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Non-local Theories

e Higher derivative theories

e Non-local structures of guantum field theories are
recurrent in many stringy models.

» Tachyonic actions in string theory
» p-adic strings
» Strings quantized on random lattice
» Bulk fields localized on codimension-2 branes
» Noncomutative field theories
» Loop quantum gravity
» Doubly special relativity
» Fluid dynamics
» Quantum algebras.
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p-adic string model

e The action given by:

D . .
i mg D 1 O /m2 1

o — : iy —ap ! 2 - ﬂp_l
S = — /d X [—q\,,-n P+ ——

9y p+17
Where P. Freund, M. Olson PLB 199, 186 (1987)
iﬁ = i P 1 2 — 2 P. Freund, E Witten PLB 199, 191 (1987)
9, 9;pP—. P Iny
: | p. Frampton, Y. Okada PRL 60, 484 (1988)

describes the open string tachyon
» Mg IS the string mass scale
» g, IS the open string coupling

» pIs aprime number (may be generalized to other
values)
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p-adic potential

e \We can talk about the 0.6r
p-adic potential as
given by a constant 0.4}

U 4]

U=(m?/g;)(3¢" — 7iz9"*") 0.0p——+—+—+
e But the kinetic is not =02 / \ '

the standard onel! 2 -1 0 1 2
¢

p=3,7and p— o
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Free energy
e The action for D=4 and p=3 is given by:

3
- - 2 Y, _I}E 2 72 2 IV, ey,
S ——/ dr [d'{;I.? [—%EJI{X.TJ{? (OZOT" VM g (x 1) — Mo (x, T}]
0 . s ‘ ‘

with _m: . 1g V2 =
Y= g7 18mi’ T T In3°

2
2ms

e To perform the functional integral, we use the
Fourier transform
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Fourier transformation

e The Matsubara frequency: w, = 2mnT

e After integration in the imaginary time, we get the
free action:

So=—2>>" Dy (wn k)& (k) dn (k)
Tt ke

k. g

e We have used  ¢,(k) = ¢_.(-k)
e The action defines the free propagator:
Do(wn, k) = e~ (atIIAT
» Difference with the standard field theory:

1 1 :
— — DD('I"""J?E,EPJ = e

— —p?/M? _ —(PPHwn)/ M
2 ) 12
p° + Wy
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Partition function

e The partition function of the free theory is

= 1 .,-1, 3
Zo = N’HH[ / ﬁdﬁn{:k)e‘E”u]'-xuiwk,'-'l:u.‘k.J]

n Ik -

= N'TIT] 27 Do(wn, k)]'* .
1 |

e Taking the logarithm:

InZo=InN +1iIn(27) > > +3> > In[Do(wn, k)]
k

n Kk 1

» The 2 first terms are T independent and the
normalization is choosen to cancel.
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Free energy: Zero order

e The result is e
nZy=—32.2. wl';_tlk

e \We can express the sum as a contour integral:

y o L= e
TZ.. J'l I_ﬁ]_. = iy | = H | dkq [,Jrlﬁ'u.l + .lll '..—JI1'||_|] .“.Jt-..' — |,—|||1,_T 1 ]{EI”I‘E
1 pie=t o g . 1
+£ _/‘_l,_.h. N I":il.'[||_| [I_||I |__||I'|II_| + |II I_—Jtnl.l] T 1

ko = iky
» No singularities in imaginary axis.

e First integral: Vacuum contribution
» Zero by applying standard regularization

e Second integral: Finite Temperature contribution
» Zero because f(k,) Is analytic

T. Biswas, J. Cembranaos, J. Kapusta PRL104:021601 (2010)
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Free energy: First order

e The computation and Feynman rules are identical
to a standard scalar quantum field theory:

- dBE :
111;:,=3|;_A;|¢1'[Tgf o Hm..@ I.{] OO

e Due to the exponential nature of the bare
propagator, it is convergent in both the IR and UV

3 SR Y
Z[ f; DY (o k) — L 2/ NaT
) (2w ) 2N M

= ] 1
¢lr) = Z R N

==

] S MET2N L r2aT
» Pressure: B :‘3"“‘( 2673 ) : ( M )
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Free energy: First order

e The third Jacobi elliptic theta function verifies:

0= T 0 3 ()

e Asymptotic limits: 6
S

Slar) — ? [1 + 2 [*_'T:""J'ﬂl ,or ] 4

23k |

- o -z e v ‘}

glr) — 14 2 - 5 ".lt
e High and low temperature N .

