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ABSTRACT

We present a comprehensive analysis of the 21 cm intensity mapping (IM) data from the Tian-9

lai Cylinder Pathfinder Array (TCPA), focusing on multi-scale foreground mitigation and three-10

dimensional power spectrum estimation. Utilizing 20 days of drift-scan observations (714.4–781.7MHz,11

corresponding to HI emission at redshift z ≈ 0.82–0.99), we reconstruct high-fidelity sky maps by incor-12

porating a high-precision, drone-measured primary beam model. This in-situ calibration significantly13

enhances reconstruction accuracy over previous analytical approximations. To address astrophysical14

foregrounds, which dominate the cosmological signal by approximately five orders of magnitude, we15

implement a robust multi-scale subtraction strategy—mPCA-UWTS—that combines an isotropic Un-16

decimated Wavelet Transform on the Sphere (UWTS) with independent Principal Component Analysis17

(PCA) within each wavelet domain. We subsequently estimate the 3D power spectrum via Spherical18

Fourier–Bessel (SFB) decomposition, providing a mathematically rigorous treatment of wide-angle and19

line-of-sight curvature effects inherent in wide-field surveys. Our analysis demonstrates that the SFB20

framework effectively isolates systematic contaminants and recovers the clustering signal without the21

biases introduced by conventional flat-sky approximations. This work represents the first application22

of the SFB formalism to observational 21 cm IM data, establishing it as a computationally efficient23

and scalable diagnostic tool for the next generation of wide-field 21 cm surveys, including the Square24

Kilometre Array (SKA) and the full Tianlai array.25

Keywords: Cosmology (343) — H I line emission (690) — Dark energy (351) — Radio interferometers26
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1. INTRODUCTION28

The 21 cm hyperfine transition of neutral hydrogen29

(H i) has emerged as a preeminent cosmological probe,30

offering a unique window into the large-scale structure31

(LSS) of the Universe across a vast redshift range (H.32

Padmanabhan 2024). Unlike traditional galaxy surveys33

that detect individual luminous objects, 21 cm intensity34

mapping (IM) measures the aggregate emission from35

multiple sources within a single voxel. This approach36

efficiently maps the three-dimensional density field over37

enormous volumes (A. Liu & J. R. Shaw 2020), making38

it particularly well-suited for investigating dark energy,39
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the Epoch of Reionization (EoR), and the growth of cos-40

mic structure.41

The primary challenge in 21 cm IM is the pres-42

ence of astrophysical foregrounds, which are typically43

four to five orders of magnitude more intense than44

the cosmological signal (T. J. Mozdzen et al. 2017;45

M. W. Eastwood et al. 2018; A. Liu & J. R. Shaw46

2020). These foregrounds are dominated by diffuse47

Galactic synchrotron radiation, with additional contri-48

butions from free-free emission and extragalactic point49

sources (S. Cunnington et al. 2021). Fortunately, fore-50

grounds exhibit spectral smoothness, which contrasts51

with the rapid frequency fluctuations of the 21 cm sig-52

nal. This spectral contrast underpins various mitiga-53

tion strategies, including parametric methods like poly-54

nomial fitting (X. Wang et al. 2006), Gaussian Pro-55
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cess Regression (GPR; F. G. Mertens et al. 2018), and56

