
Anomalies and little 
higgs models

Richard Hill

PHENO Symposium,  8 May 2007



Richard Hill  anomalies and little higgs bosons 2

Based on:

C.T. Hill and R.J. Hill, 
hep-ph/0701044 (Jan 2007, to appear in PRD),
hep-ph/0705.0697 (May 2007)



Richard Hill  anomalies and little higgs bosons 3

Very incomplete list of references
Composite models:
Kaplan, Georgi (84), Kaplan, Georgi, Dimopoulos (84), Georgi, 
Kaplan, Galison (84), Dugan, Georgi Kaplan (85)
Arkani-Hamed, Cohen, Georgi (01) Arkani-Hamed, Cohen, Katz, 
Kaplan, Schmaltz (03)
Nelson, Gregoire, Wacker (02) 
Contino, Nomura, Pomaral (03) Agashe, Contino, Sundrum 
(2005)
Arkani-Hamed, Cohen, Katz, Nelson (02)
Low, Skiba, Smith (02)
Pierce, Perelstein, Peskin (04)
Han, Logan, Wang (06)
T parity:
Cheng, Low (03,04)
Birkedal-Hansen, Wacker (04) Birkedal-Hansen, Noble, 
Perelstein, Spray (06) Carena, Hubisz, Perelstein, Verdier (06)
KK parity:
Cheng, Feng, Matchev (02)
Servant, Tait (02) Bertone, Hooper, Silk (05) 



Richard Hill  anomalies and little higgs bosons 4

Take home messages

• anomaly physics probes fundamental 
features of a light composite higgs boson

• at a practical level, this is nothing subtle or 
complicated: just an application of effective 
field theory 
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Why consider a composite or “little” higgs ?

● fermion condensation is the one 
mechanism we have observed that breaks 
EW symmetry

● need to distinguish between SM/SUSY/
composite/other

● composite particles ( pions ) can be 
naturally light compared to other new 
physics ( ΛQCD )

Supposing a Higgs boson is found,
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IR probes of UV physics

π
0

γ

γ

7.7 ± 0.6 eV

Γ(π0
→ γγ) =

Ncα
2

96π2

m3
π

f2
π

= Nc × 2.4 eV

experiment:

theory:

⇒ number of colors = 3 !

Recall QCD: important to know # colors (=3) to find 
out what’s going on:

● baryons = 3 quarks 

● structure of lepton sector highly constrained by anomaly 
cancellation:  3(-2(1/6)3+(2/3)3+(-1/3)3)-2(-1/2)3+(-1)3 = 0 

What are the analogous probes for a composite Higgs?



Richard Hill  anomalies and little higgs bosons 7

•
• 1) higgs is light (it’s an NGB)

• 2) EW-symmetric vacuum is destabilized (e.g. 
coupling to heavy top sector, or gauging broken 
generators)

• 3) higgs potential is generated (e.g. after 
integrating out heavy scalars, or radiative corrections 
to chiral lagrangian)

• 4) SM fermions get mass (coupling to Higgs 
= kaon)

* little higgs = light composite higgs 
= “higgs is a kaon”

Ingredients of a “little higgs” model *
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positive
positive and nonzero 

if NGB charged 

gauged generators:
Λ = ΛV + ΛA

unbroken broken

one-loop contribution to scalar masses:

[e.g. Peskin 1980]

An important minus sign

m2
ab = M2

∑
Λ

Tr
{
[ΛV , [ΛV , taA]]tbA

}
︸ ︷︷ ︸−Tr

{
[ΛA, [ΛA, taA]]tbA

}
︸ ︷︷ ︸

 e.g,  π+ heavier than π0 

● “LH cancellation”: two terms cancel, m2≈0

● “EWSB by vacuum misalignment”: second term 
overwhelms first, EWSB
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• what are the topological interactions of H, 
W, Z, γ, heavy B’ ?

In general, need to gauge broken symmetry 
generators

The corresponding gauge bosons will “eat” scalars to 
acquire mass (Higgs mechanism)
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- globally SU(3) invariant
- four dimensional 
- local 

Topological interactions

Consider the NGB’s of a spontaneously 
broken “flavor” symmetry, e.g. 
SU(3)→SU(2)

Field space M = space of degenerate 
vacua, e.g. SU(3)/SU(2)

! Reminder: the vacuum of the theory is the configuration that minReminder: the vacuum of the theory is the configuration that minimizes imizes 

the energythe energy

! We cannot force a field to acquire a non-zero vev, it has to come from 

the minimization of the potential:

! ! has to be positive in order to bound from below the potential energy.