In#s — {
hy ) e Thermodynamics of p-adic strings
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Thermal duality

e The third Jacobi elliptic theta function verifies:

» N Standard thermal modes
» Higher n more suppressed at ool
high temperature 1.00

» m: Inverse thermal modes 0-501
t‘;] 0.20¢t
— 0.10¢}
i 0.05¢
e Thermal duality: 0 0ol
N 01 1 10
T
20T — 7 (?j T/T,

T. Biswas, J. Cembranaos, J. Kapusta PRL104:021601 (2010)

by | PO ol ekt Thermodynamics of p-adic strings
By e 512319 2019 Jose A. R. Cembranos 12




Thermal duality In string theory

e Due to the compact nature of one dimension, there is
not only the standard contribution of Matsubara
thermal modes, but also the topologlcal contributions
of wrapped strings.

2 m> | ' | I| 'III I|'| |':I \
P i 1. Lo
AT = 2 (?) 27T — | III.' Wﬂ ‘
Tc = '?Tlsff?r\/i T «— Ny
e Hagedorn Transition: Ty = T./a
» Bosonic string: 0 = /2
» Type Il superstring: a = 2
» Heterotic string: a=1+1/y2
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Ghost states

e [he lowest order non-zero contribution to the

partition function gives rise to a first order
contribution to the self energy by:

I, — 1:',1.T‘:T/ — Dofwa. k)

I‘TI

= lUlT( L{_) (jT

e \We note the reappearance of a pole

» Possible interpretation: massive closed string states.
e It can be avoided by adding a counter term:

that cancels the self-energy contribution
» At first order: __ 3¢

— | dg?

T. Biswas, J. Cembranos, J. Kapusta arXiv:1005.0430 [hep-th]
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Self Energy

e The counter term also contributes to the pressure
at order lambda:

JAMA M\ 2Ty
TZJ‘ olwn: k) =52 T(-?ﬁ) “( i)

=

e That implies that the total

pressure may be written as: 101
1.
3 M | }VFT 2T '—"'-,./"_T DT 5 pmi ¥
i _a}‘(h) M "(H)[ W “(.1;;1_‘] < 0.1
» A negative value of lambda 0.0
leads to a positive vacuum energy; 0.001— b
i EaEE T
A= —3) (%) T/T.
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Vacuum energy for general dimension

e The p-adic string model can be formulated in
arbitrary space-time dimension.

e The low temperature limit of this pressure fixes
the vaccum energy: e
Ao = —%pm (—‘"'Eﬁ ") (%)

e In the 4 dimensional space:
» For R M << 1:

A . .‘ 3 | L)l 1 %
—=Q (i) with Q = —rr (p—1)p (p : )
ijlj —Ifj',l ETE]}J—E(E} | J_ ) [:111 li'_jlj.ilj+1 1fjl—

» For R M >> 1:

Vi 1

A ' -\ - 1)p!! 1\ T
My Q} (i) ”{T-H with Q} El{j aujfit: Sp—T (p 2 )
Jlfju Jlfl;l_l EH(F | J.)ElIl FJ——'EE.IT)T -

. L 504 Thermodynamics of p-adic strings
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Cosmological Constant

e The vacuum energy Is
generally suppressed by the
ration between the string
scale and the Planck scale. wartt
» This vacuum energy may be \a (23 meV)
of phenomenological interest T

for inflationary studies in the

early Universe.

» Or may be interpreted as
dark energy for the late |
evolution.

- 2
Eow 1

» A very large p and/or a very of

small coupling are needed.

T. Biswas, J. Cembranaos, J. Kapusta

arXiv:1005.0430 [hep-th]
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Conclusions

e \We have analyzed the main thermodynamical
properties of p-adic string models, that describe
the tachyon phenomenology in bosonic string
theory.

» We have reproduced known results of string theory
» Thermal duality (leading order, p=3)
» Temperature dependence of radiative corrections
s

e P-adic models constitute a motivated example of
non-local field theories.

