complete mismatch, almost no power is delivered to the operational amplifier, the accuracy of this
power transfer model is severely degraded. Instead, a voltage signal model for the operational amplifier must be
used. However, the classical operational amplifier models neglect high-frequency circuit effects and are only applicable
in low-frequency scenarios. Therefore, it is necessary to develop a model suitable for the frequency range of global
spectrum experiments, which is the main aim of the present work.

This paper focuses on the calibration method for the high-impedance system. By analyzing signal propagation effects
and operational amplifier noise in the system, a comprehensive signal model is established. Based on this model, a
high precision calibration method is designed to calibrate system parameters and antenna temperatures in real time.
To validate the calibration performance, we substitute the antennas with a resistor in laboratory experiment and use
this method to recover the physical temperature of this resistor.

This paper is structured as follows: Section 2 analyzes operational amplifier signal model in a traditional way; Section
3 builds up our new signal model; and Section 4 presents our calibration method. Section 5 presents the results of the
laboratory experiment, and the final section concludes the study.

2. CLASSICAL SIGNAL ANALYSIS OF OPERATIONAL AMPLIFIER

In global spectrum experiments, the received sky radiation consists of the foreground, dominated by the Galactic
synchrotron radiation with a smooth power-law spectral shape, and the faint 21-cm signal, which is characterized
by absorption or emission features. These distinct spectral features enable subtraction of the smooth foreground
spectrum, allowing extraction of the 21-cm signal. However, system noise may introduce spectral structures which
could interfere with the extraction of the true 21-cm signal. Therefore, precise calibration is required to eliminate
the system noise. Given that the high-impedance system employs an operational amplifier as the first stage, which
dominates the receiver noise, accurate modeling of the operational amplifier is essential.

The operational amplifier (op amp) is an integrated circuit incorporating multiple field-effect transistors (FETs).
The non-inverting input peripheral circuit for the amplifier used in our experiment is shown in Figure 2. The op
amp is powered up through port 2 (connecting to ground) and port 5 (connecting to voltage source Vs+). The RF
input (antenna or calibrator source) is connected to one input terminal (port 3) of the op amp, and R, serves as
a grounding resistor for tuning the input impedance. The output terminal (port 1) is connected to the other input
terminal (port 4) via a resistor Ry to form a negative feedback loop, and these are connected to the ground through
a resistor R,. The high input impedance of the op amp ensures that negligible current enters the input terminals,
resulting in amplification of the voltage signal rather than power. The voltage referenced to the output is given by

Eow = AyEqy, A, =1+ % (1)
g
Here, A, represents the closed-loop voltage gain of the operational amplifier, which is approximately 6.73 in our design.
The output is linked to the subsequent amplification stages, which still require impedance matching to ensure efficient
power transfer. Given the inherently low output impedance of the op amp, a 50€2 resistor is placed at the output
of the circuit to provide impedance matching and to convert the amplified voltage signal into a power signal for the
subsequent stages of the receiver.
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The received powers are however related to the voltages, in the system,

Pin OCEZan Pout Egpzn O(gEZan
where g denotes the system power gain, E? represents the total input voltage composed by the signal front of op
amp and system noise. Since the noise from subsequent stages is not amplified by preceding stages, its contribution to
the overall system noise decreases progressively along the signal chain. For example, in the prototype model we built,
the second stage employs a Mini-Circuits ZKL-1R5+ amplifier, which has a typical noise figure of 3 dB. The second
stage noise figure contribution referred to the input, calculated by £ 124;1, is only approximately 0.055dB. Therefore,
the first-stage op amp primarily dominates the total system noise. )

Vst

RF input » 4 3 + >1 50Q
.

4 iy .' — RF output
er:l -

GND
Rg Rf
onp|[|— —

Figure 2. Diagram of a non-inverting operational amplifier circuit. The non-inverting input (port 3), inverting input (port 4),
output (port 1), and power supplies (ports 2 and 5) are shown. For single-supply operation, port 2 is grounded. The feedback
resistors Ry and Ry determine the closed-loop gain, while the parallel input resistor R, adjusts the input impedance.