If         we have one miminum at

If         we have a family of minima at

Spontaneous Symmetry Breaking (SSB)Spontaneous Symmetry Breaking (SSB)

What is the most general action that is:
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First pass: 

Γ(Φ) =

∫
d
4
x |∂µΦ|2 + c1|∂µΦ|4 + c2Φ

†
∂

4Φ + . . .

Our field space for SU(3)/SU(2) is the five-sphere

Φ =




φ1 + iφ2

φ3 + iφ4

φ5 + iφ6


 Φ†Φ =

6∑

i=1

(φi)2 = 1

Φ = exp


i




η ·

· η
H

H†
−2η










·

·

1
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spacetime field manifold (S5)

→

Γ′(Φ) = number × “area bounded by the image of spacetime on S5”

Together, Γ and Γ′ give the general effective action for Φ

Second pass: 

Nothing subtle, just another way an action that is:
- globally SU(3) invariant
- four dimensional 
- local 
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Quantization:

Can only be consistent if difference between choices 
of bounding surface is 2π x integer

[Volume of S5] = π3 ⇒

Γ′(Φ) = integer × 2π ×
1

π3

∫
M5

−
i

8
Φ†

dΦdΦ†
dΦdΦ†

dΦ

[Witten 1982]

Any candidate UV completion theory is labeled by an 
integer:   0, 1, 2, 3, ...



Richard Hill  anomalies and little higgs bosons 14

Observing the topological interactions

● single K interactions ruled out: isospin

● two K interactions ruled out: parity

● need at least two K and additional π,η, or axial gauge bosons

π
0

γ

γ
τ

ν

K
π

K

K

K

π

π

π

WVector

Φ

recall QCD: topological interactions of kaons
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Gauge anomalies

When we include the topological term, 
we must also deal with gauge anomalies

(Recall that we have gauged broken “axial” symmetry 
generators)

not gauge invariant, 
but independent of H 

ΓWZW =

∫
d4x

g̃Nc

24
√

3π2
εµνρσB̃µ

[

−
1

3
g2
1 [Bν∂ρBσ] + 2g2

2Tr[Wν∂ρWσ] −
3ig3

2

2
Tr[WνWρWσ]

−
ig1

4F 2
FB

νρ[H
†(DσH) − (DσH†)H] −

ig2

F 2
[H†FW

νρ (DσH) − (DνH†)FW
ρσ H]︸ ︷︷ ︸

.

]

topological interaction
of Higgs
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Higgs topological interactionNote the pair of operators that are generated at this level of the form εµνρσB̃µ[H†Fνρ(DσH)−
(DνH†)FρσH ]. This is a generic operator structure for gauge/Higgs interactions in the WZW

term for all Little Higgs theories containing a tree-level T -parity.

Since the theory is now anomaly free we can pass to unitary gauge whence the Higgs field

takes the form:

H =
1√
2

 v + h0

0

 , (20)

with v = 246 GeV. The interaction takes the explicit form:

ΓWZW =
−g̃g2

2Nc

96
√

3π2F 2

∫
d4x (v + h0)2εµνρσB̃µ ×[

2
√

1 + tan2 θ
(
∂νZ0

ρ cos θ + ∂νAρ sin θ − ig2W
+
ν W−

ρ

)
Z0

σ

+ 2
[
(DA

ν W +
ρ )W−

σ + (DA
ν W−

ρ )W +
σ

] − 4ig2 cos θZ0
νW +

ρ W−
σ

− tan θ
√

1 + tan2 θ
(
∂νZ0

ρ sin θ − ∂νAρ cos θ
)

Z0
σ

]
(21)

where DA
ν W±

ν = (∂µ ∓ ieAµ)W±
ν and Aµ is the photon vector potential. Note that Eq.(21),

which is written in unitary gauge for the B̃, W , and Z, is manifestly invariant under elec-

tromagnetic gauge transformations.