non-parametric blind signal separation techniques such57

as Principal Component Analysis (PCA; E. R. Switzer58

et al. 2013), Independent Component Analysis (Fas-59

tICA; E. Chapman et al. 2012), and Generalized Mor-60

phological Component Analysis (GMCA) (I. P. Carucci61

et al. 2020). However, instrumental systematics—most62

notably frequency-dependent beam chromaticity—can63

“leak” foreground power into the cosmological window,64

significantly complicating the separation process (K. A.65

Glasscock et al. 2024; E. Chapman & V. Jelić 2019).66

Observational 21 cm cosmology follows two comple-67

mentary paths: global signal experiments and power68

spectrum interferometry. Global signal experiments,69

such as EDGES (J. D. Bowman et al. 2018) and SARAS70

(S. Singh et al. 2022), utilize single-element radiome-71

ters to target sky-averaged absorption features from the72

“Cosmic Dawn” and EoR. Conversely, interferometric73

arrays like the Low-Frequency Array (LOFAR; B. Greig74

et al. 2021), the Hydrogen Epoch of Reionization Ar-75

ray (HERA; HERA Collaboration et al. 2023), and the76

Tianlai Cylinder Pathfinder Array (X. Chen 2012) tar-77

get the spatial fluctuations of 21 cm emission. By map-78

ping the 3D power spectrum, these instruments aim to79

resolve LSS and the Baryon Acoustic Oscillation (BAO)80

scale, providing critical constraints on the expansion his-81

tory and growth of structure.82

Modern 21 cm interferometers often employ exception-83

ally wide fields of view (FoV) to achieve the survey vol-84

umes required for cosmological precision. Conventional85

analysis typically relies on uv-plane Fourier transforms,86

which are strictly valid only for narrow tracked fields87

where the flat-sky approximation holds. For wide-field88

drift-scan observations, the m-mode formalism (J. R.89

Shaw et al. 2014) uses spherical harmonic decomposi-90

tion to naturally account for Earth’s rotation and the91

all-sky nature of the data, providing a robust framework92

for sky map reconstruction from zenith-pointed arrays.93

However, the wide-field nature of these surveys in-94

validates the traditional flat-sky approximation used in95

standard cosmological analyses. In the flat-sky limit, a96

single, fixed line-of-sight (LoS) is assumed for the en-97

tire survey volume—a simplification valid only for small98

patches of the sky. For wide-field and all-sky experi-99

ments, the LoS direction varies significantly across the100

survey area, leading to “wide-angle effects” that couple101

different physical scales and distort the recovered signal.102

Consequently, the conventional Cartesian Fourier power103

spectrum, P (k), is susceptible to significant biases on104

large scales (B. Khek et al. 2024).105

To overcome these geometric limitations, Spherical106

Fourier–Bessel (SFB) decomposition has emerged as a107

rigorous framework. Originally proposed in the 1990s108

(J. Binney & T. Quinn 1991; O. Lahav 1993) and ap-109

plied to galaxy surveys (e.g., K. B. Fisher et al. 1995;110

A. F. Heavens & A. N. Taylor 1995), SFB provides an111

optimal basis for 3D fields on the sphere by combin-112

ing spherical harmonics for angular distribution with113

spherical Bessel functions for the radial (redshift) di-114

mension. While early adoption was limited by compu-115

tational cost, recent optimizations (L. Samushia 2019)116

and efficient numerical codes (B. Leistedt et al. 2012;117

H. S. Grasshorn Gebhardt & O. Doré 2021) have made118

SFB analysis tractable. Studies have demonstrated the119

superiority of SFB over spherical harmonic tomography120

(A. Nicola et al. 2014; F. Lanusse et al. 2015) and its121

robustness in measuring large-scale cosmological effects122

(F. Semenzato et al. 2025). Nevertheless, most SFB123

research has focused on galaxy surveys or simulations,124

with very few applications to observational 21 cm IM125

data (A. Liu et al. 2016).126

The Tianlai project is a pathfinder experiment de-127

signed to validate technologies for 21 cm IM during the128

post-reionization epoch (X. Chen 2012; Y. Xu et al.129

2015; J. Li et al. 2020; F. Wu et al. 2021). Located130

at the radio-quiet Hongliuxia site in Xinjiang, China,131

the experiment comprises two co-located interferomet-132

ric arrays: a cylinder pathfinder and a dish pathfinder.133

The Tianlai Cylinder Pathfinder Array (TCPA) con-134

sists of three fixed parabolic cylindrical reflectors, each135

15m (E-W) × 40m (N-S), operating in drift-scan mode.136

Currently targeting the 685–810MHz (lijixia: 700–800)137

band (z ≈ 0.77–1.03), the TCPA utilizes 96 dual-linear138

polarization feeds in a 31+32+33 configuration. Feeds139

are uniformly spaced along the central 12.4m of the fo-140

cal line to suppress grating lobes while maximizing sen-141

sitivity (J. Zhang et al. 2016b). The primary goal is142

to map the LSS and constrain cosmological parameters,143

particularly the dark energy equation of state.144

In this paper, we analyze a 20-day observational145

dataset from the TCPA. We introduce an analysis146

pipeline that integrates a high-fidelity primary beam147

model derived from in-situ drone measurements with a148

multi-scale foreground mitigation strategy. We use an149

isotropic UndecimatedWavelet Transform on the Sphere150

(UWTS) combined with scale-dependent PCA for high-151

fidelity foreground removal. We then apply SFB decom-152

position to extract the 3D power spectrum, accounting153

for wide-angle and LoS curvature effects. This work154

demonstrates the viability of the SFB framework for ex-155

tracting cosmological signals from real-world, wide-field156

interferometric datasets. The paper is organized as fol-157

lows: Section 2 details data reduction, beam modeling,158

and foreground mitigation. Section 3 presents the SFB159
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power spectrum results, followed by a discussion in Sec-160