|

We now consider the noise in the op amp. Figure 3 depicts the model of the op amp circuit. In this model, the noise
generated by the interior of the op amp is equivalently represented by an ideal op amp, two current sources (I, I;),
and one voltage source (E,) [35; 36]. I,, denotes the non-inverting noise current source, I; stands for the inverting
noise current source, and F,, signifies the noise voltage source at the non-inverting input. Noise also arise from the
peripheral circuitry of the amplifier, where E,., E; and E, represents the thermal noise generated by the resistors R,.,
R; and Ry, respectively. Additionally, there is the noise of the input source, denoted by F,. The equivalent signal
model at the input terminal of the amplifier can be formulated as follows:

(12 = () (RﬁR) + [y (R’iR) ) (IffR) ()

R 2 R 2 RiR, \°
E2 f 2 ( 9 > 12 < flg )
{ 9><Rf+Rg) TENRrw ) T\ R TR,

here the angular bracket () denotes the average. As the averaged quantities are parameters associated with the
equivalent model of the op amp and can be treated as constant within a short duration, we will also use the same
symbol to represent the model value, e.g. use I, I;, E, to represent \/(12), \/(I?), and /(FE2) respectively. The
thermal noise of the resistors are given by the Johnson-Nyquist relation, (E?) = 4RKT, where R is the resistance, k

+

; (2)
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E,
+
R, R, I, Op Amp
E, E,

Figure 3. The classical model of high-impedance operational amplifier circuit. The internal noise of the amplifier is modeled
as two current sources and a voltage source, while the resistors in the surrounding circuitry generate a thermal noise.

the Boltzmann constant, and T' the ambient temperature of the resistor [37]. We then have
R, \° R.R. \*
ARKT [ ——2— 72 et E?
(mem) +2(a5R) o
Ry \’ R 2 RfR, \’
ARGKT | ——— | +4RskT ( o—— | + I} | 57—
! (Rf+Rg> ! (Rf+R9) "\ Ry + Ry

where the input voltage of op amp is decomposed into three components: the first term on the right hand side (r.h.s.)
represents the contribution from the input source, the second corresponds to the input noise at the non-inverting
terminal of the op amp, and the third accounts for the input noise at the inverting terminal.

To simplified the signal model of amplifier, certain noise terms in the amplifier circuit can be combined to streamline
the solution process. Since both the input noise at the inverting terminal of the third component and (E2) are
independent of the source input, they are combined into a single total voltage noise F,,,ise for simplicity. The thermal

R 2
E% = AR kT | —2—
) = 4R <Ra+zwzr>+

N , (3)

2
noise of the input resistor 4R, kT (%) can be equivalently represented as a parallel current source with magnitude

% at the non-inverting input. The total noise current I,,,is. is then defined as the superposition of this equivalent

noise current and the intrinsic noise current.
The simplified signal model of the operational amplifier is depicted in Figure 4. Using the system gain g, the output
power by system can be written as:

P=g

R 2 R.R, \?
ARKT | ———— 2o =" E2 . |. 4
(Ra+Rr> + noise (Ra""Rr) + nozse] ( )

In this equation, the noise from the subsequent stages can be treated as a constant referred to the input, and it is
incorporated into E2 ;..

Some of these parameters, such as E,yise and I,.;se are unknown, but these can be determined by a calibration
procedure. The amplifier input port is connected to a selected resistor load, and then short-circuit for calibration
measurement. By leveraging the known gain, both the current noise and voltage noise can be accurately determined
over the working frequency range by solving Equation (4) [35]. A more accurate calibration method suitable for high

frequency is proposed in Section 4.
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Load / Antenna High impedance Op Amp

\_/
Enor.se Rr
nor.se

Figure 4. Simplified signal model of operational amplifier. The total noise of the amplifier is modeled as a current source and
a voltage source, with the signal from the antenna considered separately.

RF cable

D

3. SIGNAL AND NOISE MODEL AT HIGH FREQUENCY

The 21-cm global spectrum experiment utilizing a high-impedance operational amplifier has the potential to cover the
entire bandwidth of interest, such as the range from 30 MHz to 200 MHz. At frequencies exceeding a few Megahertz,
propagation effects and reflections will induce changes in the signal, which were not accounted for in the classical
model Equation (4). Here, we employ a two-port network representation, a standard tool in microwave engineering,
to characterize signal propagation effects, as illustrated in Figure 5.

Antenna
(Resistor)

RF cable

(S parameter)
r MM

Op Amp
(Receiver)

Figure 5. The two-port network diagram of the high-impedance operational amplifier is shown, with the antenna as the source,
the receiver as the load, and the RF cable between them represented as a two-port network. The reflection coefficient I" is
distinguished by subscripts, and the arrow indicates the direction of the reflected wave.