» We have developed a basic approach to this study:

» Free theory: physical degrees of freedom.
» Self-energy: Ghost states

by ) P N S04 (C Thermodynamics of p-adic strings
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Free energy: Second order

e [here are two contributions at second order:

S

Necklace Diagram Sunset Diagram

Thermodynamics of p-adic strings
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Necklace contribution

e There are two contributions at second order:

S

e Necklace contribution:
» Can be computed as

MY 2T
T(zﬁ) ( M )

2

"II}ZE.IIL'I.'kI.I'u:'I.' = Sﬂfllj

» For high temperatures:
For T = M. ¢ — 1,

P~ (MPTYAMPT) while Py, e ~ ( M3T)AM?T)?
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Necklace contribution

e There are two contributions at second order:

S

e Necklace contribution:
» Can be computed as

MY 2T
T(zﬁ) ( M )

» For low temperatures:

2

"II}ZE.IIL'I.'kI.I'u:'I.' = Sﬂfllj

T <= M, ¢ — ”T
P~ M I[}L]l.'”] while Py e ™~ M I[J"L.”I ]2
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Sunset contribution

e There are two contributions at second order:

S

e Sunset contribution:
» It is proportional to:

Pk , dk .
[TZ/ : I [J TR kI]] [TZ[ = Ij,_; l]l:l"'":lll.|'k1.]]

1.1 LY |

*(2m)78(ky + - - by ) B, e

» And the pressure can be written in terms of the third
Jacobi elliptic theta function:

Foamer = g”l‘j (aij:)”:ﬂ?. M) (T M) = "T_ do [{} (Lp,e .4--*)]'

|'a.|

Thermodynamics of p-adic strings
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Sunset contribution

e [here are two contributions at second order:

S

e Sunset contribution;
» It verifies:

| -z ﬁ —gp 2 2 l'l T - I .-
(e = Voo, (1T o)

T e

» It also allows an interpretation in terms of inverse
modes, but they need to be weighted in a different way.

T. Biswas, J. Cembranaos, J. Kapusta arXiv:1005.0430 [hep-th]
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Sunset contribution

e [here are two contributions at second order:

S

e Sunset contribution:

T

> ) (T, M) (= [ 2 0o, (39,0’

Pt — (
2imnzel _.:, _.jﬁ

q
n oL

» For high temperatures:

V(T 3 M, M) =T%

_ 3L MY
J|IJ1:||||~4L-I|-T 2= M) = E}LE (Eﬁ) T
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Sunset contribution

e [here are two contributions at second order:

S

e Sunset contribution:

T

> ) (T, M) (T M) = "'_f_ s (300

Pt — (_
2imnzel _.:, _.jﬁ

» For low temperatures:

1/ A
viT <= M. M) == (}—)

0

. 3 . ! N
Famset (T <= M) = I}L‘E (—)

Thermodynamics of p-adic strings
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Perturbative computation

e These perturbative analyses suggest some general
power counting arguments:

» For low temperatures, an
I-loop graph Is suppressed as

T

» For high temperatures, the T

o

expansion parameter Is 0.01}

(g2 T /) ! 0.001

. L 504 Thermodynamics of p-adic strings
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Perturbative pressure

e These perturbative computation is extended to any
thermodynamical property:

= —AV/T, T« M 100
InZ — { — —A7ATV/M?, T> M
G’(Tluz - T« M 10}
= - ﬂTﬂ /M2, T> M i %
6(T111Z n T {{ _f‘lff BiLal ,“”’I
- VoT —8rAT/M*, T > M A 0.1} s
T 3 lIlZ f'-,L To M | ol ettt e
—4xAT?/M?, T> M 0.01}
10 0.001 [ i ]
o 7 & Qi sy
1 1
s il Sl e T 1;
0.01 \‘, 0.01
0.001 0.001
01 1 10
T/T,

Thermodynamics of p-adic strings
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Perturbative entropy

e These perturbative computation is extended to any
thermodynamical property:

w7 = —AV/T, T« M
N2y = —4nATV/M?, T> M 10
p_0TZ) _ [-A, T&«M
T oV T —amAT /M2, T> M 1k i
_0(TimZ) _ [o, T<M
T Tvar T | -8rAT/M:, T>M 0.1
p= T°0(InZ) _ { A, T <M i) e )
vV ar —4nAT? /M2, T > M
0.01¢ -
100
5 ; 10 0.001¢
1
1 / L 0.1 1 10
E 0.1 3 % S 0.1
e 0.01 T/T,
0.001 0.001 ‘
0.1 1 10 01 1 10
T /T, T/T,

b Prl2010 2010
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Perturbative energy

e These perturbative computation is extended to any
thermodynamical property:

" = —AV/T, T< M
N2y = —4nATV/M?, T> M
p_0TZ) _ [-A, T <M 10}
8V T | —4xATE/M? T > M
_9(TmZ) _ [o, T&EM 1f
T Tvar T | -8rAT/M:, T>M i
_T*0(nZ) _ [ A, T<M e T TR ;
P=53 78T —ATAT2 /M2, T > M 001}
100 10 0.001¢
p :
10 4 1 = 0.1
:
it _ 01 /
= 01 ;i 4
0.01 0.01
0.001 0.001
0.1 1 10 0.1 1 10
T/ T T/T,
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Ring diagrams
e In ordinary field theories with
massless particles, one generally
finds infrared divergences in these
diagrams, that becomes more

severe with increasing number e ®
of loops: A 'TZ[.;-;{; _[ 1, Dy(wn. k)|
— 'TE—‘/ fjﬂ s [ (1 + T D) — 11 Dy

(2 )?

» standard case: Non analytic result coming from the n=0
In the Matsubara summation
» proportional to A3?
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Ring diagrams
e In ordinary field theories with
massless particles, one generally
finds infrared divergences in these
diagrams, that becomes more

severe with increasing number e ®
of loops: A 'TZ[.;-;{; _[ 1, Dy(wn. k)|
— 'TE—‘/ fjﬂ s [ (1 + T D) — 11 Dy

(2 )?

» p-adic case: individual diagrams are already
convergent.

» No need to sum the series, that converges even much
rapidly than a logarithm.

Thermodynamics of p-adic strings
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Necklace diagrams

e One can sum the infinite string of diagrams:

(X XXX

e \With the result:

Phevide =a‘§_‘L PNAREEL [T\‘_‘[l o o kl]
”r:s'll"l k. 5 !
: T?Z[ (2m)® '”':'-.'-Jr.-.kJ]
M\ 2aTy | & MO\ (2T
B M —12AT
(Exf%) ( M ) > { (Exfifj ( 2 )

—3A

_1+1uT(-IT;(
e With the standard self-energy insertion:
P B —3A (%jl Exﬁ!'k (_}1_.-;\,' 25,.-;}—‘.';'% (31—I.l ] _ E]

e 14 1207 ()¢ (220

A

Thermodynamics of p-adic strings
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Necklace diagrams

e This expression has a maximum temperature
where the denominator vanishes

5 (2)' 24 (3 24

& —
necklace —

e \We can interpret this fact as arising due to the
potential being unbounded from below for the
large values of the field.

T. Biswas, J. Cembranos, J. Kapusta arXiv:1005.0430 [hep-th]
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General even powered potential

e The above analysis can be extended to an
Interaction term of the form:

_ AN N — [.""+ 1:|3
» In this case the energy dimension of lambda is -4(N-1).
e First order:

In#, = (2N — 1) —-A) 7V [

e Self energy:

N-—1
[T, = 2N (2N —1|1U-.[TZ/—H (wn. l-:]

e Counter term: _%F‘-"‘E v =—2N(2N — 1)IIx (l_f—)x_l

Thermodynamics of p-adic strings
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Pressure: First order

e The total pressure at first order is given by:

(jﬁTH, [@ﬂ))""' v
M T\ M o

MY 2 /T 2T
P = —(2N—1)lIA ,w(
S : (4:) M M )

e |t implies a vacuum energy:

M2
bvae = — (N — 1)(2N — 1)1\ (T)

m

e In contrast, the high temperature limit is given by:

ANV
P, = —(2N — 1111 (}—) T

aa T

Thermodynamics of p-adic strings
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Necklace diagrams

e Necklace diagrams are obtained by connecting
each vertex with two legs.

» N=2: The end vertices have one closed loop attached to
them while interior vertices have none.