tion 4. We conclude with a summary in Section 5.161

2. DATA REDUCTION AND ANALYSIS162

2.1. Observations and Data Reduction163

We analyze 20 days of drift-scan observations from164

the TCPA, spanning two epochs in 2018: January165

21–February 3 (14 days) and March 22–27 (6 days).166

The processing pipeline begins with raw visibilities.167

Due to storage and throughput constraints during com-168

missioning, the analyzed bandwidth is restricted to169

712.9–783.1MHz, divided into 576 channels (0.122MHz170

width). Raw data underwent automated RFI flag-171

ging and calibration using Cygnus A, supplemented172

by an on-site artificial calibration noise source (CNS)173

for phase stabilization. Nightly mean subtraction174

and coupling corrections were applied to the cali-175

brated visibilities. During map-making, bright celes-176

tial sources—Cassiopeia A, Cygnus A, and Centaurus177

A—were modeled and subtracted. Additionally, approx-178

imately 30 minutes of data around the Sun’s daily tran-179

sit were excised to mitigate sidelobe contamination. The180

m-mode map-making framework was presented in J. R.181

Shaw et al. (2014); J. Zhang et al. (2016a), the detailed182

pipeline and calibration strategy and are documented183

in S. Zuo et al. (2021), S. Zuo et al. (2019) respectively,184

and the error in the calibration were also analyzed by185

simulation in K. Yu et al. (2023). We reconstruct inde-186

pendent sky maps for the XX and YY polarizations to187

account for their distinct primary beam responses.188

Previous studies utilized the analytical beam model in189

tlpipe (S. Zuo et al. 2021), which assumes a separable190

profile in the east–west (EW) and north–south (NS) di-191

rections (J. R. Shaw et al. 2014). However, simulations192

(S. Sun et al. 2022) and measurements with a drone (J.193

Li et al. 2025) show that the actual beam response de-194

viates significantly from this idealized form. To enhance195

reconstruction accuracy, we incorporate a high-precision196

beam profile for the A26 feed, derived from drone-based197

far-field measurements (J. Li et al. 2025). This model198

covers the 693.24–801.64MHz range with 0.98MHz res-199

olution.200

Drone operational constraints limited the measure-201

ments to zenith angle ranges of |θNS| < 70◦ and |θEW| <202

3◦. To construct a comprehensive all-sky model, we203

extend these to ±90◦ in both directions across all fre-204

quencies. In the measured EW domain, we use cubic205

spline interpolation for fine-scale structures. For un-206

measured regions, a piecewise Gaussian model accounts207

for beam asymmetry; the two sides of the EW profile are208

fitted independently, with scaling factors applied to the209

Gaussian tails for continuity. For the NS direction, the210

sparsity and irregularity of the data necessitate a single211

Gaussian fit over the |θNS| < 70◦ range.212

Figure 1 shows the beam profile along the East-West213

and North-South directions as measured by the drone214

and fitting models for a representative frequency. The215

full frequency-dependent profile is shown in Figure 2.216

Not very clear: are these measurement result from the217

drone, or based on some model? To align these with218

the 576 frequency channels of our visibility data, we im-219

plement a multi-stage interpolation. First, we shift the220

peaks of the fitted profiles to a common zenith angle221

to avoid interpolation artifacts from minor frequency-222

dependent offsets in the raw data. These offsets are223

then re-applied to the interpolated profiles (Figure 3).224

The final EW and NS profiles are projected onto the ce-225

lestial sphere using the HEALPix (K. M. Górski et al.226

2005) Mollview projection (Figure 4). Assuming beam227

separability, our 2D primary beam model is constructed228

as the product of these orthogonal 1D profiles.229

Figure 5 (top panels) shows the reconstructed sky230

maps for the XX (left) and YY (right) polarizations at231

748.11MHz. The maps are dominated by Galactic dif-232

fuse emission and bright extragalactic point sources. We233

identify a prominent “ghost” artifact—an aliased image234

of the Galactic plane at the upper center-right of the235

figure, resulting from incomplete angular sampling. Ad-236

ditionally, two parabolic arcs from solar sidelobes are237

visible near the center of the figure, caused by the Sun’s238

shift between the two 2018 epochs. Despite excising239

30 minutes of peak transit data, residual solar power240

remains detectable. Failure to remove the peak solar241

signal would cause severe contamination across the map242

via the instrument’s Point Spread Function (PSF).243

The Maps reconstructed with this drone-measured244

beam exhibit improved fidelity over those using the de-245

fault analytic model. Given the array’s geographic lati-246

tude (44◦09′N), sensitivity drops precipitously south of247

δ ≈ −15◦. Consequently, maps become noise-dominated248

at colatitudes θ > 105◦. We restrict subsequent cosmo-249

logical analyses to the colatitude range [0◦, 105◦]. Ad-250

ditionally, frequency channels at both ends of the band251

are discarded to mitigate edge effects and band-pass in-252

stabilities. The final science-ready data cube comprises253

Nν = 552 channels spanning 714.42–781.68MHz with254

Nside = 512 resolution. Note that in this figure the a00255

spherical harmonic component (global mean tempera-256

ture T̄ ) is filtered out to suppress RFI and common-257

mode pickup, resulting in zero-mean maps.258

We also reconstruct maps using only cross-cylinder259

baselines (Figure 5, bottom panels). These longer base-260

lines (≥ 15.0m) are less susceptible to crosstalk. While261

the Galactic plane remains visible, its large-scale struc-262
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Figure 1. One-dimensional primary beam response for the A26 feed as a function of zenith angle at a representative fre-
quency(748.9 MHz) for the XX (left panels) and YY (right panels) polarizations. Drone-based measurements (markers) are
compared with three modeling approaches: a Gaussian fit, the default analytical model from tlpipe, and cubic spline inter-
polation. The upper panels illustrate the fitting performance within the measured domain, while the lower panels show the
extended all-sky beam profiles. There is no difference in the the range of the upper and lower panels? Also, the meaning of the
different curves in the legend is not clear
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Figure 2. Frequency-dependent evolution of the drone-measured beam response. The top row displays the raw far-field
measurements across the observed band. The bottom row shows the resulting models: cubic spline interpolation for the EW
direction and Gaussian fits for the NS direction. But the top and bottom panels do not look similar?
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Figure 3. Interpolation of the sparse drone-measured beam profiles to the full frequency resolution (576 channels) of the
visibility data. This ensures a consistent beam model for all frequency channels used in the map-making process.

ture is attenuated by the lack of short baselines (the263

“missing-zero” problem). Notably, systematic artifacts264

like the Galactic ghost and solar sidelobes are markedly265

suppressed in these maps, though not entirely elimi-266

nated.267

For comparison, we have also generated a simulated268

21 cm signal using cora (J. R. Shaw et al. 2025) within269

the same frequency band, applying a declination cut at270

δ = −15◦ to match the Tianlai observational footprint.271

2.2. Foreground Subtraction272

The reconstructed sky maps are dominated by intense273

diffuse foreground emission, which must be accurately274

characterized and removed to extract the faint cosmo-275

logical 21 cm signal.276

Conventional foreground mitigation techniques, such277

as polynomial fitting (X. Wang et al. 2006), Princi-278

pal Component Analysis (PCA; E. R. Switzer et al.279

2013), Fast Independent Component Analysis (FastICA;280
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Figure 4. Two-dimensional primary beam model projected onto the celestial sphere. The EW (left) and NS (middle) profiles
are displayed in HEALPix Mollview projection at the central frequency (748.11MHz). The final 2D model (right), constructed
assuming separability, is used for wide-field map reconstruction. Top and bottom rows correspond to the XX and YY polariza-
tions, respectively.
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Figure 5. Reconstructed sky maps for the XX (left) and YY (right) polarizations at 748.11MHz. The top row shows maps
using the all-baseline set, while the bottom row utilizes only the cross-cylinder baseline subset. The maps are dominated by
Galactic diffuse emission and systematic artifacts (e.g., solar sidelobes and Galactic ghosts). The temperature scale is restricted
to [−2, 10]K to highlight faint structures.
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E. Chapman et al. 2012), and Gaussian Process Regres-281