In this model, the RF cable between the antenna and the amplifier is treated as a two-port network, while the antenna
and operational amplifier connected to the two ports. I', denotes the antenna reflection coefficient, I', denotes the
receiver reflection coefficient, I';,, denotes the reflection coefficient observed from port 1 (left port in Fig.5) toward
the receiver, and T',,; denotes the reflection coefficient observed from port 2 (right port in Fig.5) toward the antenna.
The RF cable between the antenna and receiver is characterized by an S-parameter matrix. All reflection coefficients
and S-parameters can be measured directly by using a vector network analyzer (VNA). Impedance mismatches at the
ports give rise to multiple reflections, while inherent cable losses introduce additional noise through power dissipation.

The transmitted signal at the network output can then be expressed as:

(E2) = (4RakT + ([Vams|*))[Sol. (5)

The first term in the parentheses corresponds to the sky signal received by the antenna, where T denotes the antenna
temperature. The second term, |Vo.,.5|%, represents the noise contribution from RF cable losses, which is equivalently
referred to the input component of port 1. Sy represents the voltage propagation factor from the antenna to the
receiver.
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We first consider the term |V,,,,5|?, whose general expression is given by:

2y _ (1—Taf*) (1= G
<|Vamb| > - 4ZOkT'mnb |1 — Fa|2 G21 ) (6)

where Zj is the characteristic impedance of the transmission line (50 2), Ty, denotes the ambient temperature of the
RF cable, and G2; represents the available power gain from port 1 to port 2 of the two-port network:

ISP T )
G21 - 2 2\’
|1 - Sllral (1 - ‘Foutl )

(7)

S11 and S9; are the S-parameters of the RF cable. The voltage propagation factor, Sy, which relates the voltage at
port 1 to that at port 2, is subsequently derived as:
1-T, So1(1+T,
S, = 21(1+1) 7 (8)
2 (1 —=52T)(1—-T,Ty)

the detailed derivations of Sy are given in the Appendix.

We now turn our attention to the amplifier noise. We can also model the internal noise of the operational amplifier by
using a voltage source and a current source, in a form similar to that in Equation (4), but with modifications to account
for the parasitic effects of the resistor at high frequencies. In addition to the current and voltage noise terms, another
critical contribution to the noise is the correlation between the voltage and current noises. In essence, the correlation
originates from the amplifier itself, largely independent of the thermal noise from peripheral circuits. The correlation
term is generally of the form C1 R, + C>.X,, and the complex correlation coefficient is defined as C' = C + iCs, with
R, and X, the real and imaginary parts of Z,, respectively, which represents the parallel combination of the output
impedance Z,,; and the receiver input impedance Z,.. This is often overlooked, as it does not dominate the noise, but
in a high precision analysis it must be taken into account. This correlation between the noise current and voltage can
be measured by employing various calibration sources and feedback resistors [38], and the calibration procedure has
been further streamlined through cascading and parallel connection of multiple amplifiers [39].

Due to parasitic effects at high frequencies, both the magnitude and phase of the reflection coefficients for the resistors
vary with frequency. Therefore, each resistor must be treated as an impedance during calibration, a consideration fully
incorporated into our model. However, when calculating the thermal noise of resistors or the antenna temperature,
since the reactive part does not generate thermal noise, the resistance value should be used. Consequently, considering
the parasitic capacitance and inductance inherent in the resistors, we derive the total noise as follows:

(B?) = (Inoise N2yl + (Efpise) + (C1Ry + CaX,). 9)

Drawing from Equation (4) and the theoretical framework established herein, the total power received by the system
can be written as:

P = g [(4RokT + (|[Vams|®)) 1S01* + (L2 oise) | Zp|* + (B2 pise) + (C1 R, + Co X,)] - (10)

noise noise

We examine a specific scenario where the antenna temperature is equal to the ambient temperature. In this case,
when viewed from Port 2 toward the source, the antenna and RF cable can naturally be treated as a unified system.
Consequently, the received signal degrades to a form that resembles that of Equation (4):

2

2 (1)