Br ief Survey of Physical Processes

Physical processes described by Eq.(21) all violate T -parity (and space-parity), conserving

overall parity. Some examples worthy of study for future colliders include:

e+e− or qq̄ or µ+µ− → (γ∗, Z∗) → B̃ + Z; B̃ + γ; B̃ + W W

e+e− or qq̄ or µ+µ− → (γ∗, Z∗) → B̃ + h0; B̃ + 2h0

qq̄ → W ∗ → B̃ + W ; B̃ + W + h0; B̃ + W + 2h0 (22)

These processes could in principle be used to measure Nc for the UV completion theory.

They are, however, suppressed in rate by N2
c /F 4 and would probably be best suited for a

very luminous ILC, but are unlikely to be observable for large F . We have not computed

the cross-sections, and suspect they are quite small since they are effectively loop-level.

An interesting possibility is that B̃ couples to the electron, muon, or quarks directly and

10

After cancelling the gauge anomalies, what remains is
the Higgs topological interaction

In gory detail: 
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Chiral lagrangians and parities 

At first sight, it appears that the effective action 
conserves the internal parity U↔U† 

This would forbid interactions involving odd 
numbers of mesons, e.g. π0→γγ

Γ ∼

∫
d
4
xTr

[
|DµU |2 + c1|DµU |4 + c2DµUDνU

†
DµUDνU

†
+ . . .

]

Consider the QCD chiral lagrangian for low-energy 
pion interactions.   
Field space is SU(3)xSU(3)/SU(3) = SU(3): U = e

iπ
a
t
a

π
0

γ

γ
τ

ν

K
π

K

K

K

π

π

π

WVector

Φ
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- globally SU(3)xSU(3) invariant
- four dimensional 
- local 

Γ′(U) = number × “area bounded by the image of spacetime on SU(N)”

Just like before, but harder to visualize

field manifold (SU(n))

α = (dU) U
†

Need general action that is

Any candidate UV completion theory is  
labeled by an integer:   0, 1, 2, 3, ...

Γ′(U) = ”integer” ×
−i

240π2

∫
M5

Tr(α5)

QCD is a “3” theory: # colors=3



Richard Hill  anomalies and little higgs bosons 19

“The QCD chiral lagrangian has a well-known 
Z2 symmetry: the parity which exchanges the 
chirality L↔R ”

False !!! 
In QCD, there is only one parity: 

L = ψ̄(i∂/ + A/ V + A/ Aγ5)ψ
ψ → γ0ψ

AV → +AV

AA → −AA

!x → −!x

● leading term in chiral Lagrangian respects two 
parities: π→-π, x→-x
● WZW term breaks both parities, preserving only 
the combination 

and
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“... KK-parity corresponds to the symmetry of reflection 
about the midpoint in the extra dimension ... KK-parity 
conservation implies that the lightest KK particle is 
stable.”

Unless we leave out an operator 
(the Chern Simons term), this parity is violated

“... the minimal moose model has a reflection symmetry 
which exchanges the two sites ...”

Unless we leave out an operator (the topological, 
or WZW term), this parity is violated

similar story with extra dimensions and “mooses”

KK

T

A
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• it is fascinating that π0 decays to γγ, but this is 
established physics

• T parity an interesting concept: it is generally 
violated, but in an interesting and constrained 
way (predictive)
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To do

Note the pair of operators that are generated at this level of the form εµνρσB̃µ[H†Fνρ(DσH)−
(DνH†)FρσH ]. This is a generic operator structure for gauge/Higgs interactions in the WZW

term for all Little Higgs theories containing a tree-level T -parity.

Since the theory is now anomaly free we can pass to unitary gauge whence the Higgs field

takes the form:

H =
1√
2

 v + h0

0

 , (20)

with v = 246 GeV. The interaction takes the explicit form:

ΓW ZW =
−g̃g2

2Nc

96
√

3π2F 2

∫
d4x (v + h0)2εµνρσB̃µ ×[

2
√

1 + tan2 θ
(
∂νZ0

ρ cos θ + ∂νAρ sin θ − ig2W
+
ν W−

ρ

)
Z0

σ

+ 2
[
(DA

ν W +
ρ )W−

σ + (DA
ν W−

ρ )W +
σ

] − 4ig2 cos θZ0
νW +

ρ W−
σ

− tan θ
√

1 + tan2 θ
(
∂νZ0

ρ sin θ − ∂νAρ cos θ
)

Z0
σ

]
(21)

where DA
ν W±

ν = (∂µ ∓ ieAµ)W±
ν and Aµ is the photon vector potential. Note that Eq.(21),

which is written in unitary gauge for the B̃, W , and Z, is manifestly invariant under elec-

tromagnetic gauge transformations.