sion (GPR; F. G. Mertens et al. 2018; P. S. Soares et al.282

2022), primarily exploit the spectral smoothness of as-283

trophysical foregrounds (S. Cunnington et al. 2021; E.284

Chapman & V. Jelić 2019). However, incorporating spa-285

tial (angular) information is essential, as instrumental286

systematics and astrophysical contaminants often ex-287

hibit distinct morphological characteristics across dif-288

ferent spatial scales. For instance, while large-scale fea-289

tures are dominated by synchrotron and free-free emis-290

sion, small-scale fluctuations are typically more sensitive291

to instrumental noise and localized systematics.292

Drawing upon the multi-scale PCA (mPCA) algo-293

rithm proposed by the MeerKLASS Collaboration (I. P.294

Carucci et al. 2025), we implement a tailored approach295

for wide-field spherical maps. Within the mPCA frame-296

work, each frequency map is first decomposed into mul-297

tiple wavelet-filtered components representing distinct298

spatial scales via the isotropic undecimated wavelet299

transform (IUWT, or starlet transform) (J.-L. Starck300

et al. 2007). A temperature map X(ν, p) at frequency ν301

pixel p? is expressed as the sum of a coarse-scale com-302

ponent XL(ν, p) and a set of wavelet scales Wj(ν, p):303

X(ν, p) = XL(ν, p) +

jmax∑
j=1

Wj(ν, p). (1)304

The wavelet coefficients Wj capture features at dyadic305

scales 2j , while XL represents the remaining large-scale306

information. I am unfamiliar with this, does this mean307

j = 1 corresponding to 1 pixel, jmax corresponding308

to 2jmax pixels? In contrast to the original MeerK-309

LASS implementation, which utilized a single wavelet310

scale for small-area flat-sky maps, our analysis adopts311

a multi-scale decomposition to accommodate the wide-312

field geometry and complex systematic environment of313

the TCPA dataset.314

For spherical datasets, we utilize the isotropic Undeci-315

mated Wavelet Transform on the Sphere (UWTS) (J.-L.316

Starck et al. 2006). The UWTS retains the key advan-317

tages of the flat-sky starlet transform—including exact318

reconstruction, isotropy, and compact support—while319

operating directly in the spherical harmonic domain.320

The decomposition is performed using a scaling func-321

tion ϕlc(θ, φ) characterized by azimuthal symmetry and322

a cut-off multipole lc. This is a bit abstract, maybe323

could add a little more details with formula?324

In this work, we set lc = 1024, matching the maximum325

angular resolution accessible to the TCPA (ℓ ∼ 750).326

This yields jmax = 10, resulting in 10 wavelet scales327

and one coarse component for each sky map. We then328

apply PCA to each scale independently. By organizing329

the data at each scale into a 2D matrix T of dimension330

Nν × Npix, we perform Singular Value Decomposition331

(SVD):332

T = UΣVT, (2)333

where the columns of U represent the principal spectral334

modes and Σ denotes the singular values si. The eigen-335

values of the frequency covariance matrix C = TTT

Npix−1336

are given by λi = s2i .337

The foreground-cleaned residual for each scale is ob-338

tained by subtracting the NFG dominant modes:339

Tres = T−
NFG∑
i=1

siuiv
T
i , (3)340

where NFG is determined independently for each scale341

to optimize the balance between foreground suppression342

and signal preservation. The final cleaned map is recon-343

structed by summing the residuals across all scales:344

Tclean(r̂, ν) = cjmax,res(r̂, ν) +

jmax∑
j=1

wj,res(r̂, ν). (4)345

The exact reconstruction property of the UWTS en-346

sures that the decomposition-recomposition process in-347

troduces no numerical artifacts.348

A key advantage of mPCA over conventional PCA is349

the ability to adapt the number of removed components350

to the specific noise and foreground properties of each351

spatial scale. However, this flexibility necessitates a ro-352

bust criterion for selecting NFG. In this study, we utilize353

the fractional variance explained as the primary metric354

for determining the optimal NFG at each scale.355

Figure 6 illustrates the mean frequency spectra for the356

XX and YY polarizations. The YY polarization exhibits357

a markedly smoother spectral profile compared to XX,358

rendering it more amenable to foreground mitigation.359

Given that the cosmological 21 cm signal is expected to360

be unpolarized, we focus our subsequent power spectrum361

analysis on the YY polarization maps.362

2.3. Spherically Averaged Power Spectrum Estimation363

The spherically averaged power spectrum, P (k), quan-364

tifies the statistical variance of 21 cm brightness tem-365

perature fluctuations across different spatial scales. It366

serves as a fundamental observable for extracting cosmo-367

logical and astrophysical constraints from intensity map-368

ping data. In the flat-sky approximation—commonly369

applied to narrow-field observations—the power spec-370

trum is typically decomposed into components parallel371

(k∥) and perpendicular (k⊥) to a fixed line-of-sight (LoS)372

(A. Liu et al. 2016). Assuming statistical isotropy, the373

power spectrum depends solely on the magnitude of the374

3D wavevector k, where k =
√

k2⊥ + k2∥.375
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Figure 6. Mean frequency spectra for the reconstructed XX and YY polarization sky maps. The left panel shows the results
using the all-baseline set, while the right panel corresponds to the cross-cylinder baseline subset.

Standard Fourier-based estimators, which involve a376

3D Fast Fourier Transform (FFT) of a Cartesian im-377

age cube, are not directly applicable to our data given378

the wide-field coverage and the spherical shell geome-379

try spanning the redshift range z ≈ 0.82–0.99. Instead,380

we adopt the methodology proposed by K. K. Datta381

et al. (2007) and S. Pal et al. (2022) to estimate the382

spherically averaged P (k). We first compute the multi-383

frequency angular power spectrum (MAPS), Cℓ(νa, νb),384

defined as:385

Cℓ(νa, νb) = ⟨aℓm(νa)a
∗
ℓm(νb)⟩. (5)386

Assuming statistical homogeneity over the narrow rel-387

ative bandwidth (∆ν ≪ νc), the MAPS depends pri-388

marily on the frequency separation ∆ν = |νb − νa|. We389

average the Cℓ values for frequency pairs with consistent390

∆ν to obtain Cℓ(∆ν). The cylindrically binned power391

spectrum P (k⊥, k∥) is then derived via a Fourier trans-392

form of Cℓ(∆ν) along the frequency axis:393

P (k⊥, k∥) = r2r′
∫

d(∆ν)e−ik∥r
′∆νCℓ(∆ν), (6)394

where k⊥ = ℓ/r. At the reference frequency νc =395

748.05MHz Earlier 748.9 MHz was used?, the comov-396

ing distance r and its derivative r′ = dr/dν are397

2151.15h−1 Mpc and 4.66h−1 MpcMHz−1, respectively,398

calculated using the WMAP9 cosmology (G. Hinshaw399

et al. 2013). Finally, the 1D power spectrum P (k) is ob-400

tained by spherically averaging the 2D P (k⊥, k∥) into 20401

k-bins with a uniform logarithmic width of ∆ log10 k ≈402

0.1, spanning the range k ∈ [0.002, 0.2]hMpc−1.403

2.4. Spherical Fourier–Bessel Power Spectrum404

In observational cosmology, spherical coordi-405

nates—centered on the observer—provide the most nat-406

ural basis for analyzing large-scale structure (LSS) fields.407

In this geometry, the eigenfunctions of the Laplacian op-408

erator are the product of spherical Bessel functions and409

spherical harmonics, jℓ(kr)Yℓm(r̂), with corresponding410

eigenvalues −k2. This basis framework intrinsically411

accounts for sky curvature and the expanding survey412

volume, avoiding the wide-angle biases inherent in flat-413

sky approximations. For a statistically homogeneous414

3D field δ(r) in a flat universe, the spherical Fourier–415

Bessel (SFB) decomposition (K. B. Fisher et al. 1995;416

A. Heavens 2003; P. G. Castro et al. 2005) is defined as:417

δ(r) =

∫
dk
∑
ℓm

[√
2

π
kjℓ(kr)Yℓm(r̂)

]
δ̃ℓm(k), (7)418

with the inverse relation:419

δ̃ℓm(k) =

∫
d3r

[√
2

π
kjℓ(kr)Y

∗
ℓm(r̂)

]
δ(r). (8)420

The SFB power spectrum Cℓ(k) is defined via the co-421

variance:422

⟨δ̃ℓm(k)δ̃∗ℓ′m′(k′)⟩=Cℓ(k, k
′)δℓℓ′δmm′ (9)423

=Cℓ(k)δ
D(k − k′)δℓℓ′δmm′ . (10)424

Practical surveys are confined to finite volumes, in425

which case the radial modes have a discrete set of values426

knℓ. For a survey volume defined by a spherical shell427

with boundaries rmin and rmax, the SFB decomposition428

of the temperature field T (r) is:429

Tnℓm =

∫
d2r̂ Y ∗

ℓm(r̂)

∫ rmax

rmin

dr r2gnℓ(r)T (r), (11)430

where the radial basis functions gnℓ(r) are linear combi-431

nations of spherical Bessel functions of the first (jℓ) and432

second (yℓ) kind:433

gnℓ(r) = cnℓjℓ(knℓr) + dnℓyℓ(knℓr). (12)434

how is the knl is defined here? These functions satisfy435

the orthonormality relation:436 ∫ rmax

rmin

dr r2gnℓ(r)gn′ℓ(r) = δnn′ . (13)437



8

0 100 200 300 400
0.00

0.05

0.10

0.15

0.20
k n

 [h
/M

pc
]

5

10

15

20

n

Figure 7. Distribution of the discrete SFB modes knℓ as
a function of angular multipole ℓ and radial index n, calcu-
lated for the redshift range z ∈ [0.8, 1.0]. The dashed red
line indicates the boundary formed by the n = 1 modes, rep-
resenting the largest radial scales accessible to the survey.
This boundary is well-approximated by the geometric rela-
tion k ≈ (ℓ+ 1/2)/rmax.