(KX KX XK XO

» N>2: The end vertices have N-1 closed loops attached to
them while the interior vertices have N-2 closed loops
attached.

y ) F ol ekt Thermodynamics of p-adic strings
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Necklace pressure

e The pressure can be computed as:

.
Preckiace = (— AIL°‘~—1|1'[T‘T[ =Dy, k|] %
(2m)?
. &k "
) — 1 2._4_,
Z{u —N42ZN — 1) [TZ[ ~|%”'“" k|] TT/I S D3 k}
-__; N
—(2N — 1)1 [T s (%)]

L+ 4(2N — 1T (__

3 o 23T m N oz
'S () (%) s (3)

e And taking into account the self-energy
corrections on the loops attached to the end
vertices:

1] —
-‘II1|I‘I:'|:|:|I‘\I" —

—aN - (45)" B (5F) (245 (5) " - ]

14 4(2N — DIAT (FA) 5 (2221) [T ()" s (&

IR 1 N o0AC Thermodynamics of p-adic strings
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Necklace maximum

e And taking into account the self-energy
corrections on the loops attached to the end
vertices:

—(2N — 1)11A ('1];.—.-_-]“ 27T

=[=
Al
o
Fonili ™
. [ %]
=
-
e
i

- oy N1 _
':3"‘.}'5 -5 (3_'1:1" II :I — A ]

—12

] —
-'II necklaos —

L+ 4(2N — DUAT (FA0)7 5 (2420) [T (%) s (—H]

e There Is again a maximum temperature
determined by the vanishing of the denominator,
that may be related with the fact that the potential
IS not bounded from below.

Oy . C ol =it Thermodynamics of p-adic strings
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Sunset diagrams

e The sunset diagram has two
vertices, and every leg of one
vertex Is connected to a leg of the
other one.

e Itis proportional to

rliIIEiﬁ.‘

kl:']‘ [TZ[I ) - Dylwyy,y kan)
Kl:_gﬁ]gﬁ[lﬁ + - kay _I-'-|'|'2'f|,-,.I booTig (0 o
e And for the p-adic case:

3\1 ] \ 32N —1]
Feunse I—a':!"tll2 I-. ,I (:‘U},—) 'ﬁllT M)

Ty ,l &k,

i‘.' | o

1]
|7'—|

Thermodynamics of p-adic strings
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Sunset diagrams

e The pressure can be computed as:

, (2N A g
2 J '
;ium:-ivl = A 2|.2ﬂ'||:|{£ (Eﬁ) :'I.{T M |

e With X(T, M) = __ % 0: (Lo, u--*'*)]”
» High temperature limit:

(T = M)= T

L (2N A ONENSD
T s MY = A2 ) 2N —1
Famsat (T2 M) = X 50 a7 (E ﬁ) !

» Low temperature limit:

1 M R
T < M) =
VTS (Eﬁ)
Fo T 27 202N -1
a2 2N AT
Fomset (T € M) = A v 1o

HMPUENGO DO Thermodynamics of p-adic strings
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General dimension

e The p-adic string model can be
formulated In arbitrary space-time
dimension.

e \We will proceed In two steps:

» 1.- Compute the D dimensional
thermodynamics

» 2.- Compactify d=D-4 dimensions on d circles
of radius R.

e The results simplify in two different
limits:
» A-RM << 1
» B-RM>>1

Thermodynamics of p-adic strings
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General dimension

e The p-adic thermal action forD=d + 4
dimensions Is given by

3 Imit : S = R
S = / dT [ r?r"r_n' / d”x [—%Hv_'-”'-'”" PVGIVEIM T g \gPt] ]
AL AL .

p—1

= B f.'.'.ﬂ._m": i
with ==

e The above computations can be generalized by
adding the contribution from the entire Kaluza-
Klein tower of scalar modes:

Z /’ ri‘r 5 o _: BATTE . r.lr L m".", I Z“-':J REIITE
) I'-‘.l_'l.{;

| LT | iy |

I'.”.'I . Fi
[ f-}ﬂ'lru.-l K

Thermodynamics of p-adic strings
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General dimension: leading order

e Partition function:

InZ, = (2N = U{=X)B(2rR)"V |T(2rR)™" )
{m}

AT i1 y o vy - | M ’ ) Ml‘lﬁﬁj '
= (IN = 1)N[=A)3(2r 7)™ 9./ Ts(x) 2R

M
d* ke _
I:.-EE:I{ .Ir.jd{{l.-l.lljll } " ]{I]

e Pressure:
M

. N
o T N A
P = (2N — 1)1(=X) Kzﬁ) T¢(x) (W

e Self energy:
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General dimension: leading order

e Counter term

5 3N ]
_%"(I-'.I_ = — iji' |.E‘.'T1rl:l_| th.'r [‘ﬁ)
e Counter term pressure:
p. = -1 .-'wz;‘-.-r 3 I“,E.g Dy {w, }. k)
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e Total pressure:
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