E,?) = 4R, kT | —=2—
< > ! ’ Zout + Zr

where R,,: denotes the real part of the output impedance Z,,;, which can be derived from the reflection coefficient
Tyu:- This equation yields results consistent with Equation (5), thus offering a means to cross-check the validity of
our model. However, the two-port network model enables a more accurate analysis of transmission losses. We note
that the reflection coefficient of the operational amplifier I',. is typically very close to 1. In this anomalous conditions,
with measurement error, the measured reflection coefficient may exceed 1, resulting in a negative Z,.. Under these
conditions, the classical voltage divider model in Equation (11) becomes invalid or inaccurate, but the Sy formulation
in Equation (8) still accurately describes signal propagation. The RF cable losses and multiple reflections due to
extreme mismatch render the traditional voltage divider model increasingly unsuitable at high frequencies and and
can only serve as a simple approximation in certain specific scenarios.
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4. MULTI-RESISTANCE CALIBRATION

As the receiver introduces additional noise and gain variations, it is essential to design a calibration scheme based
on the signal model to accurately recover the true antenna temperature. Equation (10) contains five unknown system
parameters: the gain g, the noise voltage F,ise, the noise current I,,;sc, and the correlation coefficients C; and
Cs. Since these parameters exhibit temporal variations, the calibration must be carried out frequently during the
measurement process.

j
J

Antenna

2

RF switch O Op Amp

3

OO000O0

) <

Figure 6. Diagram of the multi-resistance calibration system. The system comprises a RF switch and five known resistors
connected to its ports. In the high-impedance receiver, the antenna is also connected to one port of the switch, which then
connects to the input of the operational amplifier. During calibration, the RF switch sequentially selects each port, using the
signals from the five known resistors to calculate all system parameters, and then employing the antenna signal to recover the
true antenna temperature.

We have designed the multi-resistance calibration for the high-impedance system, with the schematic shown in Figure
6. As the RF switch alternates between various calibration resistors and the antenna, equations containing the five
unknown system parameters are constructed from the measured physical temperature and signal of each resistor based
on Equation (10). For the five calibration resistors, the set of equations after one switching cycle is given by

Pry) = 9 [(AR KT R,y + ([Vamb(r)) 1) [So(r)) P + (Tnoise) | Zo(ro) > + (Engise) + (C1Rp(ry) + CoXp(ry))] »
P(ry) = 9 [(4RokT (ry) + ([Vamb(ro)1*)) S0 R2)|2 (Laoise) | Zp(ro) |* + (ERpise) + (C1Ry(ry) + CoXp(rr))]

Piry) = 9 [(ARsKT Ry + ([Vamb(rs)|2) [Sora) 2 + (I2osee)| Zp(ro)|* + (B2oiee) + (CrRp(ry) + CoXp(ry))] . (12)
Piryy = 9 [(4RakT (R, + ([Vamb(r)?) [Sora) > + (Lroise) | Z (R4)| (B2 gise) + (C1Rpy(r,) + CoXp(ra))]
Piryy = 9 [(4R5kT(ry) + (| Vamb(rs) *) [So(rs) > + (Loise) | Zp(re) [ + (Enoise) + (C1Rp(ry) + CoXp(r,))] -

Here, the subscript R,, denotes the corresponding quantity when the switch is connected to the resistor R,. The
quantities <|Vamb(Rn)|2>, |50(Rn)|27 |Zp(Rn)|2, Ry(r,) and Xp(g,) can be derived from the VNA measurement results
using the aforementioned equations. By simultaneously solving the equations corresponding to the five calibration
resistors, all five unknown parameters can then be solved.

Once the system parameters are determined, Equation (10) is reapplied to the antenna signal to accurately recover
the antenna temperature:

P— AP
4R, kg|So|?

Where Ty,,; represents the antenna temperature, P denotes the system output power when the RF switch is connected
to the antenna, while AP represents the power contribution from the system effects:

Tont = (13)

AP = g[<|VGMb|2>)|SO|2 + < nmse>|Z |2 < nmse> (ClRP + CQXP)] (14)

It should be noted that since this method switches only the calibration source without modifying the amplifier
circuit, the simplified model described in the previous sections remains valid because certain noise components are
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merged into a function that depends solely on the source. In addition, the validity of this calibration scheme hinges
on the five system parameters remaining constant across equations derived from different calibration sources. Since
these parameters vary with temperature and voltage, temperature control and power regulation are implemented in
the receiver to ensure their stability during each switching cycle.

Figure 7. Smith Chart showing the reflection coefficient of high-impedance operational amplifier.The blue line indicates that
rotates counterclockwise with increasing frequency on the chart, where the red dots mark 10 MHz and 200 MHz.