The coefficients cnℓ and dnℓ are determined by the438

boundary conditions at rmin and rmax. In this anal-439

ysis, we adopt the potential boundary condition what440

is this?. The resulting discrete radial eigenvalues knℓ441

are coupled to both the radial index n and the angu-442

lar multipole ℓ, as illustrated in Figure 7 It is unclear443

how is obtained?. For the TCPA frequency band, the444

comoving boundaries are rmin = 1997.83h−1 Mpc and445

rmax = 2310.81h−1 Mpc.446

The discrete modes knℓ represent the magnitude of the447

wavevector k, analogous to k in the Cartesian Fourier448

basis. The angular transform is performed via the449

HEALPix framework, while the radial integration is im-450

plemented using the trapezoidal rule. The observed451

(pseudo) SFB power spectrum, Ĉℓnn′ , is then estimated452

as:453

Ĉℓnn′ =
1

2ℓ+ 1

∑
m

TnℓmT ∗
n′ℓm. (14)454

Assuming statistical isotropy, we average over the m-455

modes and focus on the diagonal components (n = n′).456

The pseudo-power spectrum extends the standard an-457

gular power spectrum Cℓ to three dimensions.458

To mitigate the effects of an incomplete survey vol-459

ume, window function deconvolution is required to re-460

cover an unbiased estimate of the underlying power spec-461

trum. Under the assumption of a separable observa-462

tional window function W (r) = ϕ(r)M(r̂), where ϕ(r)463

and M(r̂) represent the radial and angular selection464

functions respectively, the observed SFB power spec-465

trum Cobs
ℓnn′ is related to the true spectrum CLNN ′ via466

a mixing matrix M (H. S. Grasshorn Gebhardt & O.467

Doré 2021):468

Cobs
ℓnn′ =

∑
LNN ′

MLNN ′

ℓnn′ CLNN ′ , (15)469

where the mixing matrix is defined as:470

MLNN ′

ℓnn′ =
2L+ 1

4π

∑
L1

(
ℓ L L1

0 0 0

)2∑
M1

|WL1M1
|2

×
∫

dr r2gnℓ(r)gNL(r)ϕ(r)

×
∫

dr′ r′2gn′ℓ(r
′)gN ′L(r

′)ϕ(r′).

(16)471

Here, WL1M1
are the spherical harmonic coefficients of472

the angular mask M(r̂), and the term in parentheses is473

the Wigner 3j symbol. For our survey, we set ϕ(r) = 1474

and M(r̂) = 1 within the colatitude range θ < 105◦,475

and zero otherwise. Deconvolution aims to retrieve the476

true spectrum CLNN ′ from the observed Cobs
ℓnn′ , though477

this inversion is often numerically ill-conditioned.478

To suppress the variance of poorly constrained modes479

and compress the data, we group the SFB pseudo-power480

spectrum into bandpowers. The binning is performed481

over both ℓ and n modes to obtain the bandpower-482

binned SFB power spectrum:483

Bobs
LNN ′ =

∑
ℓnn′

w̃ℓnn′

LNN ′Cobs
ℓnn′ , (17)484

where the weights w̃ average neighboring modes485

(ℓnn′) ∼ (LNN ′) and are normalized such that486 ∑
ℓnn′ w̃ℓnn′

LNN ′ = 1. In matrix notation, the relationship487

between the observed bandpowers Bobs and the under-488

lying spectrum C is:489

Bobs = w̃MC = NB, (18)490

where N = w̃Mv is the bandpower mixing matrix and491

v is the Moore–Penrose inverse of w̃. The bin widths ∆ℓ492

and ∆n are estimated based on the survey sky fraction493

fsky and volume fraction fvol:494

∆ℓ ≈ 1

fsky
, ∆n ≈ fsky

fvol
. (19)495

For our survey geometry, this yields bin widths of ∆n =496

1 and ∆ℓ ∈ {1, 2}, depending on the target angular res-497

olution.498

In the limit of statistical homogeneity and isotropy,499

the SFB power spectrum is related to the traditional500

3D power spectrum P (k) by:501

Cℓ(k, k
′) = δD(k − k′)P (k). (20)502
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Incorporating observational effects—including the radial503

selection function ϕ(r), the linear growth factor D(r),504

scale-dependent bias b(k, r), and redshift-space distor-505

tions (RSD)—the SFB power spectrum can be modeled506

via the Limber approximation (H. S. Grasshorn Geb-507

hardt & O. Doré 2021):508

Cℓ(k, k
′) ≈ P (k)e−σ2

uk
2

δD(k − k′) (21)509

× [ϕ(r)D(r)b(k, r)FRSD(ℓ, k, r)]
2

r=
ℓ+1/2

k
,510

where e−σ2
uk

2

accounts for the Gaussian Finger-of-God511

(FoG) effect with σu being the pairwise velocity disper-512

sion in units of length, and FRSD is the RSD correc-513

tion factor. This highlights the capacity of the SFB514

framework to encapsulate complex cosmological and as-515

trophysical signatures—including FoG effects, redshift516

evolution, and the Kaiser effect—without necessitating517

the flat-sky approximation.518

In the plane-parallel limit, the SFB power spectrum519

can be approximately mapped to the clustering wedge520

P (k, µ) (R. Y. Wen et al. 2025):521

Cℓnn ≈ P

(
k = knℓ, µ =

k∥,nℓ

knℓ
, r = reff,nℓ

)
, (22)522

where the effective distance reff,nℓ is defined for each523

(n, ℓ) mode based on the radial selection function and524

survey boundaries. This mapping allows the SFB anal-525

ysis to leverage theoretical frameworks developed for526

Cartesian clustering wedges while maintaining the ad-527

vantages of a spherical basis.528

A primary advantage of the SFB representation is its529

inherent ability to localize systematic effects. For in-530

stance, foreground residuals—characterized by smooth531

radial profiles—are predominantly confined to the low-532

est radial modes (n = 1). This localization enables the533

selective mitigation of contaminated modes while pre-534

serving the cosmological signal at other scales, a feature535

we exploit in our subsequent analysis.536

3. RESULTS537

3.1. UWTS Foreground Mitigation538

To analyze the observational data from the Tianlai539

Cylinder Pathfinder Array, we first mitigate the domi-540

nant astrophysical foregrounds. We employ the mPCA541

method described in Sec. 2.2, which involves decompos-542

ing the maps into 10 wavelet scales and one coarse com-543

ponent using the UWTS algorithm, followed by inde-544

pendent PCA cleaning of each component. The number545

of removed foreground modes, NFG, is determined based546

on the fractional variance explained547

R =

∑NFG

i=1 λi∑Nν

i=1 λi

, (23)548
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Figure 8. Fractional retained variance (1 − R) as a func-
tion of PCA mode index for the all-baseline set (Top) and
the cross-cylinder baseline subset (Bottom). The horizontal
dashed-dotted line indicates our chosen cleaning threshold of
0.0005. The vertical dashed line marks the resulting number
of modes (NFG) subtracted at each UWTS scale, balancing
foreground removal against potential signal loss.