Br ief Survey of Physical Processes

Physical processes described by Eq.(21) all violate T -parity (and space-parity), conserving

overall parity. Some examples worthy of study for future colliders include:

e+e− or qq̄ or µ+µ− → (γ∗, Z∗) → B̃ + Z; B̃ + γ; B̃ + W W

e+e− or qq̄ or µ+µ− → (γ∗, Z∗) → B̃ + h0; B̃ + 2h0

qq̄ → W ∗ → B̃ + W ; B̃ + W + h0; B̃ + W + 2h0 (22)

These processes could in principle be used to measure Nc for the UV completion theory.

They are, however, suppressed in rate by N2
c /F 4 and would probably be best suited for a

very luminous ILC, but are unlikely to be observable for large F . We have not computed

the cross-sections, and suspect they are quite small since they are effectively loop-level.

An interesting possibility is that B̃ couples to the electron, muon, or quarks directly and

10

● investigate production modes of B’

● decays of B’can be produced in the s-channel. Then we have interesting processes such as:

e+ e− or qq̄ or µ+ µ− → (γ∗, Z∗, B̃∗) →
Z̃ + Z + (0, 1, 2)h0; Z̃ + γ + (0, 1, 2)h0; W W + (0, 1, 2)h0 ,etc. (23)

Processes such as e+ e− → B̃∗ → ZZ could interfere against normal EW physics, such

as e+ e− → ZZ producing an interference term that scales as Nc/F 2 with a chance at

observability in detailed angular correlation studies at an ILC, CLIC or muon collider.

Polarization may be a useful attribute to study in such processes.

Finally, as we have emphasized, even if B̃ has no direct coupling to light fermions, it will

necessarily decay through the T -parity violating processes:

B̃ → Z̃ + Z + (0, 1, 2)h0; Z̃ + γ + (0, 1, 2)h0; W W + (0, 1, 2)h0 , etc. (24)

As an explicit application, we compute the partial width:

Γ(B̃ → ZZ) ≈ 1

2π

(
g̃3Nc
144π2

)2
m2
Z

mB̃
, (25)

to leading order in sin θW . Here we have used the relation mB̃ = g̃F to simplify the result.

We have ignored the π and axion-η relic pNGB’s which remain in the physical spectrum.

These will also have associated anomalous interactions, such as π0 → V V , a′ → V V , where

V is a vector boson. In extensions of this minimal model, we could gauge, e.g., two copies

of SU(2), such that π would be eaten by a heavy W̃ gauge boson. Note that the pNGB’s

correspond to axial generators and are always odd under T parity, while B and W correspond

to vector generators and are therefore even. That B̃ and W̃ have a definite transformation

(odd) under T parity relies on a further assumption of equality between coupling constants,

gL = gR .

POPULAR L I T T LE H IGGS M ODELS

We presently survey a number of models in the literature for which an apparent T -parity

can be defined. Most of these models are incomplete, and additional anomaly-cancelling

structure is necessary for consistency.

The gauge structure of such a model must be sufficiently rich to leave an unbroken SU(2)×
U(1) symmetry to be identified with the EW interactions. A model that incorporates one-

loop cancellation of radiative corrections to the Higgs mass [3] also necessarily gauges broken

11

This is a theory talk. Lots of phenomenology to explore
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● An example application: 

Γ(B̃ → ZZ) ≈ N2
c

[
1

2π

(
g̃3

144π2

)2
m2

Z

m
B̃

]

● May be interesting to consider angular distribution

● Not likely a displaced vertex (or missing energy or 
dark matter!!)
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Summary

• anomalies not just a nuisance - a low 
energy probe of UV completion physics

• implications are contrary to much of the 
current literature

• this is nothing subtle or complicated, just an 
application of effective field theory 

• lots of interesting directions to explore