Figure 8. Photograph of the calibration system: (a) shows the resistors used for calibration, and (b) illustrates the calibration
setup, where the resistors are installed on the RF switch, with the output connected to the operational amplifier via an RF
cable.

The multi-resistance calibration method is highly efficient as it necessitates only a few resistors as calibration sources,
substantially simplifying the calibration process. Compared to the traditional Y-factor method, this calibration ap-
proach does not require a large temperature difference between the different sources. Instead, it only requires the
collection of temperature data from the calibration resistors and the ambient temperature for calculating RF cable
loss.
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The physical temperatures of the resistors are measured using platinum resistance temperature detector (RTD)
PT1000 sensors connected to a high-performance DAQ (Data Acquisition system). The PT1000 has a resistance of
100092 at 0 °C, and its resistance varies with temperature according to the Callendar—Van Dusen(CVD) equation
[40; 41; 42]. The DAQ, model LABJACK U6 Pro !, integrates a 24-bit low-noise ADC that converts analog voltage
signals into digital data, which is then transmitted to a computer via USB. During measurement, the DAQ measures
the voltage across the sensor using a voltage divider circuit, calculates the sensor’s resistance, and determines the
temperature based on temperature-resistance CVD relationship.

L https://support.labjack.com/docs /u6-datasheet
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Figure 9. The Si; parameters of sources in the calibration are shown in the figure. From top to bottom, (a)-(f) are R, , R,
R2, R3, R4, Rs respectively. The solid black line represents the magnitude, and the dashed blue line represents the phase. In
each subfigure, the horizontal axis represents frequency in MHz, the left vertical axis denotes the magnitude of Si;1 in dB, and
the right vertical axis represents the phase of Si; in degrees.

For the operational amplifier of our experiment, we used a Texas Instruments OPA855 2 , which features an excep-
tionally wide 8 GHz Gain-Bandwidth Product and a Common Mode Rejection Ratio (CMRR) of approximately 60
dB. It is powered by 5V supply, and the Power Supply Rejection Ratio (PSRR) is about 40 dB. In the circuit setup,
the amplifier gain is set to approximately 16 dB, and a 6.2 k{2 resistor is used as the input parallel resistance, which
provides an optimal balance between minimizing noise contributions and ensuring sufficient voltage division at the
amplifier input. The Smith chart of the amplifier’s reflection coefficient, measured by a VNA, is shown in Figure 7.

2 https:/ /www.ti.com/product /OPA855
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Figure 10. Antenna substitute resistor R, and calibration resistances Ri, Rz, R3, R4, Rs as a function of frequency. Different
resistors are indicated by distinct lines as shown in the legend. All these resistance values are calculated from the reflection
coefficients measured by VNA.

Over the frequency range of 10 MHz to 200 MHz, the input impedance of the amplifier is significantly higher than 50 €,
causing the reflection coefficient to approximate an open-circuit condition. By applying the voltage divider principle,
the operational amplifier captures most of the signal due to its high input impedance.

The resistors used for calibration should have widely different values, to avoid degeneracy in the measurement
equations. However, resistance values that are either much higher or much lower than the characteristic impedance of
the cable may introduce instability risks. Furthermore, as the mismatch increases, stronger standing waves are formed
within the circuit, making spectrum reconstruction more challenging. We carefully selected resistor values that strike a
balance between these two requirements, including values both above and below the characteristic impedance of 50 €.
A 30 € resistor, deviating from the characteristic impedance, is used as an antenna substitute in the laboratory, which
helps validate the general applicability of the calibration method. Table 1 summarizes the selection of all resistance
values used in the calibration experiment.

Table 1. List of calibration resistors and antenna substitute resistor.

Resistor Rq Ry Ry, Rs3 Ry Rs

Value 300 5.1 27Q 50Q 68 10092

Figure 8 shows the calibration resistors used in the experiment, along with their installation configuration. The
custom resistors with SMA male connectors are directly connected to the ports of the RF switch, and the switch
output is linked to the operational amplifier input via a short RF cable.

The reflection coefficients of the antenna R, and the calibration resistors, measured by the VNA, are shown in Figure
9. The resistance values of the calibration resistors, calculated from the reflection coefficient using R = Re(Zo%),
are illustrated in Figure 10. The figure clearly identifies the resistance values of the selected resistors and accurately
depicts the true high-frequency resistance values of them, as these values are derived from VNA-measured reflection

coefficients that inherently account for all high-frequency parasitic effects of the resistors.