where λidenotes the i-th eigenvalue of the PCA decom-549

position.550
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For a given threshold R, the required number of modes551

NFG varies between the all-baseline set and the cross-552

cylinder baseline subset. To illustrate this dependence,553

Figure 8 shows the retained variance (1−R) as a func-554

tion of the PCA mode index for both baseline config-555

urations. We adopt a threshold of 1 − R = 0.0005,556

indicated by the green dashed-dotted horizontal lines,557

with the corresponding NFG marked by red dashed ver-558

tical lines. This choice is motivated by the fact that559

foregrounds are approximately 4–5 orders of magnitude560

brighter than the expected 21 cm signal; a value of561

0.0005 provides a conservative balance, avoiding the po-562

tential over-subtraction associated with more aggressive563

thresholds (e.g., 10−5).564

The eigenvalue spectra exhibit a strong scale depen-565

dence. For large-scale components (w7–c10), the frac-566

tional variance explained drops precipitously within the567

first few modes before reaching a stable plateau. This568

indicates that the foreground power at these scales is569

highly concentrated in a small number of dominant spec-570

tral modes. In contrast, for smaller-scale components571

(w1–w6), the decline in variance is more gradual, ne-572

cessitating the removal of a larger number of modes to573

achieve equivalent suppression. Notably, for the cross-574

cylinder baseline subset, the required NFG to reach the575

same 1 − R threshold is generally higher than for the576

all-baseline set. This likely reflects a more complex fore-577

ground residual structure or a different noise floor in the578

cross-cylinder baseline subset.579

Figure 9 displays the 11 UWTS scale maps gener-580

ated using the all-baseline set at the central frequency581

of 748.11MHz Here the reference frequency changed582

again?. The maps reveal distinct foreground morpholo-583

gies across scales: small and medium scales (w1–w5) are584

dominated by granular structures and point-source-like585

features, while larger scales (w6, w7) show more diffuse586

contours. At the coarsest scales (w8–c10), the emission587

transitions into smooth, large-scale asymmetries. The588

map amplitudes exhibit a systematic decrease towards589

coarser scales, reflecting the concentration of fluctuation590

power at higher multipoles. The c10 component, which591

corresponds to the angular monopole or global mean592

(ℓ ≈ 0), maintains a nearly constant value across the593

sky and exhibits minimal frequency dependence.594

Figure 10 presents the residual maps for each of the 11595

UWTS scales following independent PCA cleaning using596

the all-baseline set. The spatial features systematically597

transition from fine-grained textures at small scales (w1–598

w3) to intermediate patches (w4–w6), and finally to dif-599

fuse asymmetries at the coarsest scales (w7–c10). Com-600

pared to the original maps (Figure 9), the dominant601

foreground structures are significantly suppressed, re-602

vealing a more irregular morphology with substantially603

reduced amplitudes.604

We note that the residuals in the w1 to w3 scales605

exhibit non-uniform features along the longitudinal di-606

rection and near the central region, likely reflecting607

the point spread function (PSF) response and resid-608

ual point-source contamination. At intermediate scales609

(w4–w6), a marked increase in variance is observed in610

sky regions corresponding to daytime observations com-611

pared to nighttime data. This underscores the difficulty612

of removing complex, time-varying artifacts induced by613

solar transits during the day.614

The reconstructed foreground-subtracted maps for615

both the all-baseline set and the cross-cylinder baseline616

subset are presented in Figure 11. Comparing these with617

the raw sky maps (Figure 5) highlights a dramatic sup-618

pression of astrophysical foregrounds. In the all-baseline619

reconstruction, intense Galactic plane emission, bright620

point sources, and extended diffuse structures are effec-621

tively mitigated. The resulting maps exhibit a predom-622

inantly stochastic texture consistent with instrumental623

noise and low-level residual systematics, with only min-624

imal large-scale coherent emission remaining near the625

Galactic plane. Notably, the “ghost” aliased artifacts626

of the Galaxy and the arc-like features from solar tran-627

sits are significantly suppressed, demonstrating that the628

mPCA-UWTS framework robustly handles both com-629

pact and diffuse foreground contamination.630

The cross-cylinder baseline subset yields a more homo-631

geneous, noise-dominated morphology, further reducing632

the large-scale patchiness seen in the all-baseline results.633

This underscores the superior foreground isolation of the634

cross-cylinder baseline subset, though it comes at the635

cost of reduced sensitivity to the largest angular scales.636

While the all-baseline set preserves broader spatial in-637

formation, it requires more stringent control of residual638

Galactic emission for power spectrum estimation. In639

both cases, a persistent brightness enhancement in day-640

time regions remains, reflecting the extreme intensity of641

solar interference and the ongoing challenge of its com-642

plete removal.643

3.2. Power Spectrum for Mock Data644

We utilize the publicly available SuperFab code (H. S.645

Grasshorn Gebhardt & O. Doré 2021) to compute the646

SFB power spectrum, which we adapted for 21 cm in-647

tensity mapping analysis.648

Fig.12 is unfamiliar and a bit hard to understand,649

maybe we could add a plot before it, just showing Cℓnn650

for a few specific n values?651

To characterize the SFB power spectrum of the 21 cm652

signal, we first analyze simulated maps containing only653
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Figure 9. Multiscale decomposition of the TCPA sky map (all-baseline set) using the isotropic UWTS. The 11 scale maps
(w1–c10) are displayed at the central frequency of 748.11MHz. The plotting range for each map is restricted to [−2σ, 2σ] to
visualize structures across diverse angular scales.

the cosmological signal. The resulting SFB power spec-654

tra Cℓnn, prior to window deconvolution or bandpower655

binning, are shown in Figure 12. For comparison, we656

also plot the k-binned Cℓnn (black dashed line) and657

the spherically averaged power spectrum P (k) (black658

solid line). Most Cℓnn values are clustered between659

∼ 10−5 and ∼ 10−3 K2 Mpc3 h−3. We exclude the ℓ = 0660

modes, as they are sensitive to the global mean and661

are dominated by numerical noise in our implemen-662

tation. We also verified that the UWTS decomposi-663

tion and reconstruction process introduces errors below664

∼ 10−6 K2 Mpc3 h−3, confirming the signal integrity is665

preserved.666

The k-binned Cℓnn and P (k) display oscillatory pat-667

terns at low k, with the k-binned Cℓnn exhibiting a char-668

acteristic peak, for P (k) at k ≈ 0.023hMpc−1, slightly669

shifted from the Cℓnn peak at ≈ 0.012hMpc−1, likely670

due to window function effects and the discrete nature671

of the SFB modes. This peak is consistent with the pre-672

dicted peak in the matter power spectrum. Is this really673

due to the matter power, or due to the response of the674

array? While P (k) follows the overall trend of Cℓnn,675

it exhibits amplitude oscillations due to the uneven bin-676

ning. At low k, P (k) is systematically lower than Cℓnn,677

reflecting the breakdown of the flat-sky approximation.678

3.3. Power Spectrum for Observational Data679

Figure 13 displays the SFB power spectrum for the680

foreground-subtracted observational data. The obser-681

vational results contrast sharply with the simulations:682

for the all-baseline set, the observed Cℓnn modes span683
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Figure 10. Residual maps for each of the 11 UWTS scales after independent PCA foreground removal (all-baseline set). The
maps are shown at the central frequency (748.11MHz) with a plotting range of [−2σ, 2σ]. The dominant foreground structures
seen in Figure 9 are significantly suppressed, revealing scale-dependent systematic residuals and potential noise fluctuations.

a dynamic range from ∼ 10−6 to 103 K2 Mpc3 h−3, re-684

flecting significant residual foregrounds and instrumen-685

tal noise. In the cross-cylinder baseline subset, the over-686

all amplitude is significantly lower, with most Cℓnn val-687

ues falling below 10−4 K2 Mpc3 h−3. The traditional688

P (k) estimator yields results comparable in magnitude689

to the k-binned Cℓnn across the entire k-range but ex-690

hibits prominent oscillations at k < 0.08hMpc−1. Are691

these oscillations, or merely that there is large noise at692

small k?693

To quantify the noise level and potential pipeline-694

induced biases, we performed a suite of simulations us-695

ing the tlpipe package. We generated zero-signal noise696

visibilities assuming a 20-day observation with a system697

temperature of 90K (J. Li et al. 2020), utilizing the ex-698

act TCPA array configuration. These noise realizations699

were first processed through the map-making pipeline700

to generate noise maps. To account for the coupling be-701

tween foregrounds and noise during subtraction, these702

noise maps were added to the observational sky maps703

(prior to foreground cleaning), and the combined maps704

were then passed through the mPCA-UWTS foreground705

subtraction module. In the mPCA stage, we subtracted706

the same number of modes per scale (NFG) as used for707

the primary data (see Figure 8) to ensure the noise resid-708

uals correctly reflect any mode-mixing or signal loss ef-709

fects. The resulting noise power spectra are plotted as710

pink dash-dotted lines in Figure 13. This simulation-711

based approach provides a more robust characterization712

of the effective noise floor and systematic artifacts than713
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Figure 11. Final foreground-subtracted residual sky maps at the central frequency for the all-baseline set (left) and the
cross-cylinder baseline subset (right). These maps are reconstructed by inverse-transforming the cleaned UWTS scale maps.
The plotting range is set to [−2σ, 2σ] to emphasize the distribution of residual power.
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Figure 12. Three-dimensional SFB power spectrum of the simulated 21 cm signal prior to window function deconvolution and
bandpower binning. Individual multipoles ℓ are distinguished by color. The results are presented on both linear (left) and
logarithmic (right) scales to illustrate the dynamic range and the characteristic k-dependence of the signal.

simplified analytical models such as 21cmSense (S. Mur-714

ray et al. 2024).715

The observed power in the foreground-subtracted data716

is generally an order of magnitude higher than the noise717

level, indicating the presence of significant residual fore-718

grounds and systematic artifacts. While a more aggres-719

sive PCA cleaning could further reduce these residuals,720

it would also increase the risk of signal loss. Given the721

current sensitivity of the Tianlai Cylinder Pathfinder722

Array and the limited 20-day integration time, we adopt723

a conservative subtraction strategy. Future work will724

involve analyzing larger datasets with enhanced fore-725

ground mitigation techniques.726

We quantitatively assess the impact of two critical727

post-processing steps: window function deconvolution728

and bandpower binning, as defined in Eq. (15) and729

Eq. (17), respectively. Since ∆n = 1 for our sur-730

vey, no bandpower binning is applied in the radial di-731

rection; hereafter, we refer to this process as angular732

multipole (ℓ) binning. Their effects are illustrated in733

Figure 14. In the simulated data, window deconvolu-734

tion results in a systematic increase in the Cℓnn am-735

plitude, while ℓ-binning introduces minimal changes.736

However, deconvolution also increases the dispersion for737

low-ℓ modes and occasionally yields unphysical nega-738

tive values (down to ∼ −10−3 K2 Mpc3 h−3 for ℓ ≤ 9).739

The deconvolved spectra exhibit a broader distribution,740

whereas ℓ-binning leads to a more compact representa-741

tion. Applying deconvolution after ℓ-binning mitigates742

these unphysical values while maintaining the elevated743

power level and a tighter distribution.744

For the observational data, the all-baseline set shows745

a similar increase in the k-binned deconvolved power746

(black dashed line). However, the dispersion is signifi-747

cantly larger, with substantial unphysical values appear-748

ing across a wide range of multipoles, resulting in an749
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Figure 13. SFB power spectra for the foreground-subtracted all-baseline set (left) and cross-cylinder baseline subset (right)
before window deconvolution and binning. The raw Cℓnn modes (colored markers) exhibit significant scatter due to residual
foregrounds and noise. The pink dash-dotted line represents the k-binned power spectrum of the processed noise simulations,
providing an empirical estimate of the noise floor.