5. CALIBRATION RESULTS

To validate the multi-resistance calibration, we carried out experiments using a high-impedance receiver system de-
signed for the global spectrum measurement. The analog frontend includes the calibration system, amplifier chain, and
temperature control system, while the digital backend integrates a digital acquisition board, temperature acquisition
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2 DAQ), the vector network analyzer, and an X86-based microcomputer. During the global spectrum experiment in the
25 field, the input of the analog frontend was connected to a monopole antenna. The signal was amplified by the analog

»6  frontend and then digitized at the digital backend. In the laboratory validation, a resistor with known resistance was
»7 used as a substitute for the antenna.

70

Gain[dB]

=20

25 50 75 100 125 150 175 200 225
Frequency[MHz]

Figure 11. System gain obtained through multi-resistance calibration.

288 Figure 11 shows the system gain g determined through calibration, which is approximately 53 dB within the band,
20 while the RF filter attenuates frequencies below 30 MHz and above 200 MHz. Since the operational amplifier’s gain
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Figure 12. Calibration result of our operational amplifier noise model parameters. (a) The noise current (b) The noise voltage.
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depends solely on the ratio of By to R, the system gain remains smooth across the observation band, ensuring a
consistent response that is beneficial for extracting 21-cm signals in global spectrum experiments.

The frequency-dependent noise parameters after calibration are shown in Figure 12. Sub-figure (a) shows that the
noise current is around 4 pA/ vHz. The noise current originates partly from the operational amplifier itself and partly
from the equivalent thermal noise current of the resistor in parallel with the non-inverting input. When recovering
the true sky temperature, only the total noise current needs to be considered, simplifying the calibration process. It
is important to note that since the sources of these two noise currents are independent, their noise can be directly
summed without any correlation terms. Thus, by subtracting the equivalent thermal noise current, the internal noise
current of the amplifier is determined to be approximately 2.5 pA/ VHz, which is consistent with the data sheet value.

The overall noise voltage obtained through calibration is shown in sub-figure (b), with a magnitude of approximately
2 nV/ VvHz, which also dominates the amplifier noise. Similar to current noise, the voltage noise consists of the
amplifier’s inherent voltage noise, thermal noise from the circuitry, and noise from subsequent amplification stages.
The first two components contribute significantly, while the noise from the subsequent stages constitutes a minor
portion. Assuming the inverting and non-inverting currents are equal (as in Figure 3), the noise contribution from
the inverting side can be estimated. Subtracting this from the total voltage noise yields an inherent noise voltage of
approximately 1 nV/ VHz, consistent with the datasheet value. The correlation terms arise between the amplifier’s
internal noise current and voltage noise, with this correlation mathematically originating from the cross terms during
their summation.Using the multi-resistance calibration presented in this paper, the real and imaginary parts of these
cross terms can be directly calculated without the need to compute the specific values of the internal noise current
and voltage noise separately. The calibration results of the correlation terms are presented in sub-figures (c¢) and (d),
with the real part C; having a positive value and the imaginary part Cs having a negative value, respectively.

Recovered Spectrum

—— Complete Model ./.
301 . /
—-— Classical Model /
3001 —== Physical Temperature A
§299 //
2 v
g 298 ’
o /'/
5 s
2 297 /_,
296 P
"./
205 ke me. TSPt
60 80 100 120 140 160 180
Frequency[MHz]

Figure 13. Result of calibrated 30€2 spectrum use Multi-resistances calculation shown with blue solid line, the red dash line is
physical temperature of the resistor. By contrast, the dashed-dotted line shows the calibrated spectrum based on the classical
model.

By utilizing the received antenna signals and the calibrated system parameters, the antenna temperature can be
recovered using Equation (10). In the laboratory, since a resistor is used as a substitute for the antenna, the antenna
temperature is expected to be physical temperature of the resistor. Figure 13 depicts the recovered antenna temperature
spectrum result as a black line, and the physical temperature of the resistor represented by a dashed line. As shown in
the figure, the calibrated antenna temperature exhibits no obvious structure and remains constant with frequency. This
indicates that the calibration effectively removes the propagation effects and system noise, ensuring accurate recovery
of the antenna temperature across frequencies. The RMS standard deviation on the temperature structure from 50
MHz to 180 MHz is calculated to be 31.19 mK, basically satisfying the need for the present 21cm global spectrum
experiment. As a comparison, we also use the classical operational amplifier model in Equation (4) to retrieve the
temperature spectrum. This spectrum, shown by the dashed-dotted line, exhibits an error of several Kelvin. As a
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result, it is evident that by accounting for high-frequency propagation and correlated noise, the model proposed in
this paper achieves an accuracy improvement exceeding two orders of magnitude compared with the classical model.