irregular spectral shape. In the cross-cylinder baseline750

subset, window deconvolution also increases the Cℓnn751

amplitude, though the effect is less pronounced. The oc-752

currence of unphysical values is reduced compared to the753

all-baseline set, and ℓ-binning further suppresses these754

artifacts.755

4. DISCUSSION756

The mPCA-UWTS foreground subtraction strategy,757

unlike traditional methods that rely primarily on758

frequency-domain correlations, captures both spatial759

and spectral foreground signatures. This multi-scale ap-760

proach is critical for wide-field observations like those761

from the TCPA, where foreground structures exhibit762

significant spatial heterogeneity. Scale-dependent eigen-763

value distributions reveal that large-scale emission (w7–764

c10) is dominated by a few coherent modes, consis-765

tent with spectrally smooth Galactic synchrotron emis-766

sion. In contrast, small-scale fluctuations require more767

principal components (NFG) to account for their vari-768

ance, as instrumental noise, point-source confusion, and769

frequency-dependent beam chromaticity become more770

prominent and less spectrally correlated. These beam ef-771

fects introduce fine-grained spectral structures that are772

not perfectly coherent across the band, posing a chal-773

lenge for standard PCA techniques.774

Notably, the cross-cylinder baseline configuration con-775

sistently requires more modes than the all-baseline set776

at small scales (e.g., 283 vs. 324 for w2). This sug-777

gests that the longer baselines sample spatial frequen-778

cies where point-source residuals and noise properties779

differ significantly, potentially leading to greater mixing780

between foregrounds and the cosmological signal. Com-781

pared to Gaussian Process Regression (GPR), which782

typically models foregrounds using flexible covariance783

kernels, our mPCA-UWTS method offers superior com-784

putational scalability for large datasets while achiev-785

ing comparable separation performance. However, GPR786

may excel in modeling localized spectral features like787

beam ripples, suggesting that a hybrid approach—using788

mPCA for dominant foreground removal followed by789

GPR for residual systematics—could be a promising fu-790

ture direction.791

The primary theoretical advantage of the SFB frame-792

work lies in its exact treatment of spherical sky geome-793

try, eliminating the need for the flat-sky approximation794

used in conventional P (k) estimators. Standard Carte-795

sian P (k) methods implicitly assume a fixed line-of-sight796

(LoS) direction across the survey volume, which breaks797

down for wide-field observations. In contrast, the SFB798

basis functions naturally account for sky curvature and799

the radial variation of the comoving distance. As shown800

in Figure 7, the discrete radial modes knℓ form a non-801

uniform grid that adapts to the survey geometry, pro-802

viding a more faithful representation of the 3D field than803

the uniform FFT grid.804

Furthermore, the SFB formalism enables a clean sep-805

aration of angular and radial modes through the quan-806

tum numbers (ℓ, n), offering diagnostic capabilities in-807

accessible to Cartesian Fourier analysis. This allows808

for the targeted identification and mitigation of system-809

atic contaminants based on their characteristic scale sig-810

natures, avoiding the “power bleeding” across modes811
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Figure 14. Impact of window deconvolution and bandpower binning on the SFB power spectrum. Top: Simulated 21 cm
signal. Middle: Foreground-subtracted all-baseline data. Bottom: Foreground-subtracted cross-cylinder subset. In each panel,
we compare the raw Cℓnn modes (colored markers), the k-binned spectrum (black dashed line), and the spherically averaged
power spectrum P (k) (black solid line). Empty bins or excluded data points represent regions with negative values or insufficient
mode density.

that occurs in Cartesian k-space binning. The rela-812

tively flat or declining trend of Cℓnn with increasing n813

(for a fixed ℓ) reflects a signal dominated by noise or814

spectrally uncorrelated residuals at high radial modes.815

The traditional P (k) estimator often exhibits oscilla-816

tions at low k due to the cylindrical binning scheme,817

which can obscure real spectral features; the SFB power818

spectrum is less sensitive to such user-defined binning819

choices. The comparison between the all-baseline set820

and the cross-cylinder baseline subset highlights the fun-821

damental trade-off between sensitivity and systematic822

control. The all-baseline set retains maximum sensi-823

tivity to large-scale modes, capturing the full range of824

angular scales but requiring more aggressive foreground825

subtraction. Conversely, the cross-cylinder baseline sub-826

set—which excludes intra-cylinder baselines—filters out827

much of the large-scale diffuse emission, yielding power828

spectra with amplitudes suppressed by 1–2 orders of829

magnitude. While this results in a cleaner probe closer830

to the expected 21 cm signal amplitude (z ≈ 0.8–1.0), it831

comes at the cost of reduced sensitivity to the large-scale832

fluctuations necessary for BAO detection.833

Finally, we find that window function deconvolution is834

essential for unbiased power spectrum recovery, though835

it introduces stability challenges. In simulations, decon-836

volution correctly accounts for the fractional sky cover-837
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age (fsky ≈ 62.94%) but increases scatter at low ℓ and838

occasionally yields unphysical negative values due to the839

inversion of ill-conditioned mixing matrices. We demon-840

strate that applying deconvolution after angular multi-841

pole (ℓ) binning significantly stabilizes the inversion, as842

binning reduces the effective noise level in each band-843

power. In the observational data, however, the presence844

of strong foreground residuals leads to more frequent un-845

physical values, particularly in the all-baseline set. The846

more favorable performance of the cross-cylinder subset847

confirms that the feasibility of deconvolution depends848

critically on the quality of the preceding foreground sub-849

traction.850

5. SUMMARY851

In this study, we have presented the inaugural ap-852

plication of the Spherical Fourier–Bessel (SFB) power853

spectrum framework to observational 21 cm intensity854

mapping data from the Tianlai Cylinder Pathfinder855

Array (TCPA). To mitigate the dominant astrophys-856

ical foregrounds, we implemented a multi-scale sub-857

traction strategy—mPCA-UWTS—which leverages the858

isotropic UndecimatedWavelet Transform on the Sphere859

(UWTS) to decompose sky maps into distinct spatial860

scales, followed by an independent Principal Compo-861

nent Analysis (PCA) within each wavelet domain. This862

approach effectively isolates complex foreground signa-863

tures while preserving the large-scale cosmological sig-864

nal. Our results demonstrate that the SFB framework865

provides a mathematically rigorous treatment of the866

curved sky, offering a robust alternative to Cartesian867

P (k) estimators for future wide-field 21 cm surveys.868

The primary conclusions of this work are summarized869

as follows:870

• The mPCA-UWTS algorithm provides a highly871

flexible and computationally efficient approach872

to foreground removal. By performing scale-873

dependent mode subtraction, the method success-874

fully isolates both diffuse Galactic emission and875

compact sources, achieving a reconstruction that876

is superior to standard spectral-only PCA tech-877

niques.878

• The SFB power spectrum, Cℓnn, naturally ac-879

counts for the spherical geometry of the sky, elim-880

inating the need for flat-sky approximations. It881

provides a clean separation of angular (ℓ) and882

radial (n) modes, thereby avoiding the artificial883

power-spectrum oscillations often introduced by884

the cylindrical binning schemes used in Cartesian885

Fourier analysis.886

• Baseline selection serves as a critical hardware-887

level systematic control. We find that the cross-888

cylinder baseline configuration—which excludes889

intra-cylinder correlations—yields a power spec-890

trum with significantly lower residual contamina-891

tion, providing a cleaner (though less sensitive)892

probe of the z ≈ 0.8 Universe.893

• Proper window function deconvolution is essential894

for an unbiased power spectrum estimation. We895

demonstrated that a hybrid post-processing strat-896

egy—applying deconvolution after angular multi-897

pole (ℓ) binning—stabilizes the matrix inversion898

process and successfully mitigates the occurrence899

of unphysical negative power values.900

These results establish the SFB formalism as a power-901

ful and scalable diagnostic tool for the next generation902

of 21 cm intensity mapping experiments. Unlike Carte-903

sian Fourier methods that require uniform gridding and904

often introduce aliasing artifacts in wide-field surveys,905

the SFB basis naturally accommodates the spherical ge-906

ometry with a computational complexity that scales lin-907

early with the number of frequency channels, O(Nfreq),908

for each angular multipole ℓ. This inherent modularity909

allows for highly parallelized processing across different910

spatial scales, making it exceptionally well-suited for the911

massive data volumes expected from the Square Kilome-912

tre Array (SKA) and the full Tianlai array. By providing913

a rigorous treatment of LoS curvature and wide-angle ef-914

fects within a computationally tractable framework, the915

SFB approach ensures that the next generation of 21 cm916

surveys can fully leverage their large-volume coverage for917

precision cosmology.918
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