6. CONCLUSION

In the past decade, global spectrum experiments have become a more accessible approach for exploring the early
history of the universe. It only requires a single antenna to continuously observe the sky as earth rotates, extracting the
early 21-cm spectrum from the sky-averaged signal. By analyzing the structures on these 21-cm spectrum, the early
universe’s evolution can be inferred. Currently, conventional matching receivers for this experiment typically achieve
only a one-octave wideband measurement. We propose a high-impedance receiver scheme that uses an operational
amplifier as the first stage, which can overcome the bandwidth limitations caused by impedance matching. Since the
high frequency degrades the accuracy of the classical model, it is necessary to reanalyze the transmission model for
this system.

This paper simplifies the classical operational amplifier signal model and develops a comprehensive model for higher
frequencies and greater accuracy. Based on this signal model, a multi-resistance calibration method is proposed to
calibrate system parameters and antenna temperatures in real-time. In the laboratory, resistors are used as substitutes
for antennas to test the calibration effect, achieving a calibration accuracy of approximately 30 mK, indicating the
system’s capability for 21-cm global spectrum observation. Furthermore, the multi-resistance calibration method
presents a novel solution for high-frequency, high-precision spectral measurements, potentially opening new research
avenues in radio frequency communications and precision metrology. Currently, a field experiment is underway near
the site of Tianlai Array [43; 44]. The observation data will be further processed and is expected to extract the 21-cm
signal in the near future.
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APPENDIX

We present here the derivation of Equation 8 for propagation factor method using two-port network. For a two-port
network, the transducer power gain G characterizing the signal amplification from port 1 to port 2 can be written as
Py |SalP(1-Tsl?) (1 [Trf?)

Gr = = , Al
T P = L= TsTl?l — Spal P (A-1)

here I'g represents the reflection coefficient of the source, with I';, being the reflection coefficient of the load. P,
represents the available power of the source

[Vs]? |1 —Ts|?
Poys = —_— A2
87y 1—|T'gl? (A-2)
Accordingly, the power at the load can be expressed as
Vs|L =T [Sul? (1 —|Tr]?
PL=Gp#Dy. = [Vs|?[1 —T's| [Sa1* (1= Tz ?) (A.3)

820 |1 — Sool'p |21 — TgTin |2
Moreover, this power can also be denoted by the voltage at the operational amplifier position on the transmission line

A

P
L= "7,

(1—10LP). (A4)

The total voltage at the source’s port is
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_WVsPL-Ts?  [Saf1+Ty[?
4 [1 — S9oTp|2|1 — TsTyn|?

VO = VPl (L+Tr) [ (A.5)
Within our system, the source is the antenna and the load is the operational amplifier. Substituting these parameters
into the formula results in the expression for the propagation coefficient Sp.

Consider a two-port network at T,p,p. If input noise N1 = KT,,,,,B is added to port 1, the available noise power at
port 2 is

Ny = Go1 KT B 4 G21Noddeds (A.6)

where N,g4eq stands for the noise produced by the network, and we equivalently place this noise at port 1. Due to
thermodynamic equilibrium, the available output noise power has to be

Ny = kT ymp B. (A7)
Therefore, the available noise power supplied by the two-port network can be derived.
1-G
Nadded = — 2LkTB, (A.8)
21

where (Go; is the available power gain from port 1 to port 2, and its expression is given by Equation 7. Since Nygded
is an available power, it can also be written in the form of Equation A.2.

N _ |Vamb|2 |1_FS|2
added 4ZO 1_ ‘FS|27

(A.9)

where |Vamp| is the root mean square (RMS) of the two-port noise voltage. Compared with Equation A.2; there is no
need to consider the time average of the voltage again, so the coefficient of the denominator here is 4. By combining
these equations, the mean square value of the noise voltage introduced by the two-port network (given by Equation
6) is obtained, which is exactly the noise introduced by the RF cable loss in the system.